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Preface 


This book is intended for a one-year introductory course in abstract algebra with some topics of an 
advanced level. Its design is such that the book can also be used for a one-semester course. The book 
contains more material than normally would be taught in a one-year course. This should give the 
teacher flexibility with respect to the selection of the content and the level at which the book is to be 
used. We give a rigorous treatment of the fundamentals of abstract algebra with numerous examples 
to illustrate the concepts. It usually takes students some time to become comfortable with the seeming 
abstractness of modern algebra. Hence we begin at a leisurely pace paying great attention to the clarity 
of our proofs. The only real prerequisite for the course is the appropriate mathematical maturity of the 
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we assume that the reader has some basic knowledge of matrix theory. The book should prepare the 
student for higher level mathematics courses and computer science courses. We have many problems of 
varying difficulty appearing after each section. We occasionally leave as an exercise the verification of 
a certain point in a proof. However, we do not rely on exercises to introduce concepts which will be 
needed later on in the text. 

A distinguishing feature of the book is the Worked-Out Exercises which appear after every section. 
These Worked-Out Exercises provide not only techniques of problem solving, but also supply additional 
information to enhance the level of knowledge of the reader. The reader should study the Worked- 
Out Exercises that are marked with } along with the chapter. Those not marked with > may be 
skipped during the first reading. Sprinkled throughout the book are comments dealing with the historical 
development of abstract algebra. 
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Chapter 1 
Sets, Relations, and Integers 


The purpose of this introductory chapter is mainly to review briefly some familiar properties of sets, 
functions, and number theory. Although most of these properties are familiar to the reader, there are 
certain concepts and results which are basic to the understanding of the body of the text. 

This chapter is also used to set down the conventions and notations to be used throughout the book. 
Sets will always be denoted by capital letters. For example, we use the notation N for the set of positive 


integers, Z for the set of integers, Z# for the set of nonnegative integers, E for the set of even integers, 
Q for the set of rational numbers, QT for the set of positive rational numbers, Q* for the set of nonzero 
rational numbers, R for the set of real numbers, R* for the set of positive real numbers, R* for the 
set of nonzero real numbers, C for the set of complex numbers, and C* for the set of nonzero complex 
numbers. 


1.1 Sets 


We will not attempt to give an axiomatic treatment of set theory. Rather we use an intuitive approach 
to the subject. Consequently, we think of a set as some given collection of objects. A set S with only a 
finite number of elements is called a finite set; otherwise S is called an infinite set. We let |S| denote 
the number of elements of S. We quite often denote a finite set by a listing of its elements within braces. 
For example, {1, 2,3} is the set consisting of the objects 1,2,3. This technique is sometimes used for 
infinite sets. For instance, the set of positive integers N may be denoted by ih 2,3 

Given a set S, we use the notation « € S and « ¢ S to mean x isa member of S and z is not a 
member of S, respectively. For the set S = {1,2,3}, we havel € S and4 ¢ 5S. 

A set A is said to be a subset of a set S if every element of A is an element of S. In this case, 
we write A C S and say that A is contained in S. If A C S$, but A # S, then we write A C S and 
say that A is properly contained in S or that A is a proper subset of S. As an example, we have 
{1,2,3} € {1, 2,3} and {1,2} € {1, 2, 3}. 

Let A and B be sets. If every member of A is a member of B and every member of B is a member 
of A, then we say that A and B are the same or equal. In this case, we write A = B. It is immediate 
that A = B if and only if A C Band B C A. Thus, we have the following theorem. 


Theorem 1.1.1 Let A and B be sets. Then A= B ifandonlyifA BandB A. @ 


The null set or empty set is the set with no elements. We egal danbte ate empty set by @. 
For any set A, we have ( C A. The later inclusion follows vacuously. That is, every element of @) is an 
element of A since @) has no elements. 

We also describe sets in the following manner. Given a set S, the notation 


A={z|2z€S,P(xz)} 


or 


A={2e S| P(2)} 
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means that A is the set of all elements x of S such that x satisfies the property P. For example, 
N={2|z2e€Z,2>0}. 
We can combine sets in several ways. 


Definition 1.1.2 The union of two sets A and B, written A U B, is defined to be the set 
A B={a|% Aorag Bh. 


In the above definition, we mean x is a member of A or x i§a member of B or zx is amember of both 
A and B. 


Definition 1.1.3 The intersection of two sets A and B, written AN B, is defined to be the set 
ANB={2r|x2E€Aand xe B}. 


Here x is an element of AN B if and only if x isa member of A and at the same time x is a member 
of B. 

Let A and B be sets. By the definition of the union of sets, every element of A is an element of 
AUB. That is, A C AUB. Similarly, every element of B is also an element of AUB andso B C AUB. 
Also, by the definition of the intersection of sets, every element of AM B is an element of A and also an 
element of B. Hence, A B AandA B_ B. Werecord these results in the following theorem. 

M, A € 
Theorem 1.1.4 Let A and B be sets. Then the following statements hold: 
(i)ACAUBandBCAUB. 
(ii) ANBCAandANBCB. @ 


The union and intersection of two sets A and B is described pictorially in the following diagrams. 
The shaded area represents the set in question. 


U U 


AUB ANB 
Two sets A and B are said to be disjoint if AN B= 9. 


Example 1.1.5 Let A be the set {1,2,3,4} and B be the set {3,4,5,6}. Then 
AUB = {1,2,3,4,5, 6} 

and AM B= {3,4}. If C is the set {5,6}, then 
AUC ={1,2,3,4,5, 6} 

while ANC = 9. 


Now that the union and intersection have been defined for two sets, these operations can be similarly 
defined for any finite number of sets. That is, suppose that A;, Ao, ...,A, are n sets. The union of 
Aj, Ag, ..., An, denoted by UP_, A; or Aj U Ag U---U An, is the set of all elements x such that x is 
an element of some A;, where 1 < 7 < n. The intersection of Aj, Ao, ..., An, denoted by N_, A; or 
A,NA2N-::A An, is the set of all elements x such that x € A; for alli, 1 <i<n. 

We say that a set J is an index set for a collection of sets A if for any a € J, there exists a set 
Aq € Aand A= {Aq | a € I}. I can be any nonempty set, finite or infinite. 

The union of the sets A,, a € I, is defined to be the set {x | a € Ag for at least one a € I} and is 
denoted by UgerAq- The intersection of the sets A,, a € J, is defined to be the set {x | 2 € A, for all 
a € I} and is denoted by NaerAa.- 
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Definition 1.1.6 Given two sets A and B, the relative complement of B in A, denoted by the set 
difference A\B, is the set 
A\B={x|x eA, butx ¢ B}. 


The following diagram describes the set difference of two sets. 


U 


A\B 


Example 1.1.7 Let A = {1,2,3,4} and B= {3,4,5,6}. Then A\B= {1,2}. 


We now define a concept which is a building block for all of mathematics, namely, the concept of an 
ordered pair. 


Definition 1.1.8 Let A and B be nonempty sets anda € A, y € B. 
(i) The ordered pair (x,y) is defined to be the set {{x}, {x, y}}. 


(ii) The Cartesian cross product (Cartesian product) of A and B, written A x B, is defined 
to be the set 


Ax B={(x,y)|ce Ay € B}. 


Let (x,y), (z,w) € Ax B. We claim that (x, y) = (z, w) if and only if x = z and y = w. First suppose 
that « = z and y = w. Then {{x},{z,y}} = {{z}, {z, w}} and so (x,y) = (z, w). Now suppose that 


(x,y) = (z, w). Then 
{{@}, {2 uhh = 2}, {2% wh h. 


Since {x} € {{x},{x, y}}, it follows that {x} © {{z},{z,w}}. This implies that {x} = {z} or {a} = 
{z, w}. If {a} = {z}, then we must have {x,y} = {z, w}. From this, it follows that « = z and y = w. If 
{x} = {z, w}, then we must have {x,y} = {z}. This implies that « = z =w and x= y =z. Thus, in 
this case, x = y = z = w. This establishes our claim. 


It now follows that if A has ™ elements and B has ” elements, then 4 X B has ™n elements. 


Example 1.1.9 Let A = {1,2,3} and B = {3,4}. Then 


Ax B= {(1, 3), (1,4), (2, 3), (2,4), (3, 3), (3, 4)}. 


For the set R of real numbers, the Cartesian product R x R is merely the Euclidean plane. 


Definition 1.1.10 For any set X, the power set of X, written P(X), is defined to be the set {A| A is 
a subset of X }. 


Example 1.1.11 Let X = {1,2,3}. Then 


P(X) = {O, {1}, {2}, {3}, {1 2h, (1, 38h, (2, 3}, (Lh 2, 3h}. 
Here P(X) has 23 elements. 


Remark 1.1.12 Let P andQ be statements. Throughout the text we will encounter questions in which 
we will be asked to show that P if and only if Q; that is, show that statement P is true if and only 
if statement Q is true. In situations like this, we first assume that statement P is true and show that 
statement @ is true. Then we assume that statement Q is true and show that statement P is true. The 
statement P if and only if Q is also equivalent to the statement: if P, then Q, and if Q, then P. For 
example, see Worked-Out Exercise 1, below. 
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Worked-Out Exercises 


Exercise 1 


Solution 


Exercise 2 


Solution 


Exercise 3 


Solution 


Prove for sets A and B that A C Bifand only if AU B= B. 


First suppose A C B. We now show that AU B= B. Let x be any element of AU B. Then either 
x €Aorx € B. This implies that « € B since A C B. Thus, we find that every element of AU B 
is an element of B andso AUB CB. Also, B C AUB by Theorem 1.1.4(i). Hence, AUB= B. 


Cony versqly, SyRPgse AUB=B. Now by Theorem 1.1.4(), A C AUB. Since AU B= B, it now 


For a subset A of a set S, let A’ denote the subset S\A. A’ is called the complement of A in S. 
Let A and B be subsets of S. Prove that (AN B)! = A’ U B’, DeMorgan’s law. 


First we show that (AM B)’ C A’ U B’. Then we show that A’U B’ C (AN B)’. The result then 
follows by Theorem 1.1.1. 


Let x be any element of (AN B)’. Now (AN B)'!=S\(ANB) and soz € S anda ¢ ANB. Also, 
x ¢ AM B implies that either x ¢ Aor a ¢ B. Ifa € S anda ¢ A, thenz € A’, andifx € S and 
x ¢ B, then x € B’. Thus, either x € A’ or x € B’,i.e., x € AU B’. Hence, (AN B)’ C AUB". 


Let us now show that A’U B’ C (AN B)’. Suppose x is any element of A’ U B’. Then either x € A’ 
or x 8B’. Supposex A’,thenax Sanda/A.SinceA B Aand « / A, we must have 


x ¢ AN B. This im i implies the that © € (Aq B)’. Simifarly, we can show ghat if x € ds then x ¢ ANB, 
ie., 2 € (AN B)’. Hence, A’ U B’ C (AN B)’. Consequently, (AN B)' = A’ U 


Let A, B, and C be sets. Prove that 


An (BUC) = (ANB)U(ANC). 


As in the previous exercise, we first show that AN (BUC) C (AN B) U(ANC) and then 
(AN B)U(ANC) CAN(BUC). The result then follows by Theorem 1.1.1. 


Let x be any element of AN(BUC). Then z € Aandz € BUC. Thus, z € Aandz € Borz eC. 
Ife €¢ Aandz € B, thenxz € ANB, andifx € Aandz € C, then xz € ANC. Therefore, x € ANB 
or z € ANC. Hence, x € (AN B) U(ANC). This shows that AN (BUC) C (AN B)U(ANC). 


ingouspew showsthata AVP UAC SecA EEGs Sunnose € isannelemens of (LO B) Ee AVC: 
we have x € BUC. Thus, « € Aand x € BUC andso « € AN(BUC). Similarly, if c ¢ A 
and « € C, then  € AN(BUC). Hence, (AN B) U(ANC) C AN(BUC). Consequently, 
AN (BUC) =(ANB)U(ANC). 


Exercises 


1. Let A= {x,y,z} and B = {y, w}. Determine each of the following sets: AUB, ANB, A\B, B\A, 


Ax B, and P(A). 


2. Prove for sets A and B that A C Bifand only if AN B= A. 


3. Prove for sets A, B, and C' that 


(i) AUB=BUAand ANB=BNA, 

(ii) (AU B)UC= AU(BUOC) and (AN B)NC=AN(BNQC), 
(iii) AU(BNC) = (AUB)N (AUC), 

(iv) AU(AN B)=A, 

(v) AN(AUB)=A. 


4. If a set S has 12 elements, how many elements does P(S) have? How many of these are properly 


contained in S? 
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5. For subsets A and B of aset S, prove DeMorgan’s law: 


(AU BY =A'NB"'. 
6. The symmetric difference of two sets A and B is the set 


AAB=(A_ B)\(A_ B). 
U ‘a 
(i) If A = {a,b,c} and B = {b,c,d,e}, find A AB. 


(ii) Show that A A B= (A\B)U (B\A). 
7. Let A and B be finite subsets of a set S. Show that 
(i) if AN B= @, then |AU B| = |A|+ |B], 
(ii) |A\B| = |A]-|AN BI, 
(iii) |AU B] = |A|+ |B] -|AN BI. 


8. In each of the following exercises, write the proof if the statement is true; otherwise give a coun- 
terexample. The sets A, B, and C are subsets of a set U. 


DAUA=IaAVEre 

(iii) (A\B)' = (B\A)’. 

(iv) A x (BUC)= (Ax B)U(AxC). 
(v) AAC= BAC implies A = B. 


1.2 Integers 


Throughout abstract algebra, the set of integers provides a source of examples. In fact, many algebraic 
abstractions come from the integers. An axiomatic development of the integers is not given in this text. 
Instead, certain basic properties of integers are taken for granted. For example, if n and m are integers 


WEP ove! Contam horteuckists per gektive hata eS Z such that ™ = 7 +t. In this section, we review 


The proofs of many results of algebra depend on the following basic principle of the integers. 


Principle of Well-Ordering: Every nonempty subset of Z* has a smallest (least) element, i.e., if 
0 #£.S C Z*, then there exists x € S such that x < y for ally € 9. 


Let S' be a subset of Z*. Suppose that 5 has the following properties: 

(i) no ES, ie., there exists an element no € S. 

(ii) For alln > no, n € Z*, ifn € S,thenn+1€S. 

We show that the set of all integers greater than or equal to ng is a subset of S, i.e., 


{n€Z* |n>n} CS. 


Let T denote the set {n € Z* | n > ng}. We wish to show that T C S. On the contrary, suppose 
T ZS. Then there exists a € T such that a ¢ S. Let T; be the set of all elements of T that are not in S, 
ie., 7; = T\S. Sincea € T anda ¢ S, we have a € T;. Thus, T; is a nonempty subset of Z*. Hence, by 
the principle of well-ordering, T, has a smallest element m, say. Then m € T and m ¢ S. Since m € T, 
m >no. If m = no, then m € S, a contradiction. Thus, m > ng. This implies that m— 1 > no and so 
m—1€T. Nowm—1 ¢ Tj since m is the smallest element of T,. Since m —1¢€T and m —1 ¢ Ti, we 
must have m — 1 € S. But then by (ii), m = (m—1) +1 € S, which is a contradiction. Hence, T C S. 

Thus, from the principle of well-ordering, we deduce another important property of integers. This 
property is known as the principle of mathematical induction. We thus have the following theorem. 
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Theorem 1.2.1 (Principle of Mathematical Induction) Let S C Z*. Let ng € S. Suppose S sat- 
isfies either of the following conditions. 
(i) For alln > no, n € Z*, ifn € S, thenn+1€5S. 
(ii) Forallng<m<n,neZ*, ifm eS, thenn eS. 
Then 
inéZ* |n>no}C S.m 


We proved, above, Theorem 1.2.1, when S' satisfies (i). We leave it for the reader to prove Theorem 
1.2.1 if S' satisfies (ii). 
We have seen the following mathematical statement in a college algebra or in a calculus course. 
1 
L424. tn = At n>1. 
We now show how this statement can be proved using the principle of mathematical induction. Let 
S(n) denote the above mathematical statement, i-e., 


n(n +1) 


S(n): 1424+---+n= 5 aca © 


This statement will be true if the left-hand side of the statement is equal to the right-hand side. Let 
S = {n € Z* | §(n) is true}. 


That is, S is the set of all nonnegative integers n for which the statement S(n) is true. We will show 
that S' is the set of all positive integers. Now 


iit 


i — 
D) ’ 


ie., S(1) is true. Hence, 1 € S. Let n be an integer such that n > 1 and suppose $(7) is true, i.e.,n € S. 
We now show that S(n + 1) is true. Now 


S(n+1): 14+2+---+n+(n+ 1) = trey}. 


Consider the left-hand side. 


(ete ps (1) mnt) + (n +1) (since $(n) is true) 
= ntlyint2) 
5 : 
Hence, the left-hand side is equal to the right-hand side and so $(n+1) is true. Thus, n+ 1 € S. Hence, 
by the principle of mathematical induction, S = {n € Z* |n > 1}. This proves our claim, which in turn 
shows that 
n(n +1) 


is true for all positive integers 7. 


Sometimes we use the word induction for the principle of mathematical induction. 


A proof by the principle of mathematical induction consists of three steps. 

Step 1: Show that no € S, i.e., the statement $(ng) is true for some ng € Z*. 

Step 2: Write the induction hypothesis: n is an integer such that n > no and n € S, ie., S(n) is 
true for some integer n such that n > no (or k is an integer such that nop <k <nand S(k) is true). 

Step 3: Show that n+ 1€ S,ie., S(n +1) is true. 
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Example 1.2.2 In this example, we show that 2n +1 < 2” for alln > 3. 
Let S(n) be the statement: 
S(n): 2n+1<2", n>3. 


Since we want to show that S(n) is true for all n > 3, as the first step of our induction, we must 
verify that S(3) is true. Let n = 3. Now 2n+1= 2-34+1=7 and 2” = 23 = 8. Thus, for n = 3, 
2n+1< 2". This shows that S(3) is true. Suppose that 2n+1 < 2” for some n > 3, t.e., S(n) is true 


for some n > 3. Consider S(n + 1), 
S(n+1): %(n+1)+1<2"71, 


Let us evaluate the left-hand side of S(n+ 1). We have 


An+1l)+1 = Wn+24+1 
= (2n+1)+2 
< 2742 since S(n) is true 
< 2r4a2r (sincen > 3, 2< 2") 
= ntl 


Thus, S(n+1) is true. Hence, by the principle of mathematical induction, 2n +1 < 2” for alln > 3. 


The principle of mathematical induction is a very useful tool in mathematics. We will make use of 
this result throughout the text. 


We now prove the following important properties of integers with the help of the principle of well- 
ordering. 


Theorem 1.2.3 (Division Algorithm) Let xz, y € Z with y 4 0. Then there exist unique integers q 
andr such thatx = qyt+r,0<r<|y|. 


Proof. Let us first assume y > 0. Then y > 1. Consider the set 


S={x-uy|ue Zax — uy > 0}. 
Since y > 1, we have x — (— |z|)y= x + |x| y > 0 so that x — (— |z|)y € S. Thus, S is a nonempty set of 


ponnepative integers, Heyce, by the principle of well orenipg,, % must haven smallest clement, s3y4,[: 
Suppose on the contrary that r > |y| = y. Then 


e=(¢4 Dy=@=a)=9g=r=¢ 20 


so that r — y € S, acontradiction since r is the smallest nonnegative integer in S andr — y < r. Hence, 
it must be the case that r < |y|. This proves the theorem in case y > 0. 

Suppose now that y < 0. Then |y| > 0. Thus, there exist integers q’, r such that x = q' |y| +17, 
0 <r < |y| by the above argument. Since y < 0, |y| = —y. Hence, x = —q/y+r. Let g = —q’. Then 
x=qy+r,0<r<|y|, the desired conclusion. 

The uniqueness of g and r remains to be shown. Suppose there are integers q’, r’ such that 


/ i 
L=Uyrr=—qyrr, 
O0<r’ <|y|,0<r<|y|. Then 
r—r=(q-q)y. 
Thus, 
|r’ —r| = |g—a'|lyl- 
Now —|y| < —r <O and 0 <1’ < |y|. Therefore, if we add these inequalities, we obtain 


=|yl<r—r< yl, 
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or |r’ — r| < |y|. Hence, we have 
Os lg=q| 4 


Since g—q’ is an integer, we must have 0 = |q— q’|. It now also follows that |r — r’| = 0. Thus, q—q' =0 
andr —r’ =0 orq=q' andr =r’. Consequently, g and r are unique. Mf 

In Theorem 1.2.3, the integer q is called the quotient of x and y on dividing x by y and the integer 
r is called the remainder of x and y on dividing x by y. 


The following corollary is a special case of Theorem 1.2.3. 


Corollary 1.2.4 For any two integers x andy withy > 0, there exist unique integers q andr such that 
zt=qytr, whereO<r<y. 


Proof. By Theorem 1.2.3, there exist unique integers g and r such that x = qy+r, where 0 < r < |y|. 
Since y > 0, |y| = y. Hence, x = qy+r,whereO<r<y. Hf 


Definition 1.2.5 Let x, y € Z with « £0. Then x is said to divide y or x is a divisor (or factor) 
of y, written x|y, provided there exists q € Z such that y = qx. When does not divide y, we sometimes 
write x { y. 


Let x,y,z be integers with x £0. Suppose x|y and x|z. Then for all integers s and t, x|(sy+tz). We 
ask the reader to prove this fact in Exercise 5(iii) (page 16). 


Definition 1.2.6 Letxz, y € Z. A nonzero integer c is called a common divisor of x and y if c|x and 
cly. 


Definition 1.2.7 A nonzero integer d is called a greatest common divisor (gcd) of the integers x 
andy if 

(i) d\x and dly, 

(it) for all c € Z if clx and cly, then cld. 


Let d and d’ be two greatest common divisors of integers x and y. Then dd’ and d’|d. Hence, there 
exist integers u and v such that d’ = du and d = d'v. Therefore, d = duv, which implies that wv = 1 
since d # 0. Thus, either u= v = lor u=v=_ 1. Hence, d’ = +d. It now follows that two different 


gcd’s of and y differ in their sign. Of the two gcd’s of Z and ¥; the positive one is denoted by g¢d(z, y). 
For example, 2 and —2 are the greatest common divisors of 4 and 6. Hence, 2 = gcd(4, 6). 


In the next theorem, we show that the gcd always exists for any two nonzero integers. 


Theorem 1.2.8 Letz, y € Z with eitherx £0 ory £0. Thena andy have a positive greatest common 
divisor d. Moreover, there exist elements s, t € Z such that d = sx + ty. 


Proof. Let 
S={mz+ny|m,ne€ Z,max+ny > 0}. 


Suppose x #0. Then 
x ifx >0 


Lae) = —2 re< 0 

la + Oy ifs >0 

(—1)x + Oy ifa <0. 
Hence, |x| € S and so S # (. By the well-ordering principle, S contains a smallest positive integer, say, 
d. We now show that d is the greatest common divisor of x and y. 


Since d € S, there exist s, t € Z such that d = sax + ty. First we show that d|x and dly. Since d £0, 
by the division algorithm (Theorem 1.2.3), there exist integers q and r such that 


x=dq+r, 
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where 0 < r < |d| =d. Thus, 


r = a-—dgq 
= x-—(sx+ty)q (substituting for d) 
= (1-4s)a + (—at)y. 


Suppose r > 0. Then r Sj, which is a contradiction since d is the smallest element of S and r < d. 
Seren ie eo Bae Sass Vek Reraibion 2% 
satisfies (ii) of Definition 1.2.7. Consequently, d = gcd(a,y). 

Let x and y be nonzero integers. By Theorem 1.2.8, gcd(a, y) exists and if d = gcd(a, y), then there 
exist integers s and t such that d = sx + ty. The integers s and ¢ in the representation d = sx + ty are 
not unique. For example, let « = 45 and y = 126. Then gcd(a,y) = 9, and 9 = 3-45 + (—1)-126= 
129 - 45 + (—46) - 126. 

The proof of Theorem 1.2.8 does not indicate how to find gcd(a, y) or the integers s, t. In the 
following, we indicate how these integers can be found. 


Let «, y € Z with y £0. By the division algorithm, there exist qi,71 € Z such that 


z=qnyt+n, OO rm<l|yl. 
= 
If r,; £0, then by the division algorithm, there exist q2, re € Z such that 


Y= geri +72, 05 t< ri. 
If rg £0, then again by the division algorithm, there exist q3, r3 € Z such that 
T1 = Q3r2 +13, OS fa < To: 


Since r; > rg > r3 > 0, we must in a finite number of steps find integers qn, dn4i, and rn, > 0 such 
that 
Tr—-2 = Qn?n-1 + T ns 0< Tr <Tr-1 
Tn—-1 = GQntitTnt+ 0. 


We assert that r, (the last nonzero remainder) is the greatest common divisor of x and y. Now 
Tnlfn—1- Since Tp|Tn, TnlTn—1, and Tn-2 = QnfPn—1 + Tn, we have ry|Tn—2 by Exercise 5(iii) (page 16). 
Working our way back in this fashion, we have r,,|r; and rp|r2. Thus, rn|y since y = qari + r2. Since 
rnl¥, TniTi, and « = qiy +11, we have r,,|%. Hence, r, is acommon divisor of x and y. Now if c is any 
common divisor of z and y, then we see that c|r;. Since cly and c|r;, clr2. Continuing, we finally obtain 
elrn. Thus, rp, = gcd(z,y). 

We now find s, t € Z such that gcd(a, y) = sx + ty as follows: 


Tm = r—-27 Tn—1(—n) 
= Pn—2+ [Pn—3 + Tn-2(—Gn-1)] (Gn) 
= fn—3(—dn) + rn—2(1 + gn—19n) (simplifying). 


Weachoy, substitute for fOr sorhd Tntegoe™ sAnfoy.r” 2. We repeat this “back” substitution process until we 
We illustrate the above procedure for finding the gcd and integers s and ¢ with the help of the 
following example. 


Example 1.2.9 Consider the integers 45 and 126. Now 


126 = 2-454 36 
45 1-36+9 
36 = 4-9+0 
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Thus, 9 = gcd(45, 126). Also, 


Co) 
I 


45 — 1-36 
= 45-—1-[126- 2-45] 
= 3-45+(-1)-126. 
Heres=3 andt= 1. 


We now define prime integers and study their basic properties. 


Definition 1.2.10 (i) An integer p> 1 is called prime if the only divisors of p are +1 and +p. 
(it) Two integers x andy are called relatively prime if gcd(x, y) = 1. 


The following theorem gives a necessary and sufficient condition for two nonzero integers to be 
relatively prime. 


Theorem 1.2.11 Let x and y be nonzero integers. Then x and y are relatively prime if and only if 
there exist s,t € Z such that 1= sx + ty. 


s andl p@kclLehat and yrbe relatively prime. Then gcd(x,y) = 1. By Theorem 1.2.8, there exist integers 

Conversely, suppose 1 = sa + ty for some pair of integers s, t. Let d = gcd(a,y). Then d|x and dly 
and so d|(sa+ty) (by Exercise 5(iii) (page 16)) or d|1. Since d is a positive integer and d|1, d= 1. Thus, 
gcd(xz,y) = 1 and so x and y are relatively prime. Hi 


Theorem 1.2.12 Letx,y,z€Z witha £0. If x|yz and a, y are relatively prime, then x|z. 


Proof. Since x and y are relatively prime, there exist s,t € Z such that 1 = sx + ty by Theorem 
1.2.11. Thus, z = saz + tyz. Now xz|x and by hypothesis x|yz. Thus, x|(sxz + tyz) by Exercise 5(iii) 
(page 16) and so x|z. 


Corollary 1.2.13 Letx,y,p Z with p a prime. If p|xy, then either p|x or ply. 


Proof. If p|z, then we ie the desired result. Suppose that p does not divide x. Since the only 
positive divisors of p are 1 and p, we must have that p and « are relatively prime. Thus, p|y by Theorem 
1.2.12. 

The following corollary is a generalization of Corollary 1.2.13. 


Corollary 1.2.14 Let x1,22,...,¢%,p€ Z withp a prime. If 


p|r1%2°**En, 
then p|a; for somei, 1 <i<n. 


Proof. The proof follows by Corollary 1.2.13 and induction. MI 

Consider the integer 24. We can write 24 = 2° - 3. That is, 24 can be written as product of prime 
powers. Similarly, 49500 = 2? -3?-5%-11. In the next theorem, called the fundamental theorem of 
arithmetic, we prove that any positive integer can be written as product of prime powers. 


Theorem 1.2.15 (Fundamental Theorem of Arithmetic) Any integern >1 has a unique factor- 
ization (up to order) 


m= py py + DS, (1.1) 


where p1,2,--., Ps are distinct primes and e1,€2,..., €s are positive integers. 
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Proof. First we show that any integer n > 1 has a factorization like Eq. (1.1) and then we show the 
uniqueness of the factorization. 

We show the existence of the factorization by induction. If n = 2, then clearly n has the above 
factorization as a product of prime powers. Make the induction hypothesis that any integer k such that 
2<k <n hasa factorization like Eq. (1.1). If n is prime, then n already has the above factorization 
as a product of prime powers, namely n itself. If n is not prime, then n = xy for integers x,y, with 


1<a<nandl1<y<vn. By the induction hypothesis, there exist primes q1, q2,---, Uk; Ws Gee  Y 
and positive integers €1, €2,---; €k, €4, €4,---, e; such that 41, 92,---, Gk are distinct primes, 71; 94)---; 
q, are distinct primes and 

r= Ca 7 lg 

yo = antag gi. 


Thus, 
le, lel, lel, 


T= 5°95" °° Oe" G7 H's 


i.e.,n cou be factored as a product of prime powers. If q; = dq; for some 7 and 7, then we replace qe'q;° 


by q oe . It now follows that n = p{'ps? ---p$*, where pi, p2,..., Ps are distinct primes and €),€2,..., 


€s are positive integers. Hence, by induction, any integer n > 1 has a factorization like (1.1). 
We now prove the uniqueness property by induction also. If n = 2, then clearly n has a unique 


Boo aon as a product of prime powers. Suppose the uniqueness property holds for all integers k 
such that2<k<n 


N= py Dy PS = yaa He" (1.2) 
be two factorizations of n into a product of prime powers. Suppose n is prime. Then in Eq. (1.2), we 
must have s = t = 1 and e; = 1= ¢, since the only positive divisors of n are 1 and n itself. This implies 
that n = p; = q; and so the factorization is unique. 

Suppose n is not a prime. Now p;|n and 


is an integer. If s = 1, then n = p{' and since n is not a prime, we have e; > 1. Hence, om =p, . > 9. 


a a 1 e2 €s om” 


Be facie theper", and’s i be ‘Corollary Ts 2.) Thus 1g OER SARE i. 4. Be AUD HARGsEE Fi the Gi Nepibcledappligs Rte bat 
assume that 1 = 1. Thus, p;|qj1 and so by on 1.2.14, pi|qi. Since p; and q; are primes, p, = q1. 
Thus, 


n 
— = pt pe ++ ps? = pp gs? + aft. (1.3) 

Pl 
Now e; —1= 0 if and only if c; — 1 = 0. For suppose e; -1= O andc,; —1>0. Then =p + +pe 
implies that p,|/ 7 ond po gS? --- gf implies that pi|*, which is of course impossible. We can 


get a similar contradiction if we assume e, — 1 > 0 and c; —1= 0. 

Now 4 is an integer and 2 < mt <n. Hence, by the induction hypothesis, we obtain from Eq. (1.3) 
that s = t, and p1 = q1,..., Ps = qs (without worrying about the order), and ey —1 = c;—1,e2 = €2,..., 
€s = Cs. Hence, by induction, we have the desired uniqueness property. 


Corollary 1.2.16 Any integer n < —1 has a unique factorization (up to order) 
m= (—l)py py Pe" 
where p1,2,..-,Ds are distinct primes and e1,€2,...,€s are positive integers. 


Proof. Since n < —1, —n > 1. Hence, by Theorem 1.2.15, —n has a unique factorization (up to 
order) 


= n&1n&2 e 
—N = Py Po “Des 
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where p1,P2,---,Ps are distinct primes and €1, €2,...,€s are positive integers. Thus, 
_ €1 ,€2 es 
n= (—1)py ps? --- 5°, 


where pj,...,ps are distinct primes and €1,...,e, are positive integers. Ml 
Theorem 1.2.15 says that any positive integer greater than 1 can be written as a product of prime 
powers. Now we pose the obvious question: How many prime numbers are there? This is answered by 


the following theorem due to Euclid. 


Theorem 1.2.17 (Euclid) There are an infinite number of primes. 


Proof. Let p1,p2,..., Pn bea finite number of distinct primes. Set x = pi po---Pn+1. Since p; does 
not divide 1, p; does not divide 7, 1 = 1,2,...,n. By the fundamental theorem of arithmetic, it follows 
that there is some prime p such that p|x. Thus, p is distinct from pj, po2,...,Dy so that we have n+ 1 
distinct primes. That is, for any finite set of primes we can always find one more. Thus, there must be 
an infinite number of primes. Hf 

We close this section with the following definition. There are a few places in the text where we will 
be making use of it. 


Definition 1.2.18 Letn be a positive integer. Let d(n) denote the number of positive integers m such 
thatm <n and gcd(m,n) = 1, i.e., 
o(n) = |{mEN|m<n and gcd(m,n) = 1}. 


o(n) is called the Euler $-function. 


Clearly ¢(2) = 1, $(3) = 2, $(4) = 2. Since 1, 5, 7, 11 are the only positive integers less than 12 and 
relatively prime to 12, (12) = 4. 
Let {a1,...,@,} C Z. We use the notation >>,"_, a; to denote the sum of aj,...,@n, ie., 


n 
t=1 


If S is any finite subset of Z, then a denotes the sum of all elements of S. For example, if 
S= {2,4,7}, then Tega =2+44 Te '68. 


Worked-Out Exercises 
Exercise 1 By the principle of mathematical induction, prove that 
ganrl 4 (—1)"2 = O@mod 5) 
for all positive integers n. (For integers a and b, a = b(mod 5) means 5 divides a — b.) 
Solution Let S(n) be the statement 
S(n): grt as( 12 Otmod5),. mm 1. 


= = > 
We wish to show that S(n) is true for all positive integers. We first must verify that S(1) is true 
as the first step of our induction. Let n = 1. Then 


gentt 4 (—1)"2 = 9771 + (—-1)2 = 27 — 2 = 25 = O(mod 5). 


Thus, $(1) is true. Now suppose that $(n) is true for some positive integer n, i.e., 32"+4+(—1)"2 = 
O(mod 5) for some integer n > 1. We now show that 


S(n+1): seer Ot (12 = imsd 5) 
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Exercise 2 


Solution 


Exercise 3 


Solution 


Exercise 4 


Solution 


is true. Now 

pecer dre (jeri = Berl ge = (1) 
Q(g20 hs (—-1)"2) — (1) 18 — (—1)"2 
9(32"+1 + (—1)"2) — (—1)"20. 


Since 327+1 + ( 1)"2 O(mod 5) and 20 ~=—0(mod 5), it follows that 32?™+)+14 ( 1)r+1Q 


0 5 Ss 
Ofmod noe _Fpis shoes Saab) qin 1 1) is truer Hence, by the principle of mathematicalHinductios 


Let a and b be integers such that gcd(a, 4) = 2 and gcd(b, 4) = 2. Prove that gcd(a + 6,4) = 4. 


Since gcd(a, 4) = 2, 2|a, but 4 does not divide a. Therefore, a = 2x for some integer x such that 
gcd(2, x) = 1. Similarly, b = 2y for some integer y such that gcd(2, y) = 1. Thus, x and y are both 
odd integers. This implies that x + y is an even integer and so x + y = 2n for some integer n. Now 
a+b=2(¢+y) = 4n. Hence, gced(a + b, 4) = ged(4n, 4) = 4. 


Let a,b, and c be integers such that gcd(a,c) = gced(b,c) = 1. Prove that gcd(ab,c) = 1. 


If c = 0, then gcd(a,0) = gced(b,0) = 1 implies that a = +1 and b = +1. Thus, gcd(ab,c) = 
gcd(+1,0) = 1. Suppose now c 4 0. By Theorem 1.2.8, gcd(ab,c) exists. Let d = gcd(ab,c). Also, 


Theorem 73 there exist integers 71, y!, x7, y? such that 1 = az} 4 cyl, 1 = bx? + cy?. Thus, 
Piet iees att = ey = CY) a CY ~ Cyo +’ cy cya. Hence, 1 = (ab)xja'y + c(y1 + yo — Cy y2): 
Thus, any common divisor of ab and c is also a divisor of 1. Hence, d|1. Since d > 0, d= 1. 


Let a, b € Z with either a £0 or b £0. Prove that for any integer c, 


gcd(a, b) = gcd(a, —b) = gcd(a,b + ac). 


Suppose a # 0. Then gcd(a, b), gcd(a,—b) and gcd(a, b+ ac) exist. Let d = gcd(a,b). Then there 
exist integers x and y such that d = ax + by = ax + (—b)(—y). Thus, any common divisor of 
a and —0 is also a divisor of d. Hence, gcd(a, —b)|d. Similarly, d| gcd(a,—b). Since gced(a, b) and 
gcd(a, —b) are positive, gcd(a, b) = gcd(a, —b). 


a(phebhg) FBG Minkt 4a ahben share exist inpesers Bang guch that Eyer dh P+ 4d = GB LGA Ay. 


Since e|a and e|b + ac, eld. Hence, e = d. 


Exercise 5 Find integers x and y such that 512x + 320y = 64. 


Solution 


512 = 320-1+4+192 
320 = 192-14128 
192 = 128-1+64 
128 = 64-2+0. 


Thus, 64 = 192 — 128 = 192 — (320 — 192) = 192-2 + 320 - (—1) = (512 — 320) -2 + 320- (—1) = 
512-2 +320-(—3). Hence, x = 2 and y = —3. 


Exercises 


1. Determine gcd(90, 252). Find integers s and t such that 


gcd(90, 252) = 5-904 ¢- 252. 


2. Find integers s and t such that gcd(963, 652) = s - 963 + t - 652. 


3. Find integers s and t such that 657s + 963¢ = 9. 
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4. Use the principle of mathematical induction to prove the following. 
(i) 12 +2243? +--+. +n? = Bet Grey 7 = 1,2,.... 
(ii) 7” — 1 is divisible by 6 for all n € Z*. 
(iii) 6 - 7" — 2-3” is divisible by 4 for all n € Z*. 


(iv) 5?” +3 is divisible by 4 for all n € Z*. 


n 4 
nm <2 nmeZ. 
ib ase seneey ee 


(vii) n! > 3", n=7,8,.... 
5. Let a,b, and c be three integers such that a £0. Prove the following: 
(i) If a|b, then albc for all c € Z. 
(ii) If b £0, alb and dIc, then alc. 
(iii) If a|b and a|c, then a|(bx + cy) for all x, y € Z. 
(iv) If a, b are positive integers such that a|b, then a < b. 
(v) Ifb £0, ald, and bla, then a = +b. 
6. Let a,b, and c be integers. Prove that if ac £0 and ac|bc, then a|b. 


7. Let a,b,c, and d be integers such that a £0 and b £0. Prove that if a|c and b]d, then ab|cd. 


8. Let p be a prime integer, m,n integers and r a positive integer. Suppose p”|mn and p jm. Show 
that p”|n. 


9. Let a and b be integers and gced(a, b) = d. If a = dm and b = dn, prove that gcd(m,n) = 1. 
10. Let a,b, and c be positive integers. Prove that gcd(ab, ac) = a gcd(b, c). 
11. Prove that if gcd(x, y) = ged(a, z) = 1, then gcd(z,yz) = 1 for all x,y,z EN. 
12. Prove that if gcd(z, y) = 1, 2|z, and y|z, then xy|z for all x,y, z EN. 
13. Let a,b € N. Show that gcd(a, b) = gcd(a,a + b). 


14. Prove that gcd(a, 6) = 1 for any two positive consecutive integers @ and 0. ; ; 
15. Let x and y be nonzero integers. The least common multiple of x and y, written lcm(z, y), is 


defined to be a positive integer m such that 
(i) em and y|m and 
(ii) if z|c and y|c, then mlc. 
Prove that lem(«, y) exists and is unique. 
16. Let x and y be nonzero integers. Prove that lem(z, y) - gcd(x, y) = |xy|. 
17. Let x and y be nonzero integers. Show that lem(z, y) = |xy| if and only if gcd(a, y) = 1. 
18. Show that there are infinitely many prime integers of the form 6n —1, n > 1. 
19. Let S be aset with n elements,n 1. Show by mathematical induction that |P(S)| = 2”. 
> 
20. Determine whether the following assertions are true or false. If true, then prove it, and if false give 
a counterexample. 
(i) If p is a prime such that p|a°, then p|a, where a is an integer. 
(ii) If p is a prime such that p|(a? + 67) and pla, then p|b, where a and 6 are integers. 
(iii) For any integer a, gcd(a,a+ 3) =1 or 3. 
(iv) If ged(a,6) = 3 and gcd(b, 6) = 3, then gcd(a + b,6) = 6, where a and 6b are integers. 
(v) If ged(b, c) = 1 and a|b, then ged(a, c) = 1. 
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1.3 Relations 


Some describe or define mathematics as the study of relations. Since a relation is a set of ordered pairs, 
we get our first glimpse of the fundamental importance of the concept of an ordered pair. 


Definition 1.3.1 A binary relation or simply a relation R froma set A into a set B is a subset of 
Ax B. 


Let R bea relation from a set A into a set B. If (x,y) € R, we write Ry or R(x) = y. If xRy, then 
sometimes we say that x is related to y (or y is in relation with x) with respect to R or simply z is 
related to y. If A = B, then we speak of a binary relation on A. 


Example 1.3.2 Let A denote the names of all states in the USA and B = Z. With each state a 
in A associate an integer n which denotes the number of people in that state in the year 1996. Then 
R= {(a,n) | ae A and n is the number of people in state a in 1996} is a subset of Ax Z. Thus, R 
defines a relation from A into Z. 


Example 1.3.3 Consider the set of integers Z. Let R be the set of all ordered pairs (m,n) of integers 
such that m <n, 1.e., 
R={(m,n) ZxZ|m<n}. 


Then R is a binary relation on Z. € 


Let R be a relation from a set A into a set B. By looking at the elements of R, we can find out 
which elements of A are related to elements of B with respect to R. The elements of A that are related 
to elements of B form a subset of A, called the domain of R, and the elements of B that are in relation 
with elements of A form a subset of B, called the range of R. More formally, we have the following 
definition. 


Definition 1.3.4 Let R be a relation from a set A intoaset B. Then the domain of R, denoted by 
D(R), is defined to be the set 


{x |x € A and there exists y € B such that (x,y) € R}. 


The range or image of R, denoted by Z(R), is defined to be the set 
{y| y € B and there exists x € A such that (x,y) € R}. 


Example 1.3.5 Let A = {4,5,7,8,9} and B= {16, 18, 20,22}. Define R C A x B by 
R= {(4, 16), (4, 20), (5, 20), (8, 16), (9, 18) }. 


Then R is a relation from A into B. Here (a,b) € R if and only if a divides b, where a € A and 
b € B. Note that for the domain of R, we have D(R) = {4,5,8,9} and for the range of R, we have 
T(R) = {16, 18, 20}. 


Example 1.3.6 Let S = {(z,y)|2,y €R,v?+y? =1,y >0}. Then S is a binary relation on R. S 
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Definition 1.3.7 Let R be a binary relation on a set A. Then R is called 
(i) reflexive if for alla € A, xRa, 
(it) symmetric if for allx,y € A, Ry implies yRa, 
(itt) transitive if for allx,y,z € A, cRy andyRz imply «Rz. 


Definition 1.3.8 A binary relation E ona set A is called an equivalence relation on A if E is 
reflexive, symmetric, and transitive. 
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The important concept of an equivalence relation is due to Gauss. We will use this concept repeatedly 
throughout the text. 


Example 1.3.9 Let A = {1,2,3,4,5,6} and E = {(1,1), (2, 2), (3,3), (4,4), (5,5), (6,6), (2,3), (3, 2)}. 
Then E is an equivalence relation on A. 
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equivalence relation on L. 

(ii) Let L be defined as in (i) and P be the relation defined on L by for allly,lz € L, (li, l2) € P if and 
only if l, andl, are perpendicular. Letl be aline in L. Sincel cannot be perpendicular to itself, (1,1) ¢ P. 
Hence, P is not reflexive and so P is not an equivalence relation on L. Also, P is not transitive. 


Example 1.3.11 Letn be a fixed positive integer in Z. Define the relation =, on Z by for alla, y € Z, 
L=n y if and only if n|(a—y), ue, x -—y=nk for somek € Z. We now show that =, is an equivalence 
relation on Z. 

(i) For alla € Z,x-x=0=O0n. Hence, forallx € Z, x=, x. Thus, =, is reflexive. 

(ii) Let x,y € Z. Suppose x =, y. Then there exists q € Z such thatqn = a—y. Thus, (—q)n=y-2 
andson|(y 2), @.e,Yy 2. Hence, » is symmetric. 

(itt) Let x,y,z € Z. Sappose x =, Fand y =, z. Then there exist q, r € Z such that qn =a — y and 
m=y-—z. Thus, (q+tr)n=a2—z andq+reéZ. This implies that x =, z. Hence, =p, is transitive. 

Consequently, =n is an equivalence relation on Z. 


The equivalence relation, =,,, as defined in Example 1.3.11 is called congruence modulo n. (An- 
other commonly used notation for « =, y is x = y(mod n).) 


Definition 1.3.12 Let E be an equivalence relation on a set A. For alla € A, let |x| denote the set 
[z]={y € A| yEr}. 
The set [2] is called the equivalence class (with respect to E) determined by zx. 


In the following theorem, we prove some basic properties of equivalence classes. 


Theorem 1.3.13 Let E be an equivalence relation on the set A. Then 
(i) for alla € A, [2] £9, 
(it) af y € [x], then |x] = [y], where x,y € A, 
(iti) for all x, y € A, either [x] = [y] or [x] N [y] = 9, 
(iv) A= Uzea|a], t.e., A is the union of all equivalence classes with respect to E. 


Proof. (i) Let x € A. Since E is reflexive, Ex. Hence, x € [2] and so [a] 4 Q. 

(ii) Let y € [a]. Then yE'x and by the symmetric property of E', «Ey. In order to show that [x] = 
we will show that [2] C [y] and [y] C [x]. The result then will follow by Theorem 1.1.1. Let u € 
Then uFy. Since uF y and yEx, the transitivity of E implies that uwEx. Hence, u [a]. Thus, [y] 
Now let u € [x]. Then wEx. Since uE® and «Ey, uLy by transitivity and so u €€y]. Hence, [a] C 
Consequently, [a] = [y]. 

(iii) Let x,y € A. Suppose [x] N [y] 4 0. Then there exists u € [a] MN [y]. Thus, wu € [a] and u € [y 
ie., u&xz and uFy. Since E is symmetric and uEy, we have yEu. Now yEu and uEz and so by the 
transitivity of E, yEx. This implies that y € [a]. Hence, by (ii), [y] = [2]. 

(iv) Let & € A. Then z € [2] C Uzea[x]. Thus, A C Uzea[z]. Also, Ure 4[xz] C A. Hence, A = Uzea[z]. 


e See 


| 
One of the main objectives of this section is to study the relationship between an equivalence relation 
and a partition of a set. We now focus our attention to partitions. We begin with the following definition. 


1.3. Relations 19 


Definition 1.3.14 Let A be a set and P bea collection of nonempty subsets of A. Then P is called a 
partition of A if the following properties are satisfied: 

(i) for all B, C EP, either B= C or BNC=9. 

(it) A =UsepB. 


In other words, if P is a partition of A, then (i) B C A for all B € P, i.e., every element of P is a 
subset of A, (ii) distinct elements of P are either equal or disjoint, and (iii) the union of the members of 
P is A. 


Example 1.3.15 (i) Let A = {1,2,3,4,5,6}. Let Ay = {1}, Ao = {2,4,6}, and As = {3,5}. Now 
A= A,U Ag U A3, AYN Ag = 0, A, A3 = 0, and AgQ A3 = 0). Hence, P = {A1, Ao, A3} is a partition 
of A. 

(ii) Consider Z. Let A be the set of all even integers and B be the set of all odd integers. Then 
AN B=Qand AUB=Z. Thus, {A, B} is a partition of Z. 


The following theorem is immediate from Theorem 1.3.13. 


Theorem 1.3.16 Let E be an equivalence relation on the set A. Then 


P={{[z||z A} 
= 
isa partition of A. & 


Example 1.3.17 Consider the equivalence relation =, on Z as defined in Example 1.3.11. Let Z, = 
{[z] | « € Z}. By Theorem 1.3.16, Z,, is a partition of Z. Suppose n= 6. We claim that 


Ze = {[0], (11, (2), [3], (4), [5] 


and 


[é] = {0+ 2,+6+7,+12+7,...} = {6q+i|q € Z} for alli € Z. 


LetO0 <n<m <6. Suppose [n] = [m]. Then m € [n] and so 6|(m—n). This is a contradiction since 
O0<m n<6. Hence, the equivalence classes [0], [1], [2], [3], [4], [5] are distinct. We now show that these 
are the-only distinct equivalence classes. 

Let k be any integer. By the division algorithm, k = 6q+r for some integers q andr such that 
O0<r<6. Thus, k —r= 6q and so 6|(k —r). This implies that k =¢r and so [k] = [r]. Since0 <r <6 
we have [r] € {[0}, [1], [2], [3], [4], [5]} and so [k] € {[0], [1], [2], [3], [4], [5]}. This proves our first claim. 

Leti € Z. Then x € [i] if and only if 6|(x — 2) if and only if 6q =x —1 for some q € Z if and only 
if x = 6q+2 for some q € Z. This proves our second claim. It now follows that for alli = 0,1,...,5, 
[*] = [6q+ i] for allq € Z. Hence, 


fori = 0, [0] = [6] = [12] a= ; 
fori = 1, [1] =[7] = [13] 5) 
fori = 2, [2] = [8] = [14] [—4] = {-10 ; 
fori = 3, [3] = [9] = [15] [—3] = [-9] ; 
fori =4, [4] = [10] = [16] [ 2]=[ 8 ; 
foré = 5, [5] = (11) =[17| [—1] = [-7 


By Theorem 1.3.16, given an equivalence relation F on a set A, the set of all equivalence classes forms 
a partition of A. We now prove that corresponding to any partition, we can associate an equivalence 
relation. 


Theorem 1.3.18 Let P be a partition of the set A. Define arelation E on A by for all x,y € A, xEy 
if there exists B € P such that x, y € B. Then E is an equivalence relation on A and the equivalence 
classes are precisely the elements of P. 
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Proof. Note that if two elements x and y of A are related, i.e., cEy, then x and y must belong to 
the same member of P. Also, if B € P, then any two elements of B are related, i.e., cxEy for all x,y € B. 
We now prove the result. 

Since P is a partition of A, A= UgepB. First we show that FE is reflexive. Let x be any element 
of A. Then there exists B € P such that x € B. Since z,x € B, we have xEx. Hence, F is reflexive. 
We now show that E is symmetric. Let Ey. Then x,y € B for some B € P. Thus, y, x € B and so 
yEx. Hence, E is symmetric. We now establish the transitivity of E. Let x,y,z A. Suppose xy and 
yEz, Then 2, ¥ € B and y,z € C for some B, C € P. Since y € BNC, BNC € 9. Also, since P is a 
partition and BNC £0, we have B= C so that x, z € B. Hence, xEz. This shows that F is transitive. 
Consequently, & is an equivalence relation. 

We now show that the equivalence classes determined by EF are precisely the elements of P. Let 
x € A. Consider the equivalence class [x]. Since A = UgepB, there exists B € P such that « € B. We 
claim that [x] = B. Let u € [2]. Then ux and so u € B since x € B. Thus, |x] C B. Also, since x € B, 
we have y£x for all y € B andso y € [2] for all y € B. This implies that B C [2]. Hence, [a] = B. 
Finally, note that if C € P, then C = [u] for allu € C. Thus, the equivalence classes are precisely the 
elements of P. i 

The relation F in Theorem 1.3.18 is called the equivalence relation on A induced by the par- 
tition P. 


a sWeWwirdlations Anybe consounteddeaner tise Rlasom\ For axuBplR givamuchaaoneak’ mal? thexa 
relations, the domain and range of the relations under consideration are subsets of A and B, respectively. 
Now given arelation R from aset A into aset B and arelation S from B into a set C’, there is a relation 
from A into C that arises in a natural way as follows: Let us denote the new relation by T. Suppose 
(a,b) € Rand (b,c) € S. Then we make (a,c) € T. Every element of T is constructed in this way. That 
is, (a,c) € T for some a € A and c € C if and only if there exists b € B such that (a,b) € R and 
(b,c) € S. This relation T is called the composition of R and S and is denoted by S o R. Note that to 
form the composition of R and S, we must have the domain of S and the range of R to be subsets of 
the same set. More formally we have the following definition. 


Definition 1.3.19 Let R be a relation froma set A into a set B andS be arelation from B into a set 
C. The composition of R and S, denoted by S'o R, is the relation from A into C defined by 


x(So R)y if there exists z € B such that xRz and zSy 
for alla E Aye. 
Let R be a relation on a set A. Recursively, we define a relation R", n € N, as follows: 


RY = # 
R” RoR ifn > 1. 


Definition 1.3.20 Let R be a relation from a set A into a set B. The inverse of R, denoted by R™, 
is the relation from B into A defined by 


tR-'y ifyRx 
for alla € B,y EA. 


The following theorem gives a necessary and sufficient condition for a binary relation to be an 
equivalence relation. 


Theorem 1.3.21 Let R be arelation on a set A. Then R is an equivalence relation on A if and only if 
(i) A C R, where A = {(z,x) | x € A}, 
(ii) R= R, and 
(iti) RORCR. 
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Proof. Suppose FR is an equivalence relation. Let (x,7) € A, where x € A. Since R is reflexive, 
(z,7) € R. Hence, A C R, i-e., (i) holds. Let (2, y) € R. Since R is symmetric, (y, x) € R. Thus, by the 
definition of R~, (x,y) € R7!. Hence, R C R~!. On the other hand, let (x,y) € R~!. Then (y, x) € R. 
Therefore, by the symmetric property, (x,y) € R. Hence, R~! C R. Thus, R = R™!, ie., (ii) holds. We 
now prove (iii). Let («,y) € Ro R. Then there exists z € A such that (x, z) € Rand (z,y) € R. Since R 
is transitive, (z,y) € R. Thus, RoRC R, ie., (iii) holds. 

Conversely, suppose that (i), (ii), and (iii) hold for R. Foralla A, (a,2) A R. Thus, R is 
reflexive. Next, we show that R is symmetric. Let (v,y) € R. Then by (ii), (7, yf € RE. This implies 
that (y,z) € R. Hence, R is symmetric. For the transitivity of R, let (7,z) € R and (z,y) € R. Then 
(x,y) € Ro R by the definition of composition of relations. Since Ro RC R, (x,y) € R. Hence, R is 
transitive. Consequently, R is an equivalence relation. 


Worked-Out Exercises 


Exercise 1 In Z10, which of the following equivalence classes are equal: [2], [—5], [5], [—8], [12], [15], |—3], [7], 
[22]? 
Solution We note that [2] = [2 + 10] = [12], [-8] = [-8 + 10] = [2], [12] = [12 + 10] = [22], [-5] = 
[—5 + 10] = [5] = [5 + 10] = [15] and [—3] = [—3 + 10] = [7]. Also, [2] 4 [5], [2] 4 [7] and [5] 4 [7 
Hence, it now follows that [2] = [12] =[ 8] = [22],[ 5] = [5] = [15] and[ 3] =[7]. 


Exercise 2 Let R be a reflexive and transitive relation on aset S. Prove that RN R~! is an equivalence relation. 


Solution Since (z,x) € R for all x € S, (2,2) € Ro! for all e € S. Thus, (z,7) Ee RNR! forallze S. 
Hence, RM R~! is reflexive. Let (x,y) € RAR. Then (x,y) € R and (x,y) € R7!. Thus, 
(y,vz) € Ro! and (y,x) € R. Therefore, (y,2) € RN R7!. Hence, RN Ro! is symmetric. Now 
suppose that (x, y),(y,z) € RNR. Then (2,y),(y,z) € Rand (z,y),(y,z) € Ro. Since R 
is transitive, (z,z) € R. Now since (z,y),(y,z) € Ro, (y,x),(z,y) € R. Since R is transitive, 
(z,2) € Rand so (2, z) € R7'. Thus, (2, z) € RN R7!. Hence, RN R-! is transitive. We have thus 
proved that RM R7! is reflexive, symmetric, and transitive and hence RM R~! is an equivalence 
relation. 


Exercise 3 Give an example of an equivalence relation on the set S = {1, 2, 3, 4,5,6,7,8} such that R has 


exactly four equivalence classes. 


Solution R= {(1,1), (2,2), (3,3), (4,4), (5,5), (6,6), (7,7), (8,8), (1,2), (2,1), (3,4), (4,3), (5,6), (6,5), 
(7,8), (8,7)}. The equivalence Clases are [1] = [2], [3] = [4], [5] = [6], and [7] = [8]. 


Exercise 4 Let R; and Rz be two symmetric relations on a set S. Prove that R; 0 Rg is symmetric if and only 
if Ry o Ro = Ro o Ry. 


Solution Suppose R, o Rz is symmetric. Let (x,y) be any element of R, o Rg. Then (y,2) € Ry, o Re 
since R; o Rp is symmetric. Thus, there exists z € S such that (y,z) € Ro and (z,x7) € Ry 
by the definition of composition of relations. Since R; and Rz are symmetric, (z,y) € Rg and 
(x, z) € R,. Hence, (x,y) € Rao Ry. Thus, Ryo Rg C Ryo Rj. Similarly, Roo Ry C Ro Ry. Hence, 
Ry oRg= Roo Ry. 


Rlo R2 = R2 € Rio R2.T R20R! 
Conversely (Sup AOS ay abe. zy Ee Ri de zY (By y) Ginee a ene op, (2 aré ean. ta TY there 
and (y, z) € Ra. Hence, (y, 7) € Reo Ry = Ri o Ry. Thus, Ri o Re is symmetric. 


Exercise 5 Let A= {1,2,3,4,5} and R = {(1,1), (2,2), (3,3), (4,4), (5,5), (1,2), (2,1), (4,5), (5,4)}. Show 
that R is an equivalence relation. 


Solution Let B = {1,2}, C = {3}, and D = {4,5}. Let P = {B,C,D}. Then P is a partition of A. Also, 
note that if , y € A, then (#,y) € R if and only if x,y € X for some X € P, i.e., the relation R 
is induced by the partition P. Hence, R is an equivalence relation on A by Theorem 1.3.18. 
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Exercise 6 


Solution 


Exercise 7 


Solution 


1. Sets, Relations, and Integers 


Let X = {1,2,3,4,5,6,7}. Then 


P = {{1,3, 5}, {2, 6}, {4, 7}} 


is a partition of X. List the elements of the corresponding equivalence relation R on X induced by 
P. 


83) (4,9) @aS5¥, (6, le§, a7d74, kot belong, ta thy, game clompptiptsh oTbyend tay, (A ly}) 4249): 


Let R be a relation on a set S. Prove that the following conditions are equivalent. 
(i) R is an equivalence relation on S. 
(ii) R is reflexive and for all a,b,c € S, if aRb and bRc, then cRa. 


(i)=(ii): Suppose R is an equivalence relation on S. Then F is reflexive. Let a,b,c € S. Suppose 
aRb and bRc. The transitive property of R implies that aRc. Hence, cRa since R is symmetric. 


(ii)=(i): Since R is given to be reflexive, to show that R is an equivalence relation, we only need 
to check that R is symmetric and transitive. For symmetry, suppose ab. Since F is reflexive, we 
have aRa. Now since we have aRa and aRb, bRa by hypothesis. This shows that R is symmetric. 
To show that R is transitive, suppose aRb and bRc. Then by the hypothesis, cRa. Since we have 


shown that ? is symmetric, CRa implies that ac. Hence, # is transitive. Consequently, P is an 
equivalence relation on S. 


Exercises 


1. Let R be a relation on the set A = {1,2,3,4,5,6,7} defined by R = {(a,b) € A x A | 4 divides 


a— bd}. 

(i) List the elements of R. 

(ii) Find the domain of R. 

(iii) Find the range of R. 

(iv) Find the elements of R7!. 


(v) Find the domain of R27}. 
(vi) Find the range of R7!. 


2. Let R bea relation on the set A = {1,2,3,4,5,6} defined by R = {(a,b) € Ax A|a+b< 9}. 


(i) List the elements of R. 

(ii) Is A C R, where A = {(x,x)|a € A}? 
(ii) bn R= Ro? 

(iv) IsRoRC R? 


3. Which of the following relations EF are equivalence relations on the set of integers Z? 


(i) Ey if and only if x — y is an even integer. 
(ii) vy if and only if = — y is an odd integer. 
(iii) «Ey if and only if x < y. 

(iv) Ey if and only if x divides y. 

(v) cEy if and only if 2? = y?. 

(vi) eEy if and only if |a| =| y|. 

(vii) cEy if and only if |x — y| < 2. 


4. Let R = {(a,b) | a,b € Qand a — b € Z}. Prove that R is an equivalence relation on Q. 
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5. 


Oo CO ND 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Let A = {1,2,3,4,5,6, 7,8}. Define a relation R on A by 
aRb if and only if 3 divides a — b 


for alla, b € A. Show that R is an equivalence relation on A. Find the equivalence classes [1], [2], 
[3], and [4]. 


. Let & be an equivalence relation on a set A. Find the domain and range of R. 
. Find all equivalence relations on the set S = {a,b,c}. 


. In Ze, which of the following equivalence classes are equal: [—1], [2], [8], [5], [—2], [11], [23]? 


. Let x, y € Z be such that x =, y, where n € N. Show that for all z € Z, 


(ii) z =n yz 
Let x,y,z,w € Zand n be a positive integer. Suppose that + =, y and z =, w. Show that 


e+z=ny+wand rz =, yw. 


Let n be a positive integer and [2], [y] € Z,. Show that the following conditions are equivalent. 
(i) [e] = [y}. 

(ii) « — y= nr for some integer r. 

(ii) n|(w—y). 

(Chinese Remainder Theorem) Let m and n be positive integers such that gcd(m,n) = 1. 


Prove that for any integers a and b, the congruences x =,, a and x =,, b have a common solution 
in Z. Furthermore, if uw and v are two solutions of these congruences, prove that u =mn v. 


Define relations R,, Ro, R3 such that R, is reflexive and symmetric but not transitive, Rg is 
reflexive and transitive but not symmetric, and Rs is symmetric and transitive but not reflexive. 
Prove that the intersection of two equivalence relations on a set S' is an equivalence relation on S. 
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hated vonaadatianana set A. Define T(R) = RUR U{(x,x) | x € A}. Show that T(R) is 


Let R be arelation on aset S. Set R® = RU R?U R3U---. Prove the following: 
(i) R° is a transitive relation on S. 

(ii) If T is a transitive relation on A such that R C T, then R™ CT. 

(R® is called the transitive closure of R.) 


Let R, and Rz be symmetric relations on a set S' such that R, o Rg C Rg 0 Ry. Prove that R20 Ry 
is symmetric and R; 0 Rp = Ro 0 Ry. 


Let R, and R» be equivalence relations on a set S' such that Ry 0 Rg = R20 R,. Prove that Ryo Rg 
is an equivalence relation. 


Let R, and Rp» be relations on a set S. Determine whether each statement is true or false. If the 
statement is false, give a counterexample. 

(i) If Ry and Rg are reflexive, then R10 Rg is reflexive. 

(ii) If Ri and Re are transitive, then Rio Re is transitive. 

(iii) If Ry and Rz are symmetric, then R,o R2 is symmetric. 

(iv) If Ry is transitive, then R[! is transitive. 


(v) If R, is reflexive and transitive, then R, o R, is transitive. 


24 1. Sets, Relations, and Integers 


1.4 Functions 


Like sets, functions play a central role in mathematics. Readers may already be familiar with the notion 
of a function either through a college algebra or a calculus course. In these courses, functions were 
usually real valued. Throughout the text we will encounter functions which do not have to be real 
valued. Functions help us study the relationship between various algebraic structures. In this section, 
we review some of their basic properties. Roughly speaking, a function is a special type of correspondence 


between elements of one set and those of another set. More precisely, a function is a particular set of 
ordered pairs. 


Definition 1.4.1 Let A and B be nonempty sets. A relation f from A into B is called a function (or 
mapping) from A into B if 

(i) D(f) =A and 

(2) for al 2A Ve, SH males y—y, 

When (it) is satisfied by a relation f, we say that f is well defined or single-valued. 


We use the notation f : A > B to denote a function f from a set A into a set B. For (x, y) € f, we 
usually write f(x) = y and say that y is the image of x under f and x is a preimage of y under f. 

Leibniz seems to be the first to have used the word “function” to stand for any quantity related to 
a curve. Clairant (1734) originated the notation f(#) and Euler made extensive use of it. Dirichlet is 


responsible for the current definition, of a function. ; 
Let us now explain the above definition. Suppose f : A — B. Then f is a subset of A x B such that 


for all x € A, there exists a unique y € B such that (x,y) € f. Hence, we like to think of a function 
as a rule which associates to each element x of A exactly one element y of B. In order to show that a 
relation f from A into B is a function, we first show that the domain of f is A and next we show that 
f well defined or single-valued, i.e., if = yin A, then f(x) = f(y) in B for alla, y € A. 

We now consider some examples of relations, some of which are functions and some of which are not. 


Example 1.4.2 Let f be the subset of ZxZ defined by 
f ={(n, 2n +3) | n € Z}. 
Then D(f) ={n|n  Z}=Z. We now show that f is well defined. Letn,m  Z. Suppose n = m. 


Then 2n +3 = 2m + 3€i.e., f(n) = f(m). Therefore, f is well defined. Hence, f satisfies (i) and (it) of 
Definition 1.4.1 and so f is a function. 


Example 1.4.3 Let A = {1,2,3,4} and B= {a,b,c}. Let f be the subset of A x B defined by 

f = {(1, 4), (2, 8), (3,¢), (4, 6) }- 
First note that D(f) = {1,2,3,4} = A and so f satisfies (i) of Definition 1.4.1. From the definition of 
f, it is immediate that for all x € A, there exists a unique y € B such that (x,y) € f. Therefore, f is 
well defined and so f satisfies (ii) of Definition 1.4.1. Hence, f is a function. 


Example 1.4.4 Let f be the subset of QxZ defined by 


f={(Gr)|p.q€Z, @# 0}. 


First we note that D(f) = i |p,qe€ Z,q #0} =Q. Thus, f satisfies (i) of Definition 1.4.1. Now 
($,2) ef, (4,4) € f and$ =4. But f($)=244= f(4). Thus, f is not well defined. Hence, f is not 
a function from Q into Z. 


Example 1.4.5 Let f be the subset of ZxZ defined by 


f ={(mn,m +n) | m,n € Z}. 
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First we show that f satisfies (i) of Definition 1.4.1. Let x be any element of Z. Then we can write 
x=2x-1. Hence, (s1,x+1)=(x-1,44+1) € f. This implies that x € D(f). Thus, Z C D(f). However, 
D(f) CZ and so D(f) =Z. Thus, f satisfies (i) of Definition 1.4.1. Now4 €Z and4=4-1=2-2. 
Thus, (4-1,4+1) € f and(2-2,2+2) € f. Hence, we find that 4-1= 2-2 and f(4-1) =5 #4 = f (2-2). 
This implies that f is not well defined, i.e., f does not satisfy (ii) of Definition 1.4.1. Hence, f is not a 
function from Z into Z. 


We nO De eae B01 pqnalyty © ne as én f and g are subsets of A x B. Suppose 
f =q. Let x be any element of A. Then (2, f(x)) € f =g. Also, (x, g(a)) € g. Since g is a function and 
(x, f(x)), (x, g(x)) € g, we must have g(x) = f(x). Conversely, assume that g(a) = f(x) for all x € A. 
Let (2, y) € f. Then y = f(x) = g(x). Thus, (2, y) € g. This implies that f C g. Similarly, we can show 
that g C f. It now follows that f = g. Thus, two functions f : A — Bandg: A — B are equal if and 
only if f(a) = g(a) for alla € A. 


Example 1.4.6 Let f :Z— Z* andg: Z— Z* be defined by f = {(n,n2) | n € Z} and g = {(n, |n|°) | 
n € Z}. Now for alln € Z, 
f(n) =n? = |n|? = g(n). 


Hence, f =g. 


Definition 1.4.7 Let f be a function from a set A into a set B. Then 
(i) f is called one-one if for allx, a’ € A, f(x) = f(x’) implies x = 2’. 
(ii) f is called onto B (or f maps A onto B) if Z(f) = B. 


We note that if f : A > B, then Z(f) = B if and only if for all y € B, there exists x € A such that 
f(x) = y. In other words, Z(f) = B if and only if every element of B has a preimage. We also note that 
f is one-one if and only if every element of B has at most one preimage. 

Let A be a nonempty set. The function 74: A — A defined by i 4(”) = x for all x € A is a one-one 
function of A onto A. i, is called the identity map on A. 


Example 1.4.8 Consider the relation f from Z into Z defined by 
f(n)=n? 


for all n € Z. Now D(f) = Z. Also, ifn =n’, then n2 = (n’)*, i.e, f(n) = f(n’). Hence, f is well 
defined. Thus, f is a function. Now f(1) =1= f(-1) and 14-1. This implies that f is not one-one. 
Now for alln € Z, f(n) is a nonnegative integer. This shows that a negative integer has no preimage. 
Hence, f is not onto Z. Note that f is onto {0,1,4,9,...}. 


Example 1.4.9 Consider the relation f from Z into Z defined by for alln €Z, f(n) = 2n. As in the 
previous examples, we can show that f is a function. Letn,n’ € Z and suppose that f(n) = f(n’). Then 
2n = 2n’, i.e., n=’. Hence, f is a one-one function. Since for alln € Z, f(n) is an even integer, we 
see that an odd integer has no preimage. Thus, f 1s not onto Z. However, we note that f is onto E. 


Definition 1.4.10 Let A, B, andC be nonempty sets and f : A— Bandg: B —C. The composition 
o of f andg, written go f, is the relation from A into C defined as follows: 


gof = {(a,z)|a€A,z EC, there exists ye B 
such that f (a) =y and g(y) = 2}. 


Let f: A— Bandg: B= C and (2,2) € go f, ie., (go f)(x) = z. Then by the definition of 
composition of functions, there exists y € B such that f(x) = y and g(y) = z. Now 


z= g(y) = 9(f(2)). 
Hence, (go f)(x) = g(f()). 


In the following, we describe some properties of composition of functions. 
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Theorem 1.4.11 Suppose that f: A— B andg: B —C. Then 
(i)gof:A>C, +e, 90 f isa function from A into C. 
(ii) If f andg are one-one, then go f is one-one. 
(iii) If f is onto B andg is onto C, thengo f is ontoC. 


Proof. (i) Let x € A. Since f is a function and x € A, there exists y € B such that f(x) = y. Now 
since g isa function and y __B, there exists z C such that g(y) = z. Thus, (g f)(x) = g(f(x)) = 
Gh 2 Na scueetarg ele = eed ome 

Suppose that (#,z) € go f, (41,21) € go f and x = a, where z,a, € A and z,z, € C. By the 
definition of composition of functions, there exist y, y, € B such that f(x) =y, g(y) =z, f(a) =y1 
and g(y1) = 21. Since f is a function and x = 21, we have y = yj. Similarly, since g is a function and 
y = yi, we have z = z,. Thus, g o f is well defined. Hence, g o f is a function from A into C. 

(ii) Let x, 2’ € A. Suppose (g o f)(x) = (go f)(a’). Then g(f(x)) = g(f(x’)). Since g is one-one, 
f(x) = f(a’). Since f is one-one, x = x’. Thus, g o f is one-one. 

(iii) Let z € C. Then there exists y € B such that g(y) = z since g is onto C. Since f is onto B, 
there exists « € A such that f(x) = y. Thus, (go f)(x) = g(f(x)) = g(y) = z. Hence, go f is onto C. 


Example 1.4.12 Consider the function f :Z— Z andg: Z— E, where f(n) =n? and g(n) = 2n for 
alln Z.Theng f:Z Eand(g_ f)(n) = Q(f(n)) = g(n?) = 2n?. 


1e) — 


= ° 
Theorem 1.4.13 Let f: A— B,g: BC, andh:C —D. Then 
ho(gof)=(hog)of. 
That is, composition of functions is associative. 


Proof. First note that ho (go f): A— Dand (hog)of:A—D. Let x € A. Then 


[ho (go f)|(x) = h((go f)(@)) = hg(f(x))) = (ho g)(F(a)) = [ho g) 0 f(a). 


Thus, by the equality of two functions, ho (go f)= (hog)of. Hf 
Let A be aset and f : A — A. Recursively, we define 


pli = Fp (a) 


for alla ce A,neEN. 

Let A and B be sets. A and B are said to be equipollent, written A ~ B, if there exists a one-one 
function from A onto B, i.e., the elements of A and B are in one-one correspondence. 

From Theorem 1.4.11, it follows that ~ is an equivalence relation. If A ~ B, then sometimes we 
write |A| = |B|. It is immediate that if A and B are finite sets, then |A| = |B] if and only if A and B 
have the same number of elements. 

The following lemma, which follows from Theorem 1.4.11(ii), is of independent interest. We give a 
direct proof of this result. 


Lemma 1.4.14 Let A beaset and f:A—A bea one-one function. Then f" : A — A is a one-one 


function for all integers n > 1. 

Proof. Suppose there exists n > 1 such that f” is not one-one. Let m > 1 be the smallest positive 
integer such that f” is not one-one. Then there exist x, y € A such that x £ y and f™(x) = f(y). 
But then f(f™-1(x)) = f(f™ 1(y)) and hence f™—!(x) = f™~1(y) since f is one-one. Now since m is 
the smallest positive integer such that f’ is not one-one, f”~* is one-one. Hence, x = y, which isa 
contradiction. Thus, f” is one-one for alln >1. 

That one-one functions on a finite set are onto is proved next. 


Theorem 1.4.15 Let A be a finite set. If f : A — A is one-one, then f is onto A. 
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Proof. Let y € A. Now f”"(y) € A for all n > 1. Hence, 


{ye FU) T Wave CA. 


Since A is finite, all elements of the set {y, f(y), f?(y),...} cannot be distinct. Thus, there exist positive 
integers s and ¢t such that s >t and f*(y) = f*(y). Then f'(f**(y)) = f'(y). Hence, f*~*(y) = y since 
by Lemma 1.4.14, f! is one-one. Let 2 = f*-'"1(y) A. Then f(x) = y. Hence, f is onto A. & 


€ 
Definition 1.4.16 Let A and B be sets and f : A — B. 
(i) f is called left invertible if there exists g: B — A such that 


ger =4i, 

(ii) f is called right invertible if there exists h : B — A such that 
foh=ip. 

A function f : A > B is called invertible if f is both left and right invertible. 


Example 1.4.17 Let f:Z— Zand g: Z— Z be as defined below. 


f(n) = 3n 


ae 4 ifn isa multiple of 3 
MU=) G ifn is not a multiple of 3 


for alln € Z. Now 


f(g(n)) 
n ifn isa multiple of 3 
0 ifn ts not a multiple of 3. 


(f og)(n) 


Hence, fog #iz. But (go f)(n) =g(f(n)) =9(8n) =n for alln € Z. Thus, go f =iz. Hence, g is a 
left inverse of f. 


Often we are required to find a left (right) inverse of a function. However, not every function has 


. . fi . . . . 
PhS RR NPS Gi vO Fin AOTNS POR RB GS) TRGORLGE (ROB STS AEM HREM MRO MERE 
in determining whether a function is left (right) invertible or invertible. 


Theorem 1.4.18 Let A and B be sets and f : A— B. Then the following assertions hold. 
(i) f is one-one if and only if f is left invertible. 
(it) f is onto B if and only if f is right invertible. 
(itt) f is one-one and onto B if and only if f is invertible. 


Proof. (i) Suppose f is left invertible. Then there exists g: B — A such that go f =iy. Let 2, 
y € A besuch that f(x) = f(y). Then g(f(x)) = g(f(y)) or (go f)(2) = (gof)(y). Hence, t4(x) = ta(y), 
i.e., © = y. Thus, f is one-one. 

Conversely, suppose f is one-one. Then for y € B, either y has no preimage or there exists a unique 


«¥ € A such that f(x¥) = y. Fix « € A. Define g: B > A by 
gy) = { 


x ify has no preimage under f 
xy ify has a preimage under f and f(x) = y 


for all y € B. By the definition of g, D(g) = B. To show g is well defined, suppose y, y’ € Band y = y’. 
Then either both y and y’ have no preimages or there exist unique x,, 2," € A such that f(«,) = y and 
f (ty) =y’. Suppose both y and y’ have no preimages. Then g(y) = « = g(y’). Now suppose there exist 
unique %y,2y € A such that f(x,y) =y and f(ry) =y’. Thus, g(y) =x, and g(y’) = a/,. Since y = 9’, 
we have f(a) = f(xy’). Since f is one-one, x, = xy and so g(y) = g(y’). We have thus shown that g is 
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well defined and so g is a function. We now show that go f =i,4. Let u € A and suppose f (wu) =v for 
some v € B. Then by the definition of g, g(v) = u. Thus, 


(go f)(u) = g(f(u)) = g(v) = u= tau). 


Hence, go f =i,. 

(ii) Suppose f is right invertible. Then there existsg: B  Asuchthat f g=ig. Lety B. Let 
z=g(y) € A, Nowy = 7B(y) = (fog)(y) = f(9y)) = f(). Hence, f is onto 8. € 

Conversely, suppose f is onto B. Let y € B. Since f is onto, there exists « € A such that f(x) = y. 
Let Ay = {x € A| f(x) =y}. Then A, 4 0. Choose z, € A, for all y € B. Define h : B — A such that 
h(y) = 2, for ally € B. Then h is a function. Let y € B. Then (foh)(y) = f(h(y)) = f (ey) = y = tay). 
Hence, f oh =ig and so f is right invertible. 

(iii) The result here follows from (i) and (ii). 

Let f : A — B be invertible. Let g be a left inverse of f and h be aright inverse of f. Then go f =i, 
and foh=ip. Nowg =goig=go(foh)=(gof)oh=i,oh=h. Thus, if f is invertible, then 
left and right inverses of f are the same. This also proves that the inverse of a function, if it exists, is 
unique. 

If f is an invertible function, then the inverse of f is denoted by f7!. 

Let f: A — B and A’ CA. Then f induces a function from A’ into B in a natural way as defined 


next. 


Definition 1.4.19 Let f : A— B and A’ be a nonempty subset of A. The restriction of f to A’, 
written f|4’, is defined to be 


fla ={(@", f(@’)) | a" € A’. 


We see that f|,4’ is really the function f except that we are considering f on a smaller domain. 


Definition 1.4.20 Let f : A’ > B and A bea set containing A’. A function g : A — B is called an 
extension of f to A if gla =f. 


Example 1.4.21 Consider the function f :E— Z andg: Z— Z, where f (2n) =2n+1 and g(n) = n+1 
for alln Z. Theng is an extension of f to Z and f is the restriction of g to E. Let the function 
h:Z — Bbe defined by for allm € Z, h(m) =m+1 ifme€E andh(m) =m ifm ¢ E. Then h is an 
extension of f to Z. However, h £ g. Thus, a function may have more than one extension. 


In Section 1.1, we defined the Cartesian cross product, A x B, of two sets A and B. We now extend 
this notion to a family of sets {A, | a € I}, where J is an index set. First let us make the following 
observation: Suppose J = {1,2}. Let S be the set of all functions f : 1 + AUB such that f(1) © A 
and f(2) € B. Then every function f € S defines an ordered pair (f(1), f(2)) € A x B. Conversely, 
given x € A and y € B, define f € S by f(1) =2 and f(2) =y. Then the ordered pair (x, y) defines 
a function f € S. Hence, there is a one-one correspondence between the elements of S and A x B. We 
now define the Cartesian product of {Aq | a € I}. 

Let {Aq |a € I} be a family of sets. The Cartesian (cross) product of {Aq | a € I}, denoted 


by Aq, is defined to be the set 


acl 


Tl {f | f :I— UaerAa and f(a) € Ag for alla € I}. 


Let f € [[,¢74a- Then f(a) € Aq for alla € I. Let us write f(a) = @q for all a € I. We usually write 
(Ta)aer for f, i-e., a typical member of [],-7 Aa is denoted by (%a)acr, Where Zq € Ag for alla € I. 

Suppose J = {1,2,...,m} is a finite set. Then the Cartesian product [],-; Aa, is denoted by A; x 
Ag X+-+X An. A typical member of A; x Ag x --- X Ay is denoted by (#1, %2,...,%n), vi € A; for all 
i = 1,2,...,n. The elements of A; x Ag x --- X Ay are called ordered n-tuples. For two elements 
(21, 22, er 1 Xn), (Yr, Yas a stra) € Ay x A» Koren Ax, (21, 22,. . yay) _ (Yi, Y2>- ae + Yn) if and only if 
x; = y; for all. 
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Worked-Out Exercises 


Exercise 1 Determine which of the following mappings f : R — R are one-one and which are onto R : 


Solution 


Exercise 2 


Solution 


(ii) f(@) = a? 
forallz R. 


(i) Let “ € R. Suppose f(x) = f(y). Then +4 =y+4 or x= y. Hence, f is one-one. Now 
f is onto R if and only if for all y € R there exists « € R such that f(x) = y. Let y € R. If 
f(x) = y, then a +4 =yora2=y—4. Also, y—4 € R. Thus, we can take x to be y — 4. Now 
fiy-4)=y—-—4+4=y. Hence, f is onto R. 


(ii) We note that f(x) is a nonnegative real number for all « € R. This means that negative real 
numbers have no preimages. In particular, for all z € R, f(x) = x? 4 —1. Hence, f is not onto R. 
Also, f(—1) =1= f(1) and —1 4 1. Thus, f is not one-one. Thus, f is neither one-one nor onto 
R. 


(i) Let f : Z— Z be a mapping defined by 


x if x is even 
i (a) { 2x + 1 if x is odd 
for all x € Z. Find a left inverse of f if on 


(ii) Let f : Z— Z be the mapping defined by f(x) = |x| + x for all x € Z. Find a right inverse of 
f if one exists. 


exists. 


(i) By Theorem 1.4.18, f has a left inverse if and only if f is one-one. Before we attempt 
to find a left inverse of f, let us first check whether f is one-one or not. Let z,y € R and 
f(x) = fly). By the definition of f, f(a) is even if x is even and f(x) is odd if x is odd. Thus, 
since f(a) = f(y), we have both x and y are either even or odd. If x and y are both even then 
f(x) = x and f(y) = y and so x = y. Suppose x and y are odd. Then f(x) = 27+ 1 and 
f(y) = 2y+ 1. Then 22 +1= 2y+1or « =y. Hence, f is one-one and so f has a left inverse. 
Thus, there exists afunctiong: Z Zsuchthat g f =iz.Let x Z. Suppose x is even. Now 
z= i2(x%) = (go f)(x) = g9(f(z)) =9(2). This meaas a = * whé&i 7 is even. Now suppose # 
is odd. Then x = iz(x) = (go f)(x) =g(f(x)) = g(2x +1). Put t = 2a +1. Then x = +}. This 
shows that g(x) = 444 if x is odd. Thus, our choice of g is 


x if x is even 
cml if x is odd. 


(ii) Note that f(x) =|a|+a >0 for all x € Z. This shows that negative integers do not belong to 


L(f). 


In particular, f(z) # —1 for all x € Z. Thus, f is not onto Z and so f does not have a right 


inverse. 


Exercise 3 


Let X and Y be nonempty sets and f : X — Y. IfT’ C X, then f(T) denotes the set { f(x) | « € T}. 
f(T) is called the image of T under f. Prove that f is one-one if and only if 


f(AN B) = f(A) f(B) 


for all nonempty subsets A and B of X. 


Solution Suppose that f is one-one. Let A and B be nonempty subsets of X. Let y € f(AM B). Then 


y = f(x) forsome « € ANB. Hence, y € f(A) NM f(B). Thus, f(AN B) C f(A) N f(B). Now let 
y € f(A)N f(B). Then y € f(A) and y € f(B). Thus, y= f(a) for some a € A and y = f(b) for 
some b € B. Since f is one-one and f(a) = f(b), we find that a = b. Thus, y € f(AN B). Hence, 
f(A) A f(B) C f(AN B). Consequently, f(A MB) = f(A) NM f(B). 
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Conversely, suppose that f(A B) = f(A) f(B) for all subsets A and B of X. Suppose f is not 
one-one. Then there exist x, y € X such that f(x) = f(y) and « Ay. Let A = {x} and B= {y}. 
Since ANB = @, f(ANB) = 0. However, f(A)Nf(B) = {f(x)} #0. Thus, f(ANB) ¥ f(A)Nf(B), 
a contradiction. Hence, f is one-one. 


Exercise 4 Let A be a nonempty set and FE be an equivalence relation on A. Let B = {[z]|a € A},ie., B is 
the set of all equivalence classes with respect to E. Prove that there exists a function f from A 


og B. The set B is usually denoted by A/F and is called the quotient set of A determined by 


Solution Define f : A — B by f(x) = [x] for all x € A. By the definition of f, D(f) = A. Let z,y € A. 
Suppose x = y. Then [x] = [y] and so f(x) = f(y). Thus, f is well defined. Let [a] € B. Then 
a € Aand f(a) = [a]. Hence, f is onto B. 


Exercise 5 Let S= {x € R| —-1<2< 1}. Show that R~ S. 


Solution Define f : R— S by 

as 
1+ {a 
forall2 R.Letx R.Then |z| « (el, 1 lal < lal, and |z| 1+ |z|. Hence, 
—1— |x| <x <1+ |o€. Thus, -1< TA§j <4 and so 4 < f(2}< 1. This shows that f(x) € S. 
Let x,y € R and f(x) = f(y). Then Ti = Th: Thus, Tt = sre This implies that 
|x| + |x| |y| = |y|+ |x| |y| and so |z| = |y|. Now rari Fey implies that x > 0 if and only if 


y => 0. Therefore, since |x| = |y|, « = y. Thus, f is one-one. 


f(@) 


Now let z € Rand -1<2z<1.If0 <z<1, then 


—_= —_ 
z _ 1—z = jJ—z -_ 
(= eS 
= 2 1+ |e + l—z 
If —1< z <0, then 
f ——_—_—e— Se = 2. 
‘TZ2) I+ ls] 14+ 


Hence, f is onto R. Consequently, R ~ S. 


Exercises 


1. Determine which of the following mappings f : R — R are one-one and which are onto R : 
(i) f(@)=a+1, 
(ii) f(z) = 2°, 
(iii) f(x) = |z| +2 
for allz € R. 
2. Consider the function f = {(x,2?)| a €S} of S = {—3, -2,-1, 0, 1, 2, 3} into Z. Is f one-one? 
Is f onto Z? 


3. Let f :R+ — Rt andg: R*+ — R* be functions defined by f(x) = \/a and g(x) = 3a +1 for all 
x € Rt, where R™ is the set of all positive real numbers. Find f ogand go f. Is fog=gof? 


4. Let f :Q* — Rand g: R-R be defined by f(x) = 1+44 for all 2 € QT and g(x) = x +1 for all 
x € R, where Q* is the set of all positive rational numbers. Find g o f. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 
17. 


. For each of the mappings f : Z — Z given below, find a left inverse of f whenever one exists. 


(i) f@@)=24+2, 
iia =a, 
= ifa is even 


(ii) f(z) = { bite is odd 


for all x € Z. 


. For each of the mappings f : Z — Z given below, find a right inverse of f whenever one exists. 


(i) f(a) = -3, 
(ii) f(x) = 22, 
x if x is even 


(ii) f(x) = { x+1if«z is odd 
for all x € Z. 


. Let A = {1,2,3}. List all one-one functions from A onto A. 


. Let A = {1,2,...,n}. Show that the number of one-one functions of A onto A is n! 


:A B ion. fi ion R A a,b € A, aRb j i 
‘ ie: yE f (), Show chat haar De! ne a relation on 4 by for all if and only if 


1s an equivalence re ation. 


Given f : X — Y and A, B CX, prove that 

(i) ((AUB)= f(A)U FH), 

(ii) F(ANB) C f(A)N f(B), 

(iii) f(A\B) C f(A)\f(B) if f is one-one. 

Given f : X + Y. Let S CY. Define f—1(S) = {x € X | f(x) € S}. Let A, B CY. Prove that 
(i) F-"(AU B)= f-*(A)U fF (B), 

(ii) fF-"(AN B) = f-*(A)n F*(B), 


-1 -1 -1 
Gi) f (A\B)=f (AS (8). 
Let f : A — B. Let f* be the inverse relation, i.e., 


f={y, 2) € Bx A| f(a) =y}. 


(i) Show by an example that f* need not be a function. 

(ii) Show that f* is a function from Z(f) into A if and only if f is one-one. 

(iii) Show that f* is a function from B into A if and only if f is one-one and onto B. 
(iv) Show that if f* is a function from B into A, then f~! = f*. 


Show that Z~E, where E is the set of all even integers. 


Let A={r@eER|O0<a2<l dB={xeER|5<2< 8}. Show that f:A— B defined b 
yet HE oe ta ee enon iene 


(i) Show that Z and 3Z are equipollent. 
(ii) Show that 5Z and 7Z are equipollent. 


Let S= {xe R|0<a2< 1}. Showthat Rt ~S. 


(Schréder-Bernstein) Let A and B be sets. If A ~ Y for some subset Y of B and B ~ X for 
some subset X of A, prove that A ~ B. 
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18. Find a one-one mapping from R onto RT. 
19. IsZ~Q? 
20. Let A={xweER|O0<a<lsandB={xeER|0<2< 1}. Isit true that A ~ B? 


21. For each of the following statements, write the proof if the statement is true, otherwise give a 
counterexample. 


(i) A function f : A > B is one-one if and only if go f =ho f for all functions g,h: B => A. 
(ii) A function f : A > B is one-one if and only if for all subsets C of A, f(A\C) D> B\f(C). 


1.5 Binary Operations 


The concept of a binary operation is very important in abstract algebra. Throughout the text we will 
be concerned with sets together with one or more binary operations. In this section, we define binary 
operations and examine their basic properties. 


Definition 1.5.1 Let S be a nonempty set. A binary operation on S is a function from S x S into 
S. 


For any ordered pair (x, y) of elements x, y € S, a binary operation assigns a third member of S. For 
example, + is a binary operation on Z which assigns 3 to the pair (2, 1). 

If * is a binary operation on S, we write x * y for *(x,y), where x, y € S. Since the image of * is a 
subset of S, we say S is closed under *. 

Z is closed under + since if we add two integers we obtain an integer. Since 2,5 € N and 2—5 = 
—3 €¢ N, we see that — (subtraction) is not a binary operation of Nand we say that N is not closed under 


Definition 1.5.2 A mathematical system is an ordered (n+ 1)-tuple (S, *1,...,*n), where S is a 
nonempty set and *«; 1s a binary operation on S, i = 1,2,...,n. S is called the underlying set of the 
system. 
1 L tical Then 
oa tele Wan ob ea se Tact ee eae = (wey) *z 


(ii) * is called nel ae allz,yES,uxy=y*e. 


Example 1.5.4 Consider the mathematical system (Z, +). Since addition of integers is both associative 
and commutative, + is both associative and commutative. 


Example 1.5.5 Let A be a nonempty set. Let S be the set of all functions on A, 1.e., 
S={f|f:A— A}. 


Since composition of functions is a function (Theorem 1.4.11), (S,0o) is a mathematical system. By 
Theorem 1.4.13, 0 78 associative. 


Example 1.5.6 Let M2(R) be the set of all 2 x 2 matrices over R, i.e., 


ma(R)={| of u |leseder}. 


Cc 


Let + denote the usual addition of matrices and - denote the usual multiplication of matrices. Since 
addition (multiplication) of 2 x 2 matrices over R is a 2 x 2 matrix over R, it follows that + ( - ) 
is a binary operation on Mo(R). Hence, (M2(R),+,-) is a mathematical system. Note that + is both 
associative and commutative and - is associative, but not commutative. 
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The following is an example of a mathematical system for which the binary operation is neither 
associative nor commutative. 


Example 1.5.7 Consider the mathematical system (Z,—), where — denotes the binary operation of 
subtraction on Z. Then 3 — (2—1) = 2 £0 = (3 — 2) —1 and so — is not associative. Also, since 
3—242—3, — is not commutative. 


A convenient. ae define a binary operation on a finite set 5 is by means of an, operation or 
multiplication table. For example, let $= ee. Define * on S by the following operation table. 


To determine the element of S assigned to a * b, we look at the intersection of the row labeled by a 
and the column headed by b. We see that a « b = b. Note that b*a= a. 


Definition 1.5.8 Let(S,«) be a mathematical system. An element e € S is called an identity of (S, *) 
if for alla € S, 


Cx ZH L— TL * eé. 


Example 1.5.9 Let S = {e,a,b}. Define * on S by the following multiplication table 


We note thatexa=a=axe,exb=b=bxe andexe=e=exe. Thus, e is an identity of (S,*). 


Example 1.5.10 (i) In Example 1.5.5, 1.4 is an identity element of (S,0). 
0 0 


Aa In Example 1.5.6, | 0 0 | is an identity element for the mathematical system (M?(R), +) and 


| 01 | is an identity eldment for the mathematical system (M2(R),-). 


Theorem 1.5.11 An identity element (if it exists) of a mathematical system (S,*) is unique. 


Proof. Let e, f be identities of (S,*). Since e is identity, ex a= a for alla € S. Substituting f for 
a, we get 


cxf =. (1.4) 
Now f is identity and soa * f =a for alla € S. Substituting e for a we get 
caf =é: (1.5) 


From Eqs. (1.4) and (1.5), we get e = f. Hence, an identity element (if it exists) is unique. Mf 


Worked-Out Exercises 
Exercise 1 Which of the following are associative binary operations? 
(i) (Z,*), where x * y= (a+ y) — (x- y) for all z, y € Z. 
(ii) (R, *), where x * y = max(z, y) for all z,y ER. 
(iii) (R, *), where x * y= |x +y| for all z,y ER. 
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Solution (i) (x*y) #2 = ((w+y)—(w-y)) #2 = (e+y)-(@-y) +2 —-(@ty)- (ey) 2 = 049+ 
Z-@2-y—-u-z-y-z4+a-y-z. Similarly, cx (y*z)=a2+yt+2-2-y-aU-z-y- 2+2 
Thus, (x * y) * z= a * (y* z). Hence, * is associative. 
(ii) (wey) *z = max(a, y)*z = max(max(z, y), z) = max(#z,y,z) = max(z, max(y, z)) = v*max(y, z) 
=x «(yx z). Thus, * is associative. 
Gii) (2 ( 3)) 6=|24+( 3)| 6=1 6= |14+6|=7and2 (( 3) 6)=2 (|( 3)+6|) = 
2% 3 = 42 + 3] + 5. Hence, @ * (+ 3)) * GA 2 * ((—3) * 6) and so * is not associative. — 


Exercises 
1. Which of the following are associative binary operations? 

(i) (N, *), where x «y= 2 for allz,y EN. 

(ii) (Z,*), wherex *y=x2+y+1 forallz,y €Z. 

(iii) (N, *), where x x y = gcd(az, y) for all z, y EN. 

(iv) (N, *), where x * y = lem(z, y) for all z, y EN. 

(v) (R,*), where x * y = min(z, y) for all z,y € R. 

(vi) (R, ), wherex y=|az|+|y|forallz,y R. 


2. In Exercise 1, which’of the operations are conimutative? 


3. In Exercise 1, which mathematical systems have an identity? 


Chapter 2 
Introduction to Groups 


There are four major sources from which group theory evolved, namely, classical algebra, number the- 

ory, geometry, and analysis. Classical algebra originated in 1770 with J. L. Lagrange’s work on poly- 
nomial equations. His work appeared in a memoir entitled, “Réflexions sur la résolution algébrique des 
équations.” C. F. Gauss is considered the originator of number theory with his work, “ Disquistiones 
Arithmeticae,” which was published in 1801. F. Klein’s lecture in 1872, “A Comparative Review of Re- 
cent Researches in Geometry,” dealt with the classification of geometry as the study of invariants under 
groups of transformations. The impact of his lecture was so strong as to allow Klein to be considered 
as the originator of this source of group theory. The originators of the analysis source are S. Lie (1874) 

and H. Poincaré and F. Klein (1876). 


2.1 Elementary Properties of Groups 


In this chapter, and in fact in the remainder of the text, we will be concerned with mathematical systems. 
These systems are composed of a nonempty set together with binary operations defined on this set so 
that certain properties hold. From these properties, results concerning these systems are derived. This 
axiomatic approach to abstract algebra unifies diverse examples and also strips away nonessential ideas. 


so iAdtkbpughbhkted fonbiegeoiestr Hib uslidnnepired phooxkeabthefexiend gtlosepiod, which hasiprdaed 
century Baruch Spinoza laid down (in The Ethics) an axiomatic system from which he was able to prove 
the existence of God. His proof, of course, depended on his axioms. His proof lost its conviction with 
the emergence of noneuclidean geometries whose axioms were as logical and practical as Euclid’s. 

We will be primarily concerned with mathematical systems called groups in this chapter. The theory 
of groups is one of the oldest branches of abstract algebra. The first effective use of groups was in 
the early nineteenth century by A. Cauchy and E. Galois. They used groups to describe the effect of 
permutations of roots of a polynomial equation. Their use of groups was not based on an axiomatic 
approach. In 1854, A. Cayley gave the first postulates for a group. However, his definition was lost sight 
of. Kronecker again set down the axioms for an Abelian group in 1870. H. Weber gave the definition for 
finite groups (in 1882) and the definition for infinite groups in 1883. 

As previously mentioned, the notion of a group arose from the study of one-one functions on the set 
of ‘oots of & bolyn mal Puan. We jhave seen that the set S of all one-one functions from a set 

(i) Composition of functions, ©, is a binary operation on S. 

(ii) For all f,g,heS, fo(goh)=(fog)oh. 

(iii) There exists i € S such that fot= f =iof forall fe S. 

(iv) For all f € S there exists an element f—! € S such that fo f~!=i=f-lof. 


These properties lead us to the definition of an abstract group. 
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Definition 2.1.1 A group is an ordered pair (G,*), where G is a nonempty set and * is a binary 
operation on G such that the following properties hold: 
(G1) For alla,b,c € G, a (b*c) = (ax b) * c (associative law). 
(G2) There exists e € G such that for allac G,axe=a=e xa (existence of an identity). 
(G3) For all a € G, there exists b€ G such that ax b=e =bx«a (existence of an inverse). 


Thus, a group is a mathematical system (G, *) satisfying axioms G1 to G3. 


Example 2.1.2 Consider Z, the set of integers, together with the binary operation +, where + is the 
usual addition. We know that + is associative. Now 0 € Z and for alla € Z, 


at+0=a=O0+a. 
So0 is an identity. Also, for alla € Z, —a € Z and 
a+(—a) =0=(-a) +a. 
That is, —a is an inverse ofa. It now follows that (Z,+) satisfies axioms G1 to G3, so (Z, +) is a group. 


As in Example 2.1.2, we can show that (Q,+), (R,+), (C,+) are also groups, where + is the usual 
addition. 


Example 2.1.3 Consider Q\{0}, the set of nonzero rationd number, together with the binary operation 
-, where - is the usual multiplication. We know that - is associative. Now 1 € Q and for alla € Q, 


a‘l=a=1-a. 


So1 is an identity. Also, for alla € Q\{0}, + € Q\{0} and 
a: = = — Z “a. 
a a 


This implies that + is an inverse of a. It now follows that (Q\{0},-) satisfying axioms G1 to G3, so 
(Q\{0},-) 2s a group. 


As in Example 2.1.3, we can show that (R\{0},-), (C\{0},-) are also groups, where - is the usual 
multiplication. Note that for each of the groups (R\{0},-), (C\{0},-) the identity element is 1. 

Example 2.1.2 shows that 0 is an identity of (Z,+) and foreach elementa Z, ais an inverse of 
q- Similarly, Example 2.1.3 shows that 1 is an identity of (Q\{O},-) and for eéeh element,.a@ € Q\{0}, 
~ is an inverse of a. The next theorem shows that in’a group there is only one identity element, 1.e., 
identity element is unique. Similarly, in a group, every element has only one inverse, i.e., the inverse of 
an element is unique. 


Theorem 2.1.4 Let (G,*) be a group. 
(i) There exists a unique element e € G such thate *a=a=axe forallacG. 
(it) For all a € G, there exists a unique b€ G such thataxb=e=b*a. 


Proof. (i) Now (G,*) is group. Therefore, by G2, there exists e € G such that e *a=a=a *e for 
alla € G. Because (G,*) is a mathematical system, e is unique by Theorem 1.5.11. 

(ii) Let a € G. By G3, there exists b € G such that a *b = e = bx a. Suppose there exists c € G such 
that a *c=e=c*a. We show that b= c. Now 


b bxe eer? 
b*x(ax*c) (substituting e = a *c) 


= (bxa)*c (using the associativity of *) 
= E86 (because b * a = e) 
= 


Thus, b is unique. Hf 
The unique element e € G that satisfies G2 is called the identity element of the group (G,*). Let 
a €G. Then the unique element b € G that satisfies G3 is called the inverse of a and is denoted by 
-1 
a”. 
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Remark 2.1.5 By Theorem 2.1.4, it follows that for each of the groups (Z,+), (Q,+), (R,+), and 
(C, +), the identity element is 0. Similarly, for each of the groups (Q\{0},-), (R\{O},-), and (C\{0},-), 
the identity element is 1. 


Before giving additional examples of groups, let us make the following definition. 


Definition 2.1.6 Let(G,*) be a group. If for alla,beEG 
axb=bxa, 


then (G,*) is called a commutative or Abelian group. A group (G,*) is called noncommutative if 
it 1s not commutative. 


Example 2.1.7 Consider the group (Z,+) of Example 2.1.2. Becausea+b=b-+a forall a,b € Z, it 
follows that + is commutative. Hence, (Z,+) is a commutative group. 

Similarly, (Q, +), (R, +), (C, +), (Q\{0},-), (R\{O}, -), (C\{0}, -) are also commutative groups, where 
+ is the usual addition and - is the usual multiplication. 


Next we consider additional examples of (commutative) groups. 


Example 2.1.8 Consider Z, the set of integers. Leta be a fixed integer. Let 
G={na|ne Z}. 


That is, G consists of all multiples of a. Note that G C Z. 

Now0 =0a€G. So it follows that G is nonempty. Because + is commutative and associative on Z 
andG is a subset of Z, it follows that + is commutative and associative on G. Moreover, note that 0 is 
the identity element of G. Also for each na € G, —(na) = (—n)a € G and 


na + (—(na)) = 0 = (—(na)) + na. 
We can now conclude that (G, +) is a commutative group. 


Let n be a fixed positive integer, Chapter 1 extensively describes the set Z, and the binary relation 
=,on Z,,. The next example shows that Z, together with the binary relation +,, as defined in that 
example, is a commutative group. The next two examples are, in fact, due to Gauss’s, whose work 


yielded many new directions of research in Abelian groups. 


Example 2.1.9 Letn be a fixed positive integer. Consider Z, (as defined in Examples 1.3.11). Let +p 
be defined on Zn, by 
[a] +n [b] = [a + 4]. 
Recall that [a] = {a € Z| x =, a}. We show that (Zn,+n) is a commutative group. 
First, we show that +, is a binary operation on Z,,. Let |al, [b] € Zn. Then [a] +n [6] = [a+ 8] € Zp. 
Next let, [a], [b], [c],{[d] € Z,. Suppose [a] = [c] and [b] = [d]. Then a = c(mod n) and b = d(modn). 
Thus, there exist s,t € Z such that 


a—c=ns andb—d=nt. 
This implies that 


b-—(c+d) = (a-c) + (b—d)= t=n(s +t). 
Thus, a+b = (c+d) fod moetee y(t ic dj Gis demic Besar ) [c]+,, [d]. Consequently, 
+p is well-defined. It now follows that +, is a binary operation on Zn. 
For all [aj, [b], [c] € Zn, 


([a] +n [b]) +n [el = [a+] +n [el] by the definition of +n 
= |(a+b)+¢d by the definition of +n 
= [a+(b+c) becasue + is associative on Z 
= [al+n [b+cl by the definition of +n 
= |al]tn([b] +n |[c]) by the definition of +n. 
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This implies that, +n is associative. 
Now [0] € Z,, and for all [a] € Zp, 


[a] +n [0] = [a + 0] = [a] = [0 + a] = [0] +» [a]. 


This shows that [0] is the identity element. Also, for all [a] € Z,,, [—a] € Zp, we have 


[a] +” [—a] = [a — a] = [0] = [-a + a] = [a] +” [a]. 
Thus, |—a] is the inverse of [a]. Finally, for all [a], [b] € Z, 


[a] +n [b] = [a + 8] = [b+ a] = [6] +» [a], 
80 +n is commutative. Hence, (Zn,+n) is a commutative group. 


Example 2.1.10 Letn be a fixed positive integer. Consider Z,, (as defined in Examples 1.3.11). Let +, 
be define on Z,, by for all [a], [b] € Zy, 
[a] -m [6] = [ad]. 

First we show that -, is a binary operation on Z,. Let [a], [b] € Z,. Then [a] -n [b] = [ab] € Z,. Next 
let, [a], [6], [c],[d] Z,. Suppose [a] = [c] and |b] = [d]. Then a  c(mod n) andb  d(modn). Thus, 
there exist s,t © Zsuch that = = 

a—c=ns andb—d=nt. 


This implies that 


ab—cd = ab—bc+bc—cd=b(a—c)+c(b—d) 
= bns+cnt=n(bs + ct). 


Thus, ab = cd(mod n), so [ab] = [cd]. This implies that [a] -, [|b] = [c]-» [d]. Consequently, +, is well- 
defined. It now follows that -», is a binary operation on Zp. Thus, (Zn, -n) is a mathematical system. 
Moreover, as in Example 2.1.9, we can show that -» is associative. 
Now [1] € Zn and for all [a] € Zn, 


[a] -» [1] = [a- 1] = [a] = [1 - a] = [1] -» [a]. 


This implies that [1] is the identity element. 

Let [a] € Z, and [a] 4 [0]. We leave it as an exercise to show that [a] has an inverse if and only if 
gcd(a,n) = 1. Thus, we see that in general, not every element of Z,\{[0]} has an inverse. 

For example if n = 6, then the only elements of Ze that have inverses are [1], [3], and [5]. Hence, in 
general (Zy,\{[0]},-n) is not a group. 

Let U,, be the set of all elements of Z,,\{[0|} that have an inverse in (Zy\{[0]}, -n), te, 


Un = tla] € Zn\{[0]} | ged(a,n) = 1}. 


We ask the reader to verify in Exercise 10 (page 55) that (Un, -n) 1s a group. 
Note that for n = 8, Ug = {[1], [3], [5], [7]} and for n= 7, 


Ur = {[1], [2], [3], [4], [5], [6]} = 27\{l01}- 


Example 2.1.11 Let 

Q[v2| = {a + bv2| a,b < Qh. 
Note that Q[V2] C R. Now 0 =0 + 0V2 € Q[V2]. This shows that Q[V2] 4 0. Define + on Q[V2] as 
follows: for all a + bV2,c+dv/2€ Q{Vv2], 


(a + bV2) + (c+ dV2) = (a +b) + (c+ d)Vv2). 
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It is easy to see that + is a binary operation on Q[V2]. Note that + is the usual addition. Because 
Ql V2] CR, it follows that + is associative and commutative on Q[V3]. Next, for alla + b/2 € Ql v2], 


(a + bV2) + (0+ 0V2) = a + bV2 = (0 + 0V2) + (a + bV2). 


Thus, 0 = 0+0V2 is the identity element of (Q[V2], +). Note that the inverse of atbvV/2 is —a+(—b) V2. 
Hence, (QiV3], +) is a commutative groups. 


In a similar manner, we can show ne oY aN {0}, :) 1s @.comm pave grou, where - is thepusual 
i Note that the identity of (Q\V2\X{ id 1=1+4+0y2 and the inverse of a+ b/2 4 0 


is tgs — bp v2. 

Example 2.1.12 Let P(X) be the power set of a set X. Consider the operation A on P(X). Then for 
all A, Be P(X), 

AAB = (A\B) U(B\A). 


It can be verified that A is a binary operation on P(X) and A is associative. 
Now 0 € P(X). Let AE P(X). Then 


AAO = (A\0)U(\A) 
= Aud because A\ = A and (\A= 0 
= A. 


Similarly, DAA = A. Thus, AAQ = A = OAA. It now follows that 0 is the identity element. 
Neat, 


AAA = (A\A)U(A\A) 
= gud because A\A =) and A\A= 0 
— . 
This implies that A is the inverse of A, 1.e., A is its own inverse. We can now conclude that (P(X), 
A) is a group. 
We also note that for all A,B € P(X) 
AAB = (A\B)U(B\A) 
= (B\A)U(A\B) 
= BAA. 


This shows that A is commutative on P(X). Consequently, (P(X), A) is a commutative group. 


Example 2.1.13 Let X be a set and Sx the set of all one-one functions of X onto X, 1.e., 
Sy ={f:X — xX | f isa one-one function of X onto X }. 


Because ix, the identity function on X, is one-one and onto X, ix € Sx. Thus, Sx #0. 

Let f,g € Sx. Then f og is a one-one function of X onto X by Theorem 1.4.11. Hence, fog € Sx. 
By Theorem 1.4.13, © is associative. Also, for all f € Sx, f-! € Sx and fof7! =ix =frlof. 
Consequently, (S'x,°) is a group. 

Note that, (Sx,0°) is not necessarily commutative. For example, let X = {a,b,c}. Let f,g € Sx be 
defined by 

f(a) = 6, f(0) = a, fle) =, 
g(a) = b, g(b) = ¢, ge) = 
Then 
(fog)(b) = f(g) = fl =e 
and 
(90 f)(b) = g(f(0)) = g(a) = b. 
This implies that (f og)(b) (go f)(b). Hence, fog#gof. Thus, (Sx,0) is not commutative. 
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Example 2.1.14 Let GL(2,R) = { | : : | | a,b,c,d€ R, ad—bcF of . Define a binary operation 


* on GL(2,R) by 
a b ge te Ws au+bw av+bs 
c d w s| | cutdw cv+ds 
a b Ui ov es Le : nie ae 
for all ; GL(2,R). This binary operation is the usual matrix multiplication. Note 
oy Ws ye 
that | 0 4 1(2,R).| Ths GL(2,R) # 0. 
Because matrix multiplication is associative, * is associative. Next consider the matrix | , 1 | ‘ 


Because 1-1—0-0= 1 £0, it follows that | , : | € GL(2,R). Moreover, for any | : : | € GL(2,R) 


ab} |1 0}_{;a@6)_/1 0} | a 6 
c d O- ts) | @-d | | ol ed | 
ee a ae 
This implies that 01 | is the identity element of GL(2,R). 
Let | : 2 | € GL(2,R). Then ad — bc £0. Consider the matrix | adabe “ad-be | . Because 
ad—bc ad—bc 


d a —b —c 1 


a ee ee 
ad—be ad—be ad—bce ad—bc Moe : 
we have 7 
| ad—bc ad—bc | é GL(2,R). 
ad—bc ad—bc 
Now 


fc a|*| Se Se |e (e 
* ad—be ad—bc = 
ce d ad—bc ad—bc 0 


and ah — a b 1 0 
ad—be  ad—bc * = . 
—=_ s- — | cf ld | 01 | 
d—b Tb ; 
Thus, a <a. = | is the inverse of | 
Neat note that 


: | . Hence, (GL(2,R), *) is a group. 


E ae 1 | €S2@.R) 


foalelai]=[ia]4[i a 


Hence, (GL(2,R), *) 1s a noncommutative group. 


and 


Remark 2.1.15 The group in Example 2.1.14 is known as the general linear group of degree 2. 


We now prove some elementary properties of a group in the following theorem. 


Theorem 2.1.16 Let (G,*) be a group. 
(i) (a) =a for allae G. 
(ii) (ax b)-1 =b-! «a7! for all a,be G. 
(iti) (Cancellation Law) For all.a,b,c € G, if eitheraxc=bx*xcorc*xa=cxb, thena=b. 
(iv) For all a,b € G, the equations a xx =b and yx a=b have unique solutions inG for x and y. 
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Proof. (i) Let a € G. Then a7! *a = e = axa~!. Thus, by the definition of an inverse of an 
element, a is an inverse of a~!. However, by Theorem 2.1.4, the inverse of an element is unique in a 
group. Therefore, because (a~!)~! denotes the inverse of a~!, it follows that (a~!)~! =a. 

(ii) Let a, b € G. Then 


(a*xb)*(b-+*a7!) = ((a*b)*b-+) xa7 


1 is an inverse of a*b. Because the inverse of an element 


= 


Similarly, (6-1 * a7!) *(a*b) = e. Hence, b-! «a7 
is unique in a group and (a b)~! denotes the inverse of a « b, it follows that (a*b)-! =b-! xa 
(iii) Let a,b,c € G. Suppose a « c= b x c. Now 


(ave)ee + =(hecec 


=> ax(c*c')=b*(cxc') (by the associativity of *) 
> axe=bxe (becasue c * c! =e) 
=> a=b. 


Similarly cif 6 EGC Pesthea wageashovethatiom & 
axx=b. 
Now a! «b € G. Substituting a~! « b for x in the equation a * x = b, we obtain 
ax (a-'*b)= (axa')*b=exb=b. 


This implies that a~! * b is a solution of the equation a * x = b. 
We now establish the uniqueness of the solution. Suppose c is any solution of axz = b. Then a*xc= 6. 
Hence, 
Cc = exc 


= (a! a) c_ (becausea 


a=) 


ant aa *1C) ecause * istasg ciative) 
a * ecause a *c= Db). 


This yields the uniqueness of the solution. 
Similar arguments hold for the equation y *a= 0. Hf 


Corollary 2.1.17 Let (G,*) bea group anda eG. Ifaxa=a, thena=e. 


Proof. Suppose a = a *« a. This implies that a *a =a e. By the cancellation law,a =e. Hf 


Corollary 2.1.18 In a multiplication table for a group (G, *), each element appears exactly once in each 
row and exactly once in each column. 


Proof. Let 6 € G be such that b occurs twice in the row labeled by a € G. Then there exists u,v € G 
ith u #u axu=b axv=.b. This i i ion a.*.2,= b 
Hitec sonseon ak et are u ait v. This is At ene Phesasor {6(iv) Dechasel Aid east ioe 
axa = b has a unique solution for x. 


A similar argument for columns can be used. 
Let (G,*) be a group and a,b,c € G. Then by the associative law, 


a * (b*c) = (a*b) xc. 


Hence, we can define 
axbec=a(b«c)= (a«b) xc 
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Let a,b,c,d € G. Then 
(axbechxd = (a@*(b%c))*d 
= Hy (ib c)d)) 
= ax(b+(c¥d)) 
= (a¥b) *(cxd) 
((ax b) *c) *d. 


Thusnthera ipzoduetthan ene, avay(od inserbinmparwcheses éxtdniesingcssipiantd Oh¢ fiflite miadsuect 


elements. 


Definition 2.1.19 Let (G,*) be a group and ay,a2,...,a@, € G be n elements of G (not necessarily 


distinct). The meaningful product of a), a2,...,@n (in this order) is defined as follows: 
Ifn = 1, then the meaningful product is ay. 
Ifn >1, then the meaningful product of a, a2,...,Qn 1s any product of the form 


(ay * +++ * Am) * (Qm41*-+°°* Gn); 


where 1 << m <n and (a,* +++ * Gm) and (dm4i* +++ * An) are meaningful products of m and n—m 
elements, respectively. 


ee ) € G,n> 1. The standard product o 
1,03, +++ Gn den et ty, ay* Peo On i if deaaerccumerely a = lick f 
a = a 
Q1* G2 *-'** An = (ay * Gg *++* *An—1) * An ifn> 1. 


In the next theorem, we establish the equality between any meaningful product and standard product. 


Theorem 2.1.21 Let (G,*) be a group and ay, a2,...,d, € G, n > 1. Then all possible meaningful 
products of @1,42,...,@y, (in this order) are equal to the standard product of a1,a2, ...,@n (in this 
order). 


Proof. We prove the result by induction. 
Basis step: Ifn = 1, then a, is the only meaningful product of a1, which is equal to the standard 


1 1 ‘ Sse ae 
produgucetd hy potiddig ap esduattthe tieovem ietnue forall integers m such that 1 <m <n. 
Inductive step: Let a1, d2, ..., an € G. Let (a,* «++ * az) * (G¢41* +++ * Gy) be a meaningful product 
of a1, a2, ...,@, (in this order). Nowt <n andn—t<n.Ift=n-—1, then 


(ay * Gg * +++ * At) * At41 = G1 * Ag * +++ Ay * A441. 
Suppose t <n —1. Then 


(ay * +++ * Ag) * (Gey * +++ * An) 

(ay # = 44) # ((dugn # #1) * A) 
( 

( 


(ay * +++ * At) * (Qe41 +++ * An—1)) * An 
Qa * Ag *+++ * An—1) * An by the inductive hypothesis, 
(ay # +++ a4) * (diya # ++ # Ont) 


=—alxq2x---x*xqnr-l, 
= G1 *++* An 
This shows that the result is true for n. The result now follows by induction. 

We have seen several examples of groups. In order to show that a given set with a given binary 
operation is a group, we need to verify G1 to G3 of Definition 2.1.1. However, it would be helpful if we 
had some criteria that could be used to show whether a given set with a binary operation is a group 
or not instead of verifying all the properties G1—G3 explicitly. Partly for this reason we define what a 
semigroup is. Following the examples, we develop some results that can be used to test whether a given 
set with a binary operation is a group or not. 
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Definition 2.1.22 A semigroup is an ordered pair (S,*), where S is a nonempty set and * is an 
associative binary operation on S. 


Thus, a semigroup is a mathematical system with one binary operation such that the binary operation 
is associative. 


Remark 2.1.23 For any group (G,*), the binary operation * is associative. Therefore, every group 


(G,*) is a semigroup. 
As in the case of a group, next we define a commutative semigroup. 


Definition 2.1.24 A semigroup (S,*) is commutative if * is commutative, i.e., a*b=b*a for all 
a,be S. A semigroup (S,*) which is not commutative is called noncommutative. 


Definition 2.1.25 Let (S,*) be a semigroup. 
(i) We say that (S,*) is with identity if the mathematical system (S,*) has an identity. 
(ii) An element a € S is called idempotent if a *a=a. 


Example 2.1.26 (i) ConsiderN, the set of positive integers. We know that the sum of positive integers 
is again a positive integer. Thus, + is a binary operation onN. We also know that + 1s associative and 
commutative. Thus, (N,+) is a commutative semigroup. In a similar manner, (N,-) is a commutative 
semigroup, where - denotes the usual multiplication of integers. 

(ii) Because (Z, +) is a commutative group, it is a commutative semigroup. Also note that (Z,-) is a 
commutative semigroup. 


Example 2.1.27 Let X be a nonempty set and S' the set of all functions f : X — X. If o denotes the 
composition of functions, then (S,0) is a semigroup with identity. The associativity of o follows from 
Theorem 1.4.13. 

When X has two or more elements, the semigroup (S,0) is noncommutative. For example, let 
X = {a,b}. Let g,h eS be defined by 


g(a) = b, g(b)=b, h(a) =b, h(b) =a. 
Then 
(goh)(a)=b a= (hog)(a). 
Therefore, goh#hog. 
Let f € S be defined by f(a) =a and f(b) =a. Now 
(fog)(t) = flg(@)) = a= f(h(x)) = (f oh)(z) 
for alla € G. Hence, fog=f oh. Butg #h. This shows that the cancellation laws do not hold in S. 
Thus, (5,0) is not a group. 


Example 2.1.28 Let X be a set with two or more elements and S' the set of all functions f :X — X 
which are not one-one. Then (S", ) is a noncommutative semigroup without identity. 


Example 2.1.29 Let X bea set and P(X) the power set of X. We leave it as an exercise that (P(X), U) 
and (P(X),N) are commutative semigroups with identity. The identity of (P(X), U) is @ and the identity 
of (P(X),M) is X. 


The following three theorems give necessary and sufficient conditions for a semigroup to be a group. 


Theorem 2.1.30 A semigroup (S,*) is a group if and only if 
(i) there exists e € S such thate xa=a foralla€ S, (i.e., e is a left identity), and 
(ii) for alla € S there exists b € S such that b xa=e, (i.e., every element has a left inverse). 
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Proof. Suppose (S,*) is a semigroup that satisfies (i) and (ii). Let a be any element of S. Then 
there exists b € S such that b*a = e by (ii). For b € S, there exists c € S such that c*b = e by (ii). Now 


a=exa=(cx*b)*a=cx(b*a)=cxe 


and 
ao b=(e 2). b=e (6 bee bee 


* * * *K *K 
Hence, a *b=e =D xa. Also, 


aoxe=ax (bea) = (aed) #a=—e40 =<, 


Thus, a *e = a =e xa. This shows that e is the identity element of S. Now because a «b= e = bx a, we 
have b = a~!. Therefore, (9, *) is a group. 
The converse follows from the definition of a group. Hf 


Remark 2.1.31 To verify that a specific nonempty set is a group, we can use Theorem 2.1.30 as follows: 
Show that (1) the operation, say *, defined on the set is well-defined; (2) * is associative; (3) the set has 
a left identity; and (4) every element has a left inverse. For example, see Worked-Out Exercises 1, 2, 
and 8 at the end of this section. 


Remark 2.1.32 The analog of Theorem 2.1.80 is given in Exercise 39 at the end of this section. 


Theorem 2.1.33 A semigroup (S,*) is a group if and only if for all a,b € S' the equations ax x = b 
andy *a=b have solutions in S for x andy. 


Proof. Suppose the given equations have solutions in S. Let a € S. Consider the equation y * a = a. 
By our assumption, y * a = a has a solution u € S, say. Then u* a =a. Let b be any element of S. 
Consider the equation a * x = b. Again by our assumption, a * z = b has a solution in S. Letc € Sbea 
solution of a «x = 6. Then a «c= b. Now 


uxb = ux(axc) (because b =a *c) 
(uxa)*c (because * is asociative) 


qxe (because U * a = a) 


Because b was an arbitrary element of S, we find that u « b= b for all b € S. Thus, (5, «) satisfies (i) of 
Theorem 2.1.30. Consider the equation y *a = u. Let d € S be a solution of y*a=u. Thend* a= u. 
This shows that (.S, *) satisfies (ii) of Theorem 2.1.30. Hence, (S,*) is a group by Theorem 2.1.30. 

The converse follows by Theorem 2.1.16(iv). i 

The next theorem gives a necessary and sufficient condition for a finite semigroup to be a group. 


Theorem 2.1.34 A finite semigroup (S,*) is a group if and only if (S,*) satisfies the cancellation laws 
(4.e.,, akc=bxc implies a= b and c*a=c*x bd implies a=b for alla,b,c€ S). 


Proof. Let (S,*) be a finite semigroup satisfying the cancellation laws. Let a,b € S. Consider the 


equation, ¢ write % Weghoy that this equatiee bas a Solutiomiy Stinct elements of S. Because S is a 


semigroup, a xa; € S for alli = 1,2,...,n. Thus, 
{Q* @1,Q*G9,...,A* An} CS. 


Suppose a * a; = a* aj; for some i ¢ 7. Then by the cancellation law we have a; = aj, which is a 
contradiction because a; 4 a;. Hence, all elements in {a * a1,a* dg, ..., @* Gy} are distinct. Thus, 


S= {a * 01,0 * Gg,...;0% Gp}. 


2.1. Elementary Properties of Groups 45 


Let 6b € S. Then 6 = ax ax for some ax € S. Therefore, the equation a * x = b has a solution in S. 
Similarly, we can show that the equation y * a = b has a solution in S. Hence, by Theorem 2.1.33, (5, *) 
is a group. 

The converse follows by Theorem 2.1.16(iii). ™ 

Let (G,*) be a group, a € G, and n € Z. We now define the integral power a” of a as follows: 


a = € 


axa"-lifn >0 
(a)? ihn <0, 


Note that a” =(a~")~1 ifn <0. 


Example 2.1.35 Let X = {a,b,c} be a nonempty set and Sx be the set of all one-one functions from 
X onto X. Then as in Example , (Sx ,0°) is a group, where o is the composition of functions. Consider 
the function f :X — X such that 


f(a)=b, f(b)=c, f(d)=a. 


Note that f is a one-one function of X onto X, so f € Sx. Now f? =f of. Let us determine f?. We 


have 
2 


f (@)= (fo f)(@) = f(f(@)) = f() =e. 
Similarly, f2(b) =a and f?(c) = b. Thus, f? € Sx is defined by f?(a)=c, f2(b) =a and f2(c) = b. 


It should be pointed out that when we use additive notation for the binary operation *, we speak of 
multiples of an element a of the group (G,+), which are defined as follows: 


Oa = 0, where the 0 on the right-hand side denotes the identity of the 
group (G,+) and the 0 on the left-hand side denotes the integer 0. 
a+(n—l)ja ifn>0. 

na = (—-n)(-a) ifn <0. 


= 
8 
I 


Note that, by the notation na, we do not mean n and a multiplied together because no multiplicative 
operation between elements of Z and G has been defined. 


Example 2.1.36 Consider the group (Ze, +6) and [3] € Ze. We have 
2[3] = [3] +6 [3] = [6] = [0]. 


Similarly, 
3[5] = [5] +6 2[5] = [5] +6 ([5] +6 [5]) = [5] +6 [10] = [15] = [3]. 


Note that 15 = 2-6+3, so [15] = [3]. 


Remark 2.1.37 Let n be a fixed positive integer. Consider the group (Zn,+n). Let |a] € Zn. For any 
integer k, by induction, we can show that 
k[a] = [ka]. 


ae dst dhs aegucises at the end of this section, we ask the reader to verify certain basic properties of 


Definition 2.1.38 A group (G,*) is called a finite group if G has only a finite number of elements. 
The order, written |G|, of a group (G,*) is the number of elements of G. 


Remark 2.1.39 Example 2.1.9 shows that for every positive integer n, there is a commutative group of 
order n. 


The groups in Examples 2.1.9 and 2.1.10 are finite groups. 
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Definition 2.1.40 A group with an infinite number of elements is called an infinite group. 


Klein and Lie’s use of groups in geometry influenced the turn from finite groups to infinite groups. 


Example 2.1.41 The groups in Examples 2.1.7, 2.1.8, and 2.1.11 are infinite groups. 


Let G be a finite group and a € G. Nowa? = axa € Gand by induction, we can show that a™ € G for 
allm 1. Thus, {a,a?,...,a™,...}  G. Because G is finite, all elements of the set {a,a?,...,a™,...} 
canno&be distinct. Hence, 2” = a! Gor some positive integers k,!, k > 1. This implies that a*—! = e. 
Let us write n = k — 1. Therefore, a” = e for some positive integer n. Also, if G is an infinite group 
and a € G, then it may still be possible that a” = e for some positive integer n. This leads us to the 
following definition. 


Definition 2.1.42 Let(G,*) be a group anda € G. If there exists a positive integer n such that a” =e, 
then the smallest such positive integer is called the order of a. If no such positive integer n exists, then 
we say thata ts of infinite order. 


Notation 2.1.43 We denote the order of an element a of a group (G,*) by o(a). 


The concept of the order of an element is very important in group theory. We shall see in later 
chapters how effectively information about the order of an element of a group reveals the nature of the 


group and in several instances leads us to determine the structure of the group itself. 
Example 2.1.44 Consider the group (Ze,+6). Ze has order 6. Consider the element [1]. Now 


11] = [J A [0], —-2[1] = [2] 4 [0], 
3) =) Alo] = 4) = 4] 4 (0 
4{\}= [4] 4 [0] = 5A] = [5] F [0 
6[1] = [6] = [0]. 


This implies that 6 is the smallest positive integer such that 6/1] = [0]. Hence, o({1]) = 6. For [2] we have 


12]=2)A(0], 22)=4)A[0], 3[2] = [6] = (0). 


That is, 3 is the smallest positive integer such that 3[2] = [0]. Hence, o([{2]) = 3. 
Ina similar manner, we can show that o([0]) = 1, °([3]) = 2, o([4]) = 3, and o([5]) = 6. 


Example 2.1.45 Consider the group G(2,R) of Example 2.1.14. Also consider the elements | = 7 | 


and | : 


01 | . Note that both these elements are in G(2,R). Now 


Peapeese 


0 
1 
0 -l 
This implies that the order of 1.0 is 2. Neat, we consider 
1 1 
0 0 


T=[s i]+[5 t=] 
ti cote 


By induction, we can show that 


and 


| ; i | _ | : és | for all positive inetegers n. 


1 


This implies that the order of | : Il 


| is infinite. 
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Let G be a group and a € G. If o(a) is infinite, then by the definition of the order of an element it 
follows that o(a*) is also infinite for all k > 1, i-e., the order of every positive power of a is also infinite. 
If o(a) is finite, then the next theorem tells us how to compute the order of various powers of a. 


Theorem 2.1.46 Let (G,*) be a group anda be an element of G such that o(a) =n. 
(i) Ifa™ =e for some positive integer m, then n divides m. 
(ii) For every positive integer t, 
1 
= gcd(t,n) 
Proof. (i) By the division algorithm, there exist g,r € Z such that m = nq +r, where0 <r<n. 
Now 


a =a" "4 =a" xan" =a™ x (a”)~4 oe (e)~4 = <6 


Now o(a) = n. Therefore, n is the smallest positive integer such that a” = e. However, a” = e and 
0<r<n. Thus, we must have that r = 0. This implies that m = nq. Hence, n divides m. 
(ii) Let o(a’) = k. Then a* =e. By (i), n divides kt. Thus, there exists r € Z such that kt = nr. 


Let gcd(t,n) = d. Then there exist integers U and V such that 
t= du, n= dv, and gcd(u,v) = 1 


by Exercise 9 (page 16). 

Now kt = nr implies that kdu = dur. Thus, ku = rv, i.e., v divides ku. Now gcd(u,v) = 1 and v 
divides ku. So uv divides k. Because 4 = v, we have 4 divides k. 
Now 


We therefore have o(a’) = k and (a‘)? = e . Therefore, as in (i), k divides 4. Because k and 4 are 
positive integers such that k divides 4 and 4 divides k, we must have k = 4. Hence, 


Definition 2.1.47 A group (G,*) is called a torsion group if every element of G is of finite order. If 
every nonidentity element of G is of infinite order, thenG is called a torsion-free group. 


Exercise 2.1.48 (i) The group of Example 2.1.44 is a torsion group. 

(ii) The groups (R, +), (R™,-), (Q*,-) are torsion-free groups. 

(itt) Consider the group (R\{0},-). Now ( 1)? =1, so ( 1)=2. However, ifx R\{0} such that 
x#1andaz #4 -1, then x is of infinite order-It now follows that the groups (R\{0},¢) has elements of 
finite as well as infinite orders. Hence, (R\{0},-) is neither a torsion group nor a torsion-free group. 


We close this chapter with the following example. The ideas set forth in this example are due to 
Klein. 


Example 2.1.49 Imagine a square having its sides parallel to the axes of a coordinate system and tts 
center at the origin. 
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Figure 2-1 Rigid motions of a square 


We label the vertices as in the figure and we allow the following rigid motions of the square: clockwise 
rotations of the square about the center and through angles of 90°, 180°, 270°, 360°, say, roo, Tigo, 7270, 
r360, respectively; reflections h and v about the horizontal and vertical axes; reflections d,, dz about the 
diagonals. The diagrams in Figure 2-2 should prove helpful. 


2 1 

2 3 
rie 

1 4 


Figure 2-2 Rigid motions of a square 


A multiplication * on two rigid motions can be defined by performing two such motions in succession. 
For example, r99 * h is determined by first performing motion h and then the motion roo, see Figure 2-3. 


1 2 4 3 
h Tog 
$=}. —i_» 
4 3 1 2 


Figure 2-8 Motion h followed by the motion roo; ro9 * h 
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In Figure 2-8, we see that rg9 * h = dy. The complete multiplication table for the operation * follows. 


re7o | T270 ~=T360 T90 Tiso dg dy h v (2.1) 
ii i ? y d)! 7360 7180 7270 90 

Vv Vv 1 2 T180 ©1360 ©6T90 T270 

dy dy h dy v T90_-—S ss F270 ~=—« 360180 

dy dy v dy h ro70 ~T90 = T180 ~—« 360 


We leave it for the reader to verify that the set of rigid motions of a square is a group under the operation 
«x. We also note that r3gq is the identity element. 

This group of rigid motions of a square is known as the group of symmetries of the square. Let 
us denote this group by Sym. Then 


Sym = {r360, 790; 7180; 7270,2,V,d1, da}. 
Now h * ra7q9 = dy # dg =1o79 * h. Therefore, the group Sym is noncommutative. 
Let us now determine the order of the elements. Consider rg9. Now 
2 = ey - 
T90 — T90 * T90 = T180, 990 = Too * T90 = T2705 
and 
4 _ 3 _ 
T99 = T90 * Too = T360- 


Thus, 0(r99) = 4. Next, we have 


o(riso) = (7%o) 
= Tag (by Theorem 2.1.46) 
- 4 
=~ 2. 
Similarly, 
(r270) = 4, (h) = 2, (v) = 2, (di) = 2, and (dz) = 2. 
Let us write a = rg and B= d20 Then o ° ) 


a? =r1g9, a =e, a4 =T360, B*a=v, 8 *0? =d, andB*xa®=h. 


Also, note that 
Bea=ai'txB=a> xB. 
Thus, we see that 
Sym = {e,a,a7,a°,8,B*a,B*a7,B xa}. 


Finally, we make the following observations. Consider rgg. We can think of rgg as a one-one function 
of {1,2,3,4} onto {1,2,3,4} by defining 


r99(1) => 2, T90(2) => 3, 790(3) => 4, r90(4) =1. 
Fath $rgay manner, we can consider other rigid motions of the square as one-one functions of {1, 2,3, 4} 


Remark 2.1.50 A fundamental phenomenon of nature is that of symmetry. A figure or an object is 
said to have a symmetry if a rotation, a translation, an inversion, a minor re flection, or a combination 
of these operations leaves the figure or object indistinguishable from its original position. The 1890s saw 
the first application of group theory to the natural and physical sciences. An important application of 
group theory was to crystallography. Groups were used to give a theoretical classification of the different 
kinds of symmetry arrangements possible within crystalline matter 20 years before experimental means 
were available for analyzing the crystals themselves. 
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Remark 2.1.51 Group theory is used in quantum mechanics. It is used to study the atom’s internal 
structure. In the 1950s, a new generation of particle accelerators produced a variety of subatomic par- 
ticles. Group theory was used to predict the existence of a tenth nucleon in a tenfold symmetry scheme 
of nucleons of which nine particles had already been detected. In 1964, the tracks of Omega-Minus, the 
tenth nucleon, were identified. 


Worked-Out Exercises 


’ Exercise 1 


Solution: 


’ Exercise 2 


Let G = {a€ R| —1 < a< 1}. Define a binary operation * on G by 


ee a+b 
~ Lab 


for all a, b € G. Show that (G, «) is a group. 

Note that —1 < 2 < 1 if and only if x? <1 forallz ER. 

Let a, b € G. First we show that a x b € G. Now a? <1 and b? < 1. Thus, 
(1 —a”)(1 — 6?) > 0. 


This implies that 
1—a?—b? +a7b? >0. 


Now (1 + ab)? — (a+ 6)? = 1+ a7)? + 2ab— a? — b? — 2ab= 1 — a? — b? +. a7b? > 0, so 


a+b 
1l+ab 


Pet 


( 


Therefore, a *b € G. Hence, G is closed under *. We now show that * is well defined. Let 
a,b,c,d € Gand (a,b) = (c,d). Then a = cand b = d. Thus, 


pita a+b  ctd ay 
~ l+ab 1l+cd 


* d. 


So * is well defined. To show that * is associative, let a,b,c € G. Now 


a+b _ th + ¢ _ at+b+c+abe 


er i 1+ (bbc 1t+abtactbe 


(axb)*c= 


Similarly, eee 
a c+ abe 


1+ab+ac+ be 
Therefore, (a*b)*c = a*(b*c), so * is associative. So far, we have shown that (G, «) is a semigroup. 
Now 0 € G and 


ax (bec)= 


Oxa= a =a forallaeG. 
1+ 0a 
This shows that (G, *) satisfies (i) of Theorem 2.1.30. 
Let a € G. Then —@ € G and 6-8 
(-a)sa=——— = 0 
1+ (-a)a 


Thus, (G, *) satisfies (ii) of Theorem 2.1.30. Consequently, by Theorem 2.1.30, (G,*) is a group. 
Let G = {(a,b) | a,b € R, a #0} = R\{0} xR. Define a binary operation * on G by 
(a, b) * (c,d) = (ac,b+ d) 


for all (a,b), (c,d) € G. Show that 
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(a) (G,*) isa group, 
(b 


) 

) G has exactly one element of order 2, 
(c) G has no elements of order 3. 

) 


Solution: (a) As in Worked-Out Exercise 1, we show that (G, *) satisfies the conditions of Theorem 2.1.30. 
Let (a,b), (c,d) G.Thena £0 and c £0,s0 ac £0. Thus, (a,b) (c,d) =(ac,b+d) G. 
H G loséd under *. € 
itisa inet ‘computation to verify that * is well defined and senchie, so we ask the reader 
to do the verification. Now (1,0) € G and 


(1,0) « (a, 6) = (1a,0+ 6) = (a,b) for all (a,b) € G. 


This implies that (G, *) satisfies (i) of Theorem 2.1.30. 
Let (a,b) € G. Then a £0, so + € Rand + 40. Thus, (4,—b) € G. Now 


(=, —) «(a,8) = (a, +6) = (1,0). 


This implies that (G, *) satisfies (ii) of Theorem 2.1.30. 


b) Bred Hevea: +34, Meee gguclude that (G, +) is a group. 
(—1,0) * (1,0) = (1,0). 


Thus, (—1,0) is of order 2. We now show that this is the only element of order 2 by showing 
that if (a,b) is any other element of G of order 2, then (a,b) = (—1,0). 
Let (a,b) € G be an element of order 2. Then 


(a, b) * (a, 6) = (1,0) 


implies that 
(a?,b +b) = (1,0). 


= =e ds a — 
Se a isa 8 aired Becaet 0) ) is ace ee Hence, i aie This athe me nee t (a, . b) VE 
(—1,0). It now follows that (—1,0) is the only element of order 2. 


(c) Suppose that (a,b) is an element of order 3. Then 


(a, b) * (a,b) * (a,b) = (1,0). 


This implies that 
(a?, 3b) = (1,0). 


Thus, a? = 1 and b = 0. Now a? = 1 implies that a = 1. Hence, (a,b) = (1,0). This means that 
(1,0) is of order 2. However, (1,0) is of order 1, so we have a contradiction. Consequently, G 
has no element of order 3. 


Exercise 3 Let G be the set of all rational numbers except —1. Show that (G,*) is a group where 
axb=a+b+ab 
for alla, bE G. 


Solution: As in Worked-Out Exercise 1, we show that (G,*) satisfies the conditions of Theorem 2.1.30. Our 
first step is to show that * is well defined. Let a,b,c,d € G and (a,b) = (c,d). Then a = c and 
b=d. Thus, 

axb=a+b+ab=c+d+cd=cxd. 


> 


> 


> 
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Exercise 4 


Solution: 


Exercise 5 


Solution: 


Exercise 6 


Solution: 


Exercise 7 
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Hence, * is well defined. Let a,b € G. Then a 4 —1 and b € —1. We now show that a *« b € G by 
showing that a * b # —1 and a « bis arational number. Supposea «b= —1,ie.,a+b+ab= -—1. 
Then 

(a+1)(6+1)=0. 


This implies that either (a + 1) = 0 or (b+ 1) = 0, ie., either a = —1 or b = —-1, whichisa 
contradiction. Therefore, a * b € —1. 


Now the addition and Sag: RSE of rational numbers is a rational number, so it follows that 
a*bis arational number. Hence, a « } . Thus, * is a binary operation on G. 


Let a,b,c € G. Then 


(axb)xc = (at+b+ab)*c 
= at+b+ab+c+ac+ be+ abc 
= a+(b+c+bc)+a(b+c+ be) 
= a+bxct+a(bxc) 

axe(h ec). 


This shows that * is associative. Thus, (G,*) is a semigroup. Now 0 € G and 
0 a=0+a+0-a=a 


for alla € G. Hence, (G, *) satisfies (i) Of Theorem 2.1.30. Now for all a € G, a+1 #0. Note that 


= —1. Therefore, aa € Gand 
a a a -ata+a?*—a ' 
- 4Q=——+ a4 ¢=————_ = 0. 
a+l1 a+l1 a+l1 a+1 


This implies that (G,*) satisfies (ii) of Theorem 2.1.30. Hence, by Theorem 2.1.30, (G,x) is a 
group. 


Let G be a group and x € G. Suppose o(a”) = mn, where m and n are relatively prime. Show that 
there exist y, z € Gsuchthatr =y*z=zx*y and o(y) = mand o(z) =n. 


Because gcd(m, n) = 1 there exist s,t Z such that 1 =ms-+nt.Nowz =a2™str? = gyms gM 
= nt ZF keZ= ax (qnt)m = gmnt = e 

Het des mM. piilany, of eo) pee n. oe o(y) : aoe End 3 0(Z) (gm) nz. It is an easy Fee (y) 

verify that (y* z)! = y! *z! for all positive integers |. Thus, 27 = (yx z)7™™ = y™™ x 7mm = 

exe=e. Hence, mn |mj,n1. But because m1 | m and n1 | n, we must have m = mj, and n =n. 


Let (G, *) be a group of even order. Show that there exists a € G such that a # e, a? =e. 


Let A={g €G|g#g 1} CG. Thene ¢ A. Ifg € A, then g~! € A, i-e., elements of A occurs in 
pairs. Therefore, the number of elements in A is even. This implies that the number of elements 
in {e} UA is odd. Because the number of elements in G is even and {e} UA C G, there exists 
a €G such that a ¢ {e}UA. But then a £e anda ¢ A. Hence, there exists a € G such that a £ e 


anda =a! ora? =e. 


Let (G, ) bea group and a,b G. Supposethata b=b a'andb a=a_ 67!. Show that 
a4 = b4  . € * * * * 


Because a* b = bx a7!, a= bx a7! *b7!. Similarly, b = a* b-! x a7. Thus, bka =axb7! = 


(b¥a*#b ‘)+b | =bea “eb. Multiply both sides of the equation b+a = bxa~!*b~? by b=! to 
geta =a 1*b-*. This implies that a7 = b-*. Hence, a* = a? ¥a7 =a? «6-7 =ax(axd xb += 
ae(ben) +b" — (exh) eed (bea \eaxd '=—bKla* ¥a)*b —beeeb =e. Also, 


bt =a—* =e. 


Let (G,*) be a group and a, b € G. Suppose that a *« b” = b"+! x a and b * a” =a"t! x b for some 
n € N. Show that a = b=e. 
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Solution: Multiply both sides of the equation a * b” = b"+! «a by b-” to get a = bt! xaxb-”. Thus, 
a? = a*xa= ar b™t!xaxb-” = (ax b”)*beaxb—” = (bt xa) xbeaxb—” = bt! (axb)xaxb—-”. Now 
a? = axa? =ax(b"+! (axb)*a*xb-”) = (axed) bx (axd) *a%xb-” = (b°t1 xa) xb* (aed) xaxb-? = 
b'+1 x (a * b)? xa *b-”. Hence, we see that we could use induction to obtain 


a” = bls (ad) 1 xa*b” (2.2) 


for alln € N. Also, heat = gMitaey 
= axa” «b 
= oe (Bb *s (ab) saeb- "eo 
= ash" * (eb) eaeb 
= (a*b”")*«b«(axb)?-!*xaxbl™ 
= (UT sca) ebe(ak bl eaeo" 
= P's eb) ease 


which implies that 
a” =b" x (ax db)" *axb'”. (2.3) 
From Eqs. (2.2) and (2.3), 
n+1 n—-1 —n n n 1-n 
b  x(axb)  xaxb =b x(axb) xaxb— , 


which implies that 
bx (ax b)" 1 xa = (ax db)" *axb=(axb)"*, 


Thus, 
asbe"* = be (Geb) "on 
= bx((axb)x*x---*(ax*b))*a 
—_—_—_—_____—,_ 


n—1 times 
= (bxa)x*--+*(bx*a) (2.4) 
EE EE 


n times 


(bx a)”. 


Interchange the role of a and 6 to get 
(bx a)"+1 = (ax 6)”. (2.5) 


Hence, (a * b)” =(b*a)"t! = (b* a)” * (b* a) = (a* b)"*! * (b* a), so e = (a * b) * (b* a), which 
implies that 


ao, (2.6) 
Now 
bea Speed ea" Shet “se =b ea (2:7) 
and 
oO Sh=4""" 40 thay 4h) pao ee (2.8) 
Thus, from Eqs. (2.7) and (2.8) it follows that b-! * a”—? =a"—1! «671, so 
n—1 -1 n—-2 —1 n—2 
a —b xa b= (0 * a xb) , (2.9) 
Now b x a” = a"*+! « b implies that 
a” = (b-1 «a xb)", (2.10) 
Hence, a” = (b-! *a*b)"t1 = (b-1 ea b)?-? * (b-1 ea *b)> =a"! * (b-! x a* b)?, which implies 
that a = (b>! *a* b)3 =b-1 x a? * b. Thus, a3? *b = b * a. Therefore, b * a= a *b= ax a? *b= 
a*xb-?*b=ax«b"! by Eq. (2.6). That is, we have 


bea=axbt. (2.11) 
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Similarly, 
axb=beat. (2.12) 
Now axb = b*a~! implies that a*b*a = b. Thus, b = a*b*xa=axaxb~! [by Eq. (2.11)]. Hence, 
2 72 
a” = b*. 


Suppose n is even. Then a? = b? implies that a” = b”. Hence, a * b” = b"*+! * a implies that 
nt+1 n 2k 2k 


Now a xb" “pha 99,05 f+ Bumilarly, 42 | Supposeah ig, odganbet,”, =pphict | Ten 8. He n6e. 
b=e. Similarly, a =e. 


(Hays) Let (S,*) be a semigroup. Show that S is a group if and only if for all a € S there exists 
a unique b € S such that a *b*xa=a. 


Solution: Suppose for all a € S, there exists a unique b € S' such that axb*a=a. Let a € S. Then there 


exists b € S such that a *b*a=a. Thus, a *b*a*b=a*b, so (a*b)? =a*b. Hence, $ has an 
idempotent element. If (S,*) is to be a group, then it can have only one idempotent (Corollary 
2.1.17), namely, the identity element. Therefore, first we show that S' has only one idempotent. 


Suppose e and f are two idempotents in S. Because e « f € S, there exists a unique g such 
that (ex f) *g*(exf) = ex f. Now (ex f) *(g*e)*(exf) = (exf)*xgx*(exe) ef = 
(e f) g 2 f=(e f) g (e f)=e fF. Because g is unique such that (e f) g (e f)=(e f), it 
foltows that yxe = gxSimtilarly* becausté (ex f) «(f*xg)*(ex f) = (ex f)*«g*(exf) =* ex f,the uniqteness 
of g implies that f «g = g. Also, (e* f) « (gx (e* f) *g) *(e* f) = ((e* f) *g* (ex f)) *g* (ex f) = 
(ex f)*g* (ex f). Again, the uniqueness of g implies that g * (e+ f) *g = g. Hence, g? =g *g= 
(gxe)* (fxg) = 9*(exf)*g = g. Thus, g is an idempotent. Now g = g*gx*g and gx(exf)*xg=g. 
Hence, by the uniqueness of the middle element g = e « f. Therefore, e « f is an idempotent. Now 
(ex f)*xfx(exf) = (ex(f*f))*(exf) = (ex f)* (ex f) = ex f and similarly (ex f)*ex(ex f) = ex f. 
By the uniqueness of the middle element, it follows that e = f. Hence, S' has a unique idempotent 
element. 


Let e be the idempotent element of S. Let a € S. Then there exists b € S such that a *bxa=<a, 
which implies that (a*b)? = a*b. Hence, a*b = e. Also, axb*a =a implies that bxa*b*a=bxa. 
Thus, 6 * a is an idempotent. Hence, b* a= e. Also, axb*xa=a together witha *b=e=bxa 
implies thate a=a=a_ e. Therefore, e is the identity element. Becausea b=e=b a, bis 


an inverse of @* Consequently, (5; *) is a group. * * 
Conversely, suppose (5,*) is a group. Let a € S. Note that a * a! «a =a. This shows the 


existence of an element b € S such that a * b* a= a, namely, b = a~!. To show the uniqueness, 
suppose there exist b,c € S such thata *b*xa=aanda*xcxa=a. Thena*xb*xa=ax*xcxaand 
by the cancellation laws, b = c. Thus, 6 is unique such that a *b*a= a. 


Exercises 


1. Which of the following mathematical systems are semigroups? Which are groups? 


(a) (N,*), where a *b=a for alla, bE N. 

(b) (Z,*), where a * b= a —b} for alla,b€ Z. 

(c) (R, ), wherea b=|alb for alla,b- R. 

(d) (R,#), wherea¥b=a+b+1 for alfa, b E R. 
(e) (R,*), wherea *b=a+b-—abforalla,beER. 
(f) (Q,*), where a «b= # for alla,be Q. 

(g) (G,*), where 


oo{[’5 2]i[5 t]e[8 8] mteney 


and x is the usual matrix multiplication. 
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. Let ( 


. Let ( 


. If (G,*) is a group and aj, ..., Gn € G, prove that (a, *---*a,)~' =a, 


(h) (G,*), where G is the set of all matrices of the following form over Z 


1 b 
0) Cc 
0 1 


Corea 


and * is the usual matrix multiplication. 


. Let G = {(a,b) | a,b € R, b 0}. Define a binary operation * on G by (a,b) x (c,d) = (a + be, bd) 


for all (a,b), (c,d) € G. Show that (G,*) is a noncommutative group. 


a b 
d 
multiplication. (This group is usually denoted by SL(2,R) and is called the special linear group 
of degree 2.) 


. Let G = { | : | |a,b,c,d€ R, ad—bc=1>. Show that G is a group under usual matrix 


1 on 


. Let G= | |n€E 2} . Show that (G, *) isa commutative group, where « denotes the usual 


0 1 
matrix multiplication. Also, show that (G, *) is torsion-free. 


. In Zyq, find the smallest positive integer n such that n[6] = [0]. 

. Find an element [b] € Zo such that [8] -9 [b] = [1]. Does [b] € Uo? 

. In Uga, find the smallest positive integer n such that [7]” = [1]. 

. Describe Ug, U9, Uj2, Uz4 of Example 2.1.10. 

. Let p be a prime. Show that U, = Z,\{[0]}. 

. Let Un = {[a] € Zn\{[0]}| ged(a,n) = 1}. Show that (Un,-n) is a group, where -, is the multipli- 


cation modulo n. 


. Show that U, = {[a] € Zn\{[0]} | additive order of [a] = n }. 
. Let (G,*) be a group and a, b € G. Suppose that a? = e and a « b4 * a=". Show that 6°? =e. 


. Let (G,*) be a group and 4, 6 € G. Suppose that @—! * 62 *a = 63 and b-! «a? *b = a3. Show that 


a=b=e. 


. Let (G,*) be a group. If a, b € G are such that a+ =e and a? *b =) «a, show that a =e. 


. Let (G,*) be a group and z,a,b € G. Let c=a«ax*xa~! andd=2*b*x~'. Show that axb=b*a 


if and only ifc*d=d*xc. 


. Let (G,*) be a group such that a? = e for all a € G. Show that G is commutative. 
. Prove that a group (G,*) is commutative if and only if (a *b)~! =a~! xb! for alla,be G. 
. Let (G,*) be a group. Prove that if (a * b)? =a? * b? for all a, b € G, then (G, «) is commutative. 


. Prove that a group (G, ) is commutative if and only if for alla,b G,(a 6)" =a” 0b” for any 


three consecutive integets ”. € * * 


. Let (G,*) be a group. If G has only two elements, prove that G is commutative. 


be a group and a,b,c € G. Find an element x € G such that a * 7 * b= c. Is x unique? 


G, *) 
. Let (G,*) be a group and a, b € G. Show that (a* b* a~')” =a*b" x a~ for all integers n. 
G, *) 


be a finite group and a € G. Show that there exists n € N such that a” =e. 


1 =1 
ee 
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25 


26. 


27. 


28. 


29. 


30. 


3l. 


32. 


33. 


34. 


35. 


36. 
37. 


38. 


39. 
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. Let (G,*) and (H,-) be groups. Define the operation « on G x H = {(a,b) |a eG, be H} by 
(a,b) x (c,d) = (a*c,b-d). Prove that (G x H,x) is a group. If (G, *) and (H,-) are commutative, 
prove that (G x H,x) is commutative. The group (G x H,x) is called the direct product of G 
and H. 


Let (G,*) be a finite group and a € G. Show that o(a) < |G]. 


Let (G,*) be a group and @,0€G. 
(a) Prove that a and a! have the same order. 


(b) Prove that a and b «a * b7~! have the same order. 


(c) Prove that a « b and b «a have the same order. 
Let (G,*) be a group and a,be G. 


(a) Suppose that a * b = b° * a®. Show that 0(b * a!) = 0(b° * a) = 0(b? « a3), 
(b) Generalize (a) to arbitrary powers of a and b. 


Let (G,*) be a group, a € G and o(a) = n. Let 1 < p< n be such that p and n are relatively 
prime. Show that (a?) =n. 


O° 
Let (G,*) be a group, a € G, and o(a) = p, where p is a prime. 
(a) Prove that o(a*) = p for alll <k <p. 
(b) Prove that for all m €N, either a™ =e or o(a™) = p. 


Let (G,*) be a group and a € G. Suppose that o(a) =n and n = mk for some m, k € N. What is 
o(a*)? 


Let (G,*) be a group. 


(a) Let a,b € G, o(a) = n, o(b) = m, gcd(m,n) = 1, and a * b= 6 * a. Show that o(a * 6) = mn. 
(b) Leta; G, (a;)=n;,1 «i m. Suppose gcd(n;,n;) = 1 and a;a; = aja; for all i and 7. 
Let © =€a1 *@2 * +++ * Am. Sho€ that o(@) = nin2z-++ nm. 


Let (G,*) be a group and x € G. Suppose o(%) =n = nyng---nx, where for all i A j, n; and n; 
are relatively prime. Show that there exists x; € G such that o(2;) = n; for all 7 = 1,2,...,k, 
LHC *eQ e+ * ey and &;,* x; =x; * w; for alli and 7. 


Let G = {(a,b) | a,b €R, a € O}. Then G is a group under the binary operation (a, b) * (c,d) = 
(ac,bc + d) for all (a,b), (c,d) € G. Prove that G has infinitely many elements of order 2, but G 
has no element of order 3. 


Let a, b € Sym. As remarked in Example 2.1.49, every rigid motion of the square can be considered 
a one-one function of {1,2,3,4} onto itself. Consider a * b as a function. Show that a *b=aob, 
where * represents the binary operation of rigid motions of the square and © is the composition of 


functions. 
Let (S,*) be a finite semigroup. Prove that there exists a € S such that a? =a. 


Let (G,*) be a finite semigroup with identity. Prove that (G,*) is a group if and only if G has 
only one element a such that a? =a. 


Prove that a semigroup (5, *) is a group if and only ifa*S = S and Sxa=S for alla € S, where 
axS={axs|seS}andS*a={sxa|s eS}. 


Prove that a semigroup (S,*) is a group if and only if 
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(a) there exists e € S such that a *e =a for all a € S, and 
(b) for alla € S there exists b € S such that a * b=e. 


40. Rewrite the statements and proofs of the theorems in this chapter using additive notation. 


41. Let (G,*) be a group, a,b € Gand m,n € Z. Prove that 


(a) a? *ea™ =anrm —am xan, 

(b) ee = an™, 

(c) a = (a")? 

(d) e" =e, 

(e) (ax b)” =a” * b”, if (G, *) is commutative. 


42. Write the proof if the following statements are true; otherwise, give a counterexample. 


(a) Let T(S) be the set of all functions on S = {1,2,3}. T(S) is a group under composition of 
functions. 


(b) M2(R) = { | i J | |a,b,c,d€ RI is a group under usual matrix multiplication. 
(c 
(d 
(e) 
(f) 


) Every group of four elements is commutative. 
) A group has only one idempotent element. 
A semigroup with only one idempotent is a group. 


If a semigroup S satisfies the cancellation laws, then S' is a group. 
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Niels Henrik Abel (1802-1829) was born on August 5, 1802, in Finnédy, Norway. He was the second 
of six children. Abel and his brothers received their first education from their father. 

At the age of 13, Abel along with his older brother, was sent to the Cathedral sch-ool in Christiania 
(Oslo). In 1817, his mathematics teacher was Bernt Michael Holmbé, who was seven years older than 
Abel. Holmbé recognized Abel’s talent and started giving him special problems and recommended special 
books outside the curriculum. Abel and Holmbé read the calculus text of Euler and the work of Lagrange 
and Laplace. Soon Abel became familiar with most of the important mathematical literature. 

Abel’s father died when he was 18 years old and the responsibility of supporting the family fell 
on his shoulders. He gave private lessons and did odd jobs. However, he continued to carry out his 
mathematical research. 

Abel, in his last year of school, attacked the problem of the solvability of the quintic equation, a 
problem that had been unsettled since the sixteenth century. Abel thought that he had solved the 
problem and submitted his work for publication. Unable to find an error and understand his arguments, 
he was asked by the editor to illustrate his method. In 1824, during the process of illustration he 
discovered an error. This discovery led Abel to a proof that no such solution exists. He also worked on 
elliptic functions and in essence revolutionized the theory of elliptic functions. 

He traveled to Paris and Berlin in order to find a teaching position. Then poverty took its toll, and 
Abel died from tuberculosis on April 6, 1829. Two days later a letter from Crelle reached his address, 
conveying the news of his appointment to the professorship of mathematics at the University of Berlin. 


Abel is honored by such terms as Abelian group and Abelian function. 


Chapter 3 
Permutation Groups 


Permutation groups is one of the specialized theories of groups which arose from the source, classical 
algebra, in the evolution of group theory. 


3.1 Permutation Groups 


As stated earlier, there are four major sources from which abstract group theory evolved. Mathe- 
maticians’ interest in finding formulas to solve polynomial equations by means of radicals led some 
mathematicians to the study of permutations of the roots of rational functions. Lagrange, Rufini, and 
Cauchy were among the earlier mathematicians to work with permutation groups. However, it was 
Cauchy whose systematic study of permutation groups (between 1815 and 1845) is believed, by some, 
to be the origin of abstract group theory. Many of the concepts and major results in this chapter are 
due to Cauchy. 
We begin our study of permutation groups by defining what a permutation is. 


Definition 3.1.1 Let X be a nonempty set. A permutation 7 of X is a one-one function from X 
onto X. 


Example 3.1.2 (i) Let X be a nonempty set. Define tm: X — X by r(x) = x forall x € X. Then 
mT 1s one-one function of X onto X. Thus, 7 is a permutation of X. Nothe that 7 is called the identity 


permutations and is, usually, denoted by ix ore. 

(ii) Let X = {a,b,c}. Definea: X — X such that a(a) = b, a(b) = a, anda(c) = c. By the definition 
of a it follows that is a is one-one function of X onto X. Thus, a is a permutation of X. 

(itt) Consider R, the set of real numbers. Definea: R— R by a(x) = 3a +5 for alla € R. It can be 
shown that a is a one-one function of R onto R. Thus, a is a permutation of R. Similarly, if 8: R—R 
by B(x) = x for all x € R. It can be shown that 8 is a one-one function of R onto R. Thus, B is a 
permutation of R. 


Definition 3.1.3 A group (G,*) is called a permutation group on a nonempty set X if the elements 
of G are permutations of X and the operation * is the composition of two functions. 


Example 3.1.4 LetX be any nonempty set and Sx be the set of all one-one functions from X onto X, 
as defined in Example 2.1.13. Then (Sx,0°) is a group as we have shown in Example 2.1.13, where o is 
the composition of functions. Hence, (Sx,0°) is a permutation group. 


Example 3.1.5 Let X = {1,2}. Definea: X — X such that a(1) = 1, a(2) =2. Then a is a one-one 
function of X onto X, so 8 is a permutation of X. Next define B : X — X such that B(1) = 2 and 
B(2) =1. Then B is a one-one function of X onto X, so B is a permutation of X. Let Sx = {a, }. 
Then (Sx,0©) 1s a group, where o is the composition of functions. Note that on this set X, a and b are 
the only permutations on X. Moreover, a is the identity permutation and — B. 
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In this chapter, and in fact in this text, our study of permutation groups will focus on permutation 
groups on finite sets, i.e., X is a finite set. 

Before we consider more examples of permutation groups, let us fix some notation which will be 
useful when working with permutations. 

Let J, = {1,2,...,n}, n> 1. Let « bea permutation on J,,. Then 


m= {(1,m(1)), (2,0(2)),---5(r,2(n))}. 


(Recall that a function f : A — A is a subset of A x A.) It is sometimes convenient to describe a 
permutation by means of the following notational device: 


_ 1 2 3 ce n 
"A (L) (2) (8) 2 a(n) 
This notation is due to Cauchy and is called the two-row notation. In the upper row, we list all the 
elements of J,, and in the lower row under each element 7 € I,,, we write the image of the element, i.e., 


art). 


Example 3.1.6 Letn = 4 and 7 be the permutation on I4 defined by 7(1) = 2, 7(2) = 4, 1(3) = 3, and 
m(4) =1. Then using the two-row notation we can write 


T= 1 


2 3 4 
2 4 3 


1 


As we shall see, the two-row notation of permutations is quite convenient while doing computations 
such as determining the composition of permutations. 
Let n = 7 and 7 and o be two permutations on [7 defined by 


fi 2 34 Se. Y 
e—\. 2 & 2-6 7 2 Ss 


_f12 3456 7 
o> hoo I Ca 
Let us compute 7 oa. Now by the definition of the composition of functions 


° (r0.0)() = r(o(0) 


and 


for alli € I7. Thus, 


(reo) =ar(o(1)) =r) =3, 
(7 0.0)(2) = a(o(2)) = (8) =7, 


and so on. From this, it is clear that when determining, say, (7 o a)(1), we start with o and finish with 
m and read as follows: 1 goes to 2 (under 7) and 2 goes to 3 (under 77), so 1 goes to 3 (under 7 oa). We 
can exhibit this in the following form: 


DNwW OhrK NW 


Thus, 
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Example 3.1.7 Letn =6 anda and £ be permutations on Ig defined by 
_f12 3 4 5 6 
2s doa Gh 2 


12 3 4 5 6 


and 


B=713 5 4 2 6y. 
Let us first determine ao 6. Now ( ) 
L433, ce, 7 3. 


Similarly, 


Thus, 
{123456 
COPS a4 goog Te fF 


Similarly, forB a;1% 3 5, 2.€., 1 oe 5, and so on. In this case, we start with a and finish with 6. 
Note that ° > lS => 


Boa=( 1234 5 6 
he A ad. ag Oe BS 


We note that aoBABoa. 


Let S,, denote the set of all permutations on [,, n> 1. 


Example 3.1.8 In this example, we describe S3, t.e., the set of all permutations on I3 = {1,2,3}. From 


Exercise 8 (page 31), we know that the number of one-one functions of I3 onto I3 is 3! = 6. Thus, 
. ; : ; 2 : 
|S3| = 6. Let e denote the identity permutation on Iz, i.e., e = ( : 9 : ) . Let ay be a nonidentity 


nameetaBy nom Because US, SEE & Berl tate ORO TRCHNa Ase, TP REETRA b), =le Theda aderidven Mavause 


1 2 3 


must have a,(2) = 3 and a;(3) = 2, 4.e., ay = . Ina similar manner, we can show that 


1 3 2 
the other four permutations on I areaa = (5 ° a )eaa= (5 : I )aa= (3 : o) 


and a5 = € : a: Thus, 


53 = {€, A, a2, 3, M4, O5}. 


Let us denote ag by a and ag by B. We ask the reader to check that 
B? =a5,a0c8=ay, and ao ? = 3. 


Hence, we can write 
2 2 
S3 = {e,8,8",a,a0B,aoBp 2 


Because (53,0) is also a group, we ask the reader to show that o(a) = 2 and 0(8) = 3 by showing that 
a? =e and 8? £#e, but B° =e. 


In the previous example, the permutation group ($3, 0) consisted of all the permutations on the set 
I3. Next, we give an example of a permutation group that does not contain all the permutations on a 
given set. 
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Example 3.1.9 Let n = 4 and consider I4 = {1,2,3,4}. Recall that in Example 2.1.49, we remarked 
that rigid motions of the square can be viewed as permutations on I4. Let S' be the set of all permutations 
that corresponds to the rigid motions of the square. We will use the same notation for the permutations, 
12 3 4 
23 4 1 
35 (page 56), it follows that the multiplication table of (S,0) is the same as the multiplication table of the 
group (Sym, ). Now composition of functions is associative and from the multiplication table, it follows 
that S is closed under 0, r360 is the identity of (S,o), and every element of S has an inverse. Thus, 
(S,o) is a group. Hence, the group of symmetries of a square can be thought of as a permutation group 
on I4. 


1.€., T99 1s the permutation , 7360 18 the identity permutation, and so on. By Exercise 


The following theorem describes some basic properties of S'y. 


Theorem 3.1.10 (i) (Sn,°) is a group for any positive integer n > 1. 
(ii) Ifn > 3, then (S;,,0) is noncommutative. 
(ii) |S,,| =n! 


Proof. (i) We have already noted that the set of all one-one functions of any nonempty set onto 
itself forms a group under composition of functions in Example 2.1.13. Thus, (S;,,0) is a group for any 
positive integer n > 1. 


(ii) Let n > 3. Let a, 8 € S” be defined by 
if te Bh as. RH ape(1 234-0 0 
wed. 8 a ae ee DD a ome 
to 3a xs, H 
aob=(3 514 wd 


1 2 
poa=(5 1 


3 
2 
Thus, (ao 6)(1) =2 43 = (Goa)(1). Hence, a0 8B £ Boa, so Sy is noncommutative. 
(iii) This follows from Exercise 8 (page 31). Ml 


Now 


and 


Definition 3.1.11 The group (Sy,°) is called the symmetric group on I. 


: : ail 2 +: n ; : 
Consider the permutation 7 = ( (LY a2) sax a(n) ) _ If 7(i) =7, then we drop the column 
a 123 4)\., 2 4 
(i) . For example, a = ( 1432 ) is denoted by ( 42 ) . 
Definition 3.1.12 Leta be an element of S,. Then is called a k-cycle, written (i, ig +--+ ix), of 
= ( ty tg cs tea te ) 
TC ae . : 
2 ty tt te ty 
i.¢., w(t) = i941, f= 1,2,...,6—1, rG*) =71, anda(a)= a for any other element of I”. 
Note that if m = (¢172---i,), then 


= (izt3 hes iptt) 


= sta vee Opty- -+43—-1). 


A k-cycle is called a transposition when k = 2. 
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We know that in Example 3.1.9, the permutation rgg is a 4-cycle and dz is a 2-cycle. We write 
T990 = (1 23 4) 


and 
dg = (1 3). 


The identity of S;, is sometimes denoted by (1) or e. 


Example 3.1.13 Using the cycle notation, we can write 


We now note some of the properties of the group (S3,°). 

(2) (S3,0) ts @ noncommutative group of order 6 by Theorem 3.1.10. 

(it) S3 contains two elements of order 3; for (1 23)0(123) = (13 2) Fe and (12 3)0(123)o0(1 
23) =e. Hence, the order of (1 2 3) is 3. Similarly, the order of (13 2) is 3. The order of (1 2), (1 3), 
and (2 3) is 2 because (1 2) 0 (1 2) =e, (13) 0 (13) =e, and (2 3) 0 (23) =e. 

(itt) In S3, the product of distinct elements of order 2 is an element of order 3. (1 2) 0 (23) = (12 
3), (13) 0(1 2) = (123), (12)0(13) = (132), (23) 0(1 2) = (13 2), (13) 0(23) = (132), and (2 
a) (13) (12 3), 


Definition 3.1.14 Leta,8 € Sn. Then a and are called conjugate if there exists y € Sp, such that 
yoaoy t=. 
The following theorem shows how to compute the conjugate of a cycle. 
Theorem 3.1.15 Let m= (iji2---t,) € S, be a cycle. Then for all a € Sy, 
aotoa!=(a(i,) a(ig) «++ a(iz)). 


Proof. Because a € S,,, @ is aone-one mapping of J,, onto I,,. Thus, the elements a(1),..., a(n) € In 
are all distinct, so IZ, = {a(1),a(2),...,a(n)}. Let r be any integer such that 1 <r < J. Then 


=1 —1 


(aoroa (ali) = afafay (ati) 
= O(tr41)- 


Also, (ao 70 a7!)(a(i,)) = a(a(a7!(a(iz)))) = a(r(i)) = a(t). Now let a € I, be such that a 4 a(i,) 
for allr,1 <r < J. Thena™1(a) € I, and a—!(a) £i, for allr, 1 <r <1, so (a~!(a)) = a*(a). Thus, 


(aomoa)\(a) = a(n(aqt(a))) 
= a(aq*(a)) 
It now follows that ao 70 a7! = (a(iz) a(ig) +++ a(i;)). 


Definition 3.1.16 Letm,,72,...,7% Sy. Then71,79,...,7, are called disjoint if for alli,1 % &k 
and for alla € In, 7;(a) 4a implies 7G(a) =a forallj Ai, 1 <j <k. << 


In other words, 71, 72,...,7% € Sy are disjoint if for all 1 <i <k and for alla € In, if 7; moves a, 
then all other permutations 7; must fix a, i.e., 7;(a) =a for all 7 41,1 <j <k. 
Let z and X be disjoint permutations on [,,. Let a € S be such that 7(a) A a. Then (a) = a. Let 
m(a) = b. Then 
(7 0 A)(a) = m(A(a)) = r(a) = B. 


Also, 
(Ao m)(a) = A(m(a)) = A(0). 
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If 7(b) = 6, then 7(b) = b = x(a), so a= b. Thus, m(a) = b = a, a contradiction. Hence, 1(b) 4 6, so 
A(b) = b. Thus, 

(A 0 1)(a) = A(r(a)) = A(b) = b. 
Hence, (7 0 A)(a) = (Ao 7)(a). Suppose (a) = a. If A(a) = a, then (7 0 A)(a) = a = (Ao7)(a). Suppose 
A(a) # a. By asimilar argument as before, (70 A)(a) = (Aom)(a). Therefore, 70 = X07. Consequently, 
ifm and ) are disjoint permutations, then they commute. We record this result in the following theorem. 


Theorem 3.1.17 Let 7, \ € Sy, such that 7 and X are disjoint. Then tor = AOT, 1.e., 7 and Xr 
commute. 


: 12 3 4 5 7 
Consider 7 = 2518 3 6 
as a product of disjoint cycles. This leads us to the following theorem. 


: ; € S,,. Then 7 = (1253) 0(4 8) 0(6 7) can be written 


Theorem 3.1.18 Any nonidentity permutation 7 of Sp (n > 2) can be uniquely expressed (up to the 
order of the factors) as a product of disjoint cycles, where each cycle is of length at least 2. 


Proof. We prove the result by induction on n. 


Basis step: Suppose n = 2. Now |S2| = 2 and the nonidentity element of S'2 is a = ( : ) . Now 
Oo =hutctiGe AyipathHedts: Suyspdhe theorpetindawalas Chie for all S, such that 2<k <n. 

Inductive step: Suppose n > 2. We show that the result is true for n. 

Let 7 be a nonidentity element of S,,. Now 7*(1) € I, for all integers 7, i > 1. Therefore, {7(1), 7?(1), 
..., W(1), ...} C In. Because I, is a finite set, we must have 7!(1) = 7(1) for some integers | and m 
such that 1 > m > 1. This implies that 7’~™(1) = 1. Let us write 7 = 1 —m. Then j > 0 and wJ(1) =1. 
Let i be the smallest positive integer such that 1’(1) = 1. Let 


A={(1,90) 71) jac," “OE 
Then all elements of the set A are distinct. Let rT € S, be the permutation defined by 
7 =(1 w(1) 77(1) --- 2*4(1)), 


idenfitis thencteidatcle Stipoké frat 4, ichnot‘tlis aleytile:. Niopdse BeAtrtidetiod ypdthAig is ithe 


product of disjoint cycles on B, say, 0 = 01 0020---0o0,. Now for 1 <i <1, define 7; by 


o;(a)ifaeB 
uC { aifa ¢ B. 


Then 71,72, ..., 7 and7 are disjoint cycles in S,,. It is easy to see that 7 = 7, 0720---07,0 T. Thus, 
mT is a product of disjoint cycles. 

To prove the uniqueness, let 7 = 7107 20-++O7, = [ly O flg +++ OM,, a product of r disjoint cycles and 
also a product of s disjoint cycles, respectively. We show that every 7; is equal to some pz; and every /4;, 
is equal to some 7, Consider 7;, 1 <i < r. Suppose 7; = (i1i2...%,). Then (1) #21. This implies that 
7, is moved by some ju;. By the disjointness of the cycles, there exists unique ;, 1 < 7 < s, such that 74 
appears as an element in y;. By reordering, if necessary, we may write f; = (%1 C2 ... Cm). Now 


ig = TMi) = mh) = pli) = & 
ig = Tiliz) = mlz) = mle) = pla) = 
yo o= Mitta) = mia) = maa) = paar) = 4. 


If <m, then ¢1 = 7;(%) = (i) = 7(c1) = (Cx) = C141, a contradiction. Thus, | = m. Hence, 7; = 1, 
for some 7, 1 <7 <8. Similarly, every 4, = 7; for somet, 1 <t<r. I 
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Corollary 3.1.19 Letn > 2. Any permutation 7 of Sy, can be expressed as a product of transpositions. 


Proof. In view of the preceding theorem, it suffices to show that every k-cycle can be expressed as 
a product of transpositions. This fact is immediate from the following equations: 


e = (1) =(12)0(12) 


and fork 2 
= (i1 19 eee tk) = (i1 tg) © (44 tp-1) +++ 0 (44 iz), 
where {71,72 ..., 7%} CIn. 
Let 7 € S,. Because S,, is a finite group, we know that o(7) is finite. Thus, in order to find the 
order of 7, we need to compute 7, 12, 7°,..., until we find the first positive integer k such that 7* = e. 


Finding such a positive integer could be a tedious task. However, we can effectively make use of the 
decomposition of 7 as a product of disjoint cycles, compute the order of each cycle, which is nothing 
but the length of the cycle (Exercise 17, page 69) and from the order of the cycles deduce the order of 
m. We ask the reader to consider this problem in Exercise 18 (page 69). 

Theorem 3.1.18 tells us that any permutation a € S,, n > 2, can be written as a product of disjoint 
cycles. However, the theorem does not tell us how to find the disjoint cycles in the decomposition of a. 
Next, we illustrate how to find these cycles. 

Let 7 bea permutation on I,, 2. In order to express 7 as a product of disjoint cycles, first 


consider 1, (1), 72(1), 73(1), ... and fnd the smallest positive integer ® such that 7” (1) = 1. Let 
= (1 m(1) 22(1) «+ 210). 


Then o, is a cycle of length r. Let i be the first element of J,, not appearing in 7;. Now consider i, 7(“), 
n(i), w3(i), ... and find the smallest positive integer s such that 7°~1(i) = 7. Let 


Oo = (4 w(t) w2(4) «+» w9—1(4)). 


Then og is a cycle of length s. Now 


{1,7(1),72(1),..., 9” 1(1)} 2 {4, w(4), 7? (a), ..., 79-1 (4)} = 0, 


for if 7 € {1, 7(1), oe any WI(1)} A {4, wa), 774), ..., 79-1}, then 7 = 1?(i) for some p, 


Sms = =fagpdy Which is (1) EhEQ eto. Te aes hua id a} are Da isine cydles. rey) thy mae: 
ave \} U fi, r(a), 7?(a), ..., 78-1 (i)} # In, then consider the first element of J,, not appearing in {1, 
m1) TW oye (LUA, ri) n(i), ..., 7° ~+(i)} and continue the above process to construct the 
cycle 03. Because I, is finite, the above process must stop with some cycle o,,. Then 7 = 010020-+:00m. 
We illustrate the above procedure with the help of the following example. 


Example 3.1.20 Consider the permutation 
oe ee ee es 
TSN 6. 2 5p a-ak 7 4 
on I7. Here r(1) = 6, 7?(1) = 7 (6) = 7, and r3(1) = 2(7) =1. Thatis,1 56771. Hence, ao, =(16 


Th igs -cpnfe. Nou? ts she virst element afi” gt gpmearing inn LO), Also, m2) = 34h a BD Gets 


of length 4. Nowa, and og are disjoint and m7 = 01 0 O92. 


While writing a permutation as a product of disjoint cycles, it is customary not to write cycles of 
length one in the product. Thus, if some element of J, does not appear in any of the cycles, then it is 
assumed to be fixed. For example, if 7 = (1 2 5) 0 (46) € Sz, then because 3 and 7 neither appear in (1 
2 5) nor in (4 6), they are fixed, i.e., 7(3) = 3 and 7(7) = 7. 

Given a permutation 7 € S,,n > 2, we can write 7 as a product of disjoint cycles. We can also write 
m as a product of transpositions. However, the representation of 7 as a product of transposition need 
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not be unique. For example, (1 2 3) = (1 3) 0 (1 2) = (2 1) 0 (23). Also, (13) = (1 2) o (1 3) 0 (238). 
That is, (1 3) can be written as a product of one transposition or as a product of three transpositions. 
However, we will show that the number of transpositions in any representation of a permutation is either 
even or odd, but not both. We now proceed to prove this result. 

Consider the formal product 


KX =  jeicjen(Gi 43) = (@1 ae)(a1  ag)---(@1 Gn) 


I = = ee ae 


(Qn-1 — ao. 


Ifn = 4, then Y = (a4 = a2) (a4 = a3) (a4 = a4) (a2 = a3) (a2 = a4) (a3 _ a4). 
For any permutation 7 € Sy, let 


mX)= [J (ana - an). 


1<i<j<n 


Let us first examine o (1) for any transposition a € Sj. 


Lemma 3.1.21 Letn 2. Leto =(ij) Sn,i<j, bea transposition. Theno(X)= 2. 


Proof. First consider the factor (a; ES a;) in the product ¥. The corresponding factor in o(¥) is 


Ag(i) — Vo(j): Now 

Ag(i) — Ag(j) = Aj — a = —(a; — a5). 
Next, consider the factor a, — aj, where both k& and / are neither equal to 2 nor equal to 7. The corre- 
sponding factor in a (4) is @¢(K) — @o(1) and 


Ag(k) — Go(l) = Gk — Q- 


Thus, the factor a, — a; remains unaltered. Now consider the factor a, — aj, where either & or | (but 
not both) is equal to 7 or 7. Let 1 < t <n. Suppose t <i < j. We have the pair of factors (a; — a;) and 
(a; — a;) in the product V. The corresponding factors in 0 (4) are Ag(t) — Ag(s) ANd Ag(z) — Ag(z) and 


(ar) — a2) (a7) — a7(9)) = (at — a’) (at — a’) = (at — a’) (at — aI). 
Therefore, the product (a; — a;)(a; — a;) remains unchanged. Now suppose 7 < t < j. Then we have the 
pair of factors (a;—a;) and (a;—a;) in the product 4. The corresponding factors in o(¥) are a,(;) — Go(t) 
and ag(t) — Ag(j) and 


(o(i) — Go(t))(Go(t) — Ao(7)) = (Aj — at) (Ge — ai) = (Gi — ae) (Ge — G5). 


Hence, the product (a; — a,)(a; — aj) remains unaltered. Finally, let 1 < j < t. Then we have the pair 
of factors (a; — ay) and (a; — a) in the product ¥. The corresponding factors in o(%) are ag(i) — A(t) 
and ag(j) — Gg(¢) and 


(aoa) = g(t) (Ge) A(t) = (aj — a4)(a; — at) = (a; — a4)(aj — at). 


i — aqt\(qji — at : t_ qi 
Therefore, the progyct, (a - ai) at oad hempains unaltered., Thus, al} factors other than 2" — p and 


factors under o remains unaltered. Hence, it now follows that (Vv) = —4. & 


Theorem 3.1.22 Letn > 2. Let t € S,. Suppose 
T= 0109020'':007p =7T10TQ0°'':OT¢g, 


where 04, T; € Sp are transpositions, i= 1,2,...,r, andj=1,2,..., s. Then both r and s are either 
even or odd. 
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Proof. By Lemma 3.1.21, 0;(4) = —¥ and 7;(4) = —# for alli = 1,2, ..., r, and j = 1,2, ..., s. 
First we compute (01 0020---00,)(4). Now 


(719020---0ap)/(¥) = 01(02(--- (ar(¥)))) 
= (—[) A. 
Similarly, (71 T2 ++: Ts)(¥)=( 1)*&. Hence,( 1)" =( 1)*. Thus, both r and s are either even of 


a 
od one) ° . — ae _ 
ay the above theorem, if 7 € S,,, then 7 can be written as a product of either an even or an odd 
number of transpositions, but not both. This leads us to the following definition. 


Definition 3.1.23 Leta € S,. If x is a product of an even number of transpositions, then a is called 
an even permutation; otherwise 7 is called an odd permutation. 


Corollary 3.1.24 Leta € S, be ak-cycle. Thena is an even permutation if and only if k is odd. 


Proof. Let 7 = (12.--- k). Then 7 = (1 k)o (1 k—1)o--- o(1 2), ie, w is a product of k—1 
transposition. If 7 is an even permutation then k — 1 is even, so k is odd. On the other hand, if k is 
odd, then & — 1 is even, so 7 is an even permutation. This completes the proof. 

Let A,, denote the subset of S,, consisting of all even permutations,n 2. 


> 
Theorem 3.1.25 For n> 2, the pair (An,°) is a group, called the alternating group on I,,. 


Proof. Because e = (1 2) 0 (12), e€ Ay. Thus, A, 4 9. A product 71 © 72 is even if and only if 71 
and 72 are both even or both odd by Theorem 3.1.22. Therefore, A, is closed under o. If 7 € Ay, then 
mom =e is even and hence 7~! € Ay. Hence, (An,o) isagroup. 

Cauchy recognized many important properties of A,,. Among others, he proved the following theorem. 


Theorem 3.1.26 Every element in A, is a product of 3-cycles, n > 3. 


Proof. Let 7 € A,. Then 7 = 01 0020---00,;, where o; is a transposition, 1 <7 <r,and r is even. 
Now for any transposition (a )), 
(a b) = (1a)o(1b)o(1a). 


Thus, 
mw = (1121) 0 (122) 0---0 (Lim) 


where m is even. Because (1 71) 0 (1 i2) = (1 2 i1), it follows that 7 is a product of 3-cycles. 


Worked-Out Exercises 


’ Exercise 1 Prove that two cycles in S;,, are conjugate if and only if they have the same length. 


Solution: Let a = (iji2---i,) and 6B = (jijo--+-js) be two cycles in S;,. First suppose that a and £ are 
conjugate. Then 8 = a~!oaoa for some o € S,. Because o is onto and i; € In, there exists ky 
such that o(k;) = 7, for all! = 1,2,...,r . Now 


(Gj1je-*-9s) = (o-*(i,)o 71 (ig) +--+ (,)) ( by Theorem 3.1.15) 
= (kike---kr). 


Hence, s =r, so a and £ are of the same length. 


Conversely, let @ = (i1%2---i,) and 6B = (jijo---Jj,-) be two cycles in S,, of the same length. 
te. Ig eee. 

Fu. Ja 22% Bp 

In\{i1, t2,..-,%-}. Then o € S,. Now 


Let o = ,ie., o(t;) = fj for all J = 1,2,...,r, and o(a) = a for alla € 


a oBoo= (o"(j,)o* (ja) +++ 0" (Gr) = (tnig s+ stp) = 
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’ Exercise 2 


Solution: 


’ Exercise 3 


Solution: 
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Express the permutation 


td Do ae SG. 
""\2 3856471 


on Ig as a product of disjoint cycles and then as a product of transposition. Is 0 an even permu- 
tation? 


2 3 4 


Weihaveyeld.) Now 7 iGlihe mA) ctedert OF) FE WAspawramlia (1)23 8)8 We hathud 4 (12 8 
o?(4) = o(5) = 6, and 0°(4) = 0 (6) = 4. Hence, (4 5 6) is also a cycle in o. Next, 7 is the first 
element of Jg not appearing in (1 2 3 8) and (45 6). Now o(7) =7. Because all the elements of Ig 
appear in one of the cycles (1 2 3 8), (45 6), and (7), we have o = (1238) 0 (456). Now (123 
8) = (18) 0(13)0(1 2) and (45 6) = (46) 0 (45). Thus, o = (1 8) 0 (1 3) 0 (1 2) 0 (46) 0 (45). 
Because o is a product of five transpositions, 0 is not an even permutation. 


Write all elements of S4. Show that S4 has no elements of order > 5. 


Let o € S4 and 0 = 0, 0020---oOo,, a product of disjoint cycles. Because S4 is a permutation 
group on I4, k < 2. If k = 1, then a is a 2-cycle, 3-cycle, or 4-cycle. If k = 2, then o is a product of 
two disjoint transpositions. The number of distinct cycles of length 2 is 6, the number of distinct 
cycles of length 3 is 8, and the number of distinct cycles of length 4 is 6. Hence, S4= {e, (1 2), (1 
S), (1 4), (23), 24), (4), 123), (13 2), (284), (243), 134), (143), (1 24), 1 42),(12 
$4), (1324), (1423), (1243),(1342), (143 2), (1 2)0(3 4), (14) 0(82), 13)0@4)} 


Because each 2-cycle is of order 2, each 3-cycle is of order 3, each 4-cycle is of order 4, and the 
order of the product of two disjoint 2-cycles is 2, S4 has no element of order > 5. 


® Exercise 4 Find the order of (1 23 4) 0 (567) in Sz. 


Solution: 


0(1 234) =4, 0(567) =3. Now (1 23 4) and (5 6 7) are disjoint. Hence, (1 23 4) 0(56 7) = (5 
6 7)0(1 234). If a and b are two elements of a group G such that o(a) = m, o(b) = n, and 
gcd(m,n) = 1, then o(ab) = mn. Using this result, we find that the order of (1 2 3 4) 0 (5 6 7) is 
12. 


Exercise 5 Find the order of (1234) (56) in S¢. 


° Solution: o(1 234) =4, 0(5 6) = 2. Now (1 23 4) and (56) are disjoint, so they commute. Thus, ((1 23 
4) o (5 6))* =e. Now ((123 4) 0(56))' #e, ((123 4) 0(56))? = (123 4)? 0 (56)? = (123 
4)? Z£e. If ((123 4) o (56))? =e, then the order of (1 2 3 4) o (5 6) will be 3 and 3 divides 4, a 
contradiction. Hence, the order of (1 2 3 4) 0 (5 6) is 4. 
Exercises 
1. Express the following permutations as (i) a product of disjoint cycles and (ii) a product of trans- 
positions: 
12 3 4 5 6 12 3 4 5 6 
3.5 4 162 /’\ 3 2 1 5 4 6 
= 
2. Let @ = (1257) and 6 = (246) ES’. FindaoBoa . 
3. Let a= (1357) and B = (248) 0(136) € Sg. Findao Boat. 
4. Let a = (13) 0 (58) and 8 = (2367) € Sg. Findao Boat. 
5. Let a = (259) 0(136) and B = (15 7)0(2469) € Sy. Findao Boast, 
6. Let (135 7) and (2368) € Sg. Find a € Sg such that a0 (135 7)oa7! = (2368). 
7. Ifa = (12345 6), show that a = (16) 0(15)0 (1 4) 0(13) 0 (1 2). 
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8. 
9. 
10. 
11. 


12. 


13. 
14. 
15. 
16. 


17. 
18. 


19. 


20. 


21. 


Find the order of (1 2 3) 0 (45) in S5. 
Prove that (1 2--- n—1n)-t=(nn—-1---21). 
Prove that every transposition is its own inverse. 


Prove that the symmetric group on two symbols ($2, 0) is commutative. 


Let a = (a! a? --- ak) © S" be ak-cycle. Show that 
ans (a1 a3 +++ @2m—1) ° (a2 G4 Ag ++: Gam) if k = 2m, ie., k is even 
~ | (a1 a3 +++ Gam41 G2 G4 +++dam) if k = 2m+1, ie., k is odd. 


Determine A4. 

Let a, 8 € S,. Show that a~!0 B710a0B € Ap. 

Prove that |A,| = %. 

Show that the number of distinct cycles of length r in S', is tote. 

Letn 2anda _ S,, beacycle. Show that o is a k-cycleif and only if (o) =k. 


Let o%€ ion andSa = 01°090---oo, be a product of disjoint cycles. Suppose o(a;) = nj, 
i= 1,2,...,n. Show that o(o) = lem(nj,79,..., Ng): 


Let a € S;, and p be a prime. 


(a) Show that o(a@) = p if and only if either a is a p-cycle or a is a product of disjoint cycles, 
where each cycle is either of length 1 or length p and at least one cycle is of length p. 


(b) If a is a p-cycle, prove that either a” =e or a™ is a p-cycle for allm € N. 


Let aand BE S,,. Let a= a, 0a20-::oa, and 8 = 8,0 8,0---0 8, be a product of disjoint 
cycles. Let length(a;) = d; and length(6,;) = mj, for all i = 1,2,...,k and j = 1,2,...,s and 
dy < dg < +--+ < dy and my, < mg < --: < m,. We say that a and 6 have the same cyclic 


StRUTHHES ah fa oii eh Gnd # aderalkdgatd: 2)---.*- Prove that @ and & have the same cyclic 


Prove that for 7 € S,, 7 is an even permutation if and only if 7(¥V) = #&. 


22 (a) Leta =(k 1), 6 € S, be two distinct transpositions, n > 3. Show that there exist transposi- 


tions u,v € S,, such that Boa@=voyp, w(k)=k and v moves k. 


(b) Prove that if the identity permutation e € S,, can be written as a product of r (> 3) trans- 
positions, then e can be written as a product of r — 2 transpositions. 


(c) Prove that ife =a, 0020---o0, € S, as a product of transpositions, then r is even. 


(d) Use (a), (b), and (c) to prove that if 7 € S,,, then 7 can be written as a product of either an 
even or an odd number of transpositions, but not both. 
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Augustin-Louis Cauchy (1789- 1857) was born on August 21, 1789, in Paris, France. He received 
his first education from his father. He was a neighbor of Laplace and Berthollet. Cauchy became acquainted 
with famous scientists at a young age. Lagrange is said to have warned his father not to show Cauchy any 
mathematics book before the age of seventeen. 

At the age of fifteen, he completed his classic studies with distinction. He became an engineer in 1810, in the 


Napplersy areyubany 8tartee netmmechbanh Atal career by solving a problem sent to him by Lagrange on convex 
polygons. In 1812, he solved Fermat’s famous classical problem on polygon numbers. His treatise on the de finite 
integral, which he submitted in 1814 to the French Academy, later became a basis of the theory of complex 
functions. 

In 1816, he was appointed full professor at the Ecole Polytechnique. More theorems and concepts have 
been named for Cauchy than for any other mathematician. There are sixteen concepts and theorems named for 
Cauchy in elasticity alone. 

He worked on mathematics, mathematical physics, and celestial mechanics. In mathematics, he worked on 
several areas, such as calculus, complex functions, algebra, differential equations, geometry, and analysis. The 
notion of continuity used today was invented by Cauchy. He also proved that a continuous function has a zero 
between two points where the function changes its signs, a result also proved by Bolzano. The first adequate 
definitions of indefinite integral and definite improper integral are due to Cauchy 

In algebra, the notion of the order of an element, a subgroup, and conjugates are found in his papers. He 


prone the dams, Capanes Cawrangar Fike preaniehpet ate ih Ura panera! edie sepeun dtatioisehlinBy i 
central. He is regarded by some to be the founder of finite group theory. The two-row notation for permutations 
was introduced by Cauchy. He also defined the product of permutations, inverse permutations, transpositions, 
and the cyclic notation. He wrote his first paper on this subject in 1815, but did not return to it for nearly thirty 
years. In 1844, he proved that every permutation is a product of disjoint cycles. 

He also did work of fundamental importance in the theory of determinants. His treatise on determinants, 
published in 1812, contains important results concerning product theorems and the inverse of a matrix. 

Cauchy enjoyed teaching. He published more than 800 papers and eight books. He died on May 22, 1857. 


Chapter 4 
Subgroups and Normal Subgroups 


In Chapter 2, we began a discussion of the evolution of group theory. This chapter seems a good place to renew 
the discussion. It took more than 100 years for the abstract concept of a group to evolve. The evolution followed 
lines similar to the evolution of other theories. First came the discovery of isolated phenomena, followed by the 
recognition of features common to all. Then came the search and classification of other instances. Next, general 
principles emerged. Last, the abstract postulates which define the system were uncovered. A deeper account can 


be found in Bell. 


4.1 Subgroups 


Let us consider the groups (Z, +) and (Q, +), where + is the usual addition of numbers, and note the following: 


1. Both these groups have the same binary operation. 
2. Zisa subset of Q. 


The same is true for the groups (Z, +) and (R, +); (Q, +) and (R, +); (R, +) and (C,+). Similarly, as seen in 
the previous chapter, both the groups (A, 0) and (S;,,0) have the same binary operations and A, is a subset of 
Sn. 

One can think of many examples, where the underlying set of one group is a subset of the underlying set of 
another group. This leads us to the concept of a subgroup. Before formally de fining subgroups, let us also note 
the following: ; 

Let (G,*) be a group and H be a nonempty subset of G. Then H is said to be closed under the binary 
operation * ifa*b € H for alla,b € H. 

Suppose H is closed under the binary operation *. Then the restriction of * to H x H is a mapping from H x H 
into H. Thus, the binary operation * defined on G induces a binary operation on H. We denote this induced 
binary operation on H by * also. Thus, (H, *) is a mathematical system. It also follows that * is associative as 
a binary operation on H, i.e., a * (b* c) = (ax b) *c for all a,b,c € H. If (A,*) is a group, then we call H a 
subgroup of G. More formally, we have the following definition. 


Definition 4.1.1 Let (G,*) be a group and H be a nonempty subset of G. Then (H,*) is called a subgroup of 
(G,*) if (H,*) is a group. 


Consider the group (Q,+) and its subgroups (Z,+). Now the identity elements of both these groups is 0. 
Next, leta Z.Thena QQ. Also, the inverse of a in Z as wellasinQis_ a. In other words, the inverse of a in 


Z and the iftverse of @ in€Q is the same. In general, we have the followingesult. 


Theorem 4.1.2 Let (G,*) be a group and (H,*) be a subgroup of (G,*). 
(i) The identity elements of (H,*) and (G,*) are the same. 
(ti) If h © H, then the inverse of h in H and the inverse of h in G is the same. 


Proof. (i) Let e# denote the identity of H and e denote the identity of G. Note that 
e€@H *€Hy —~ CH — CH *e. 


Hence, by the cancellation property, eg =e. This implies that the identity elements of G and H are the same. 
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(ii) Let h € H. Let h' denote the inverse of h in H and h~! denote the inverse of h in G. Then 
hxh’ =e=h' xh 
and 
h*xh-'=e=h ‘xh. 
Now 
=i 22) hha &) hae hoe. 


This implies that the inverse of hin H ariél thé inverse of ‘in & are the Same. 


Remark 4.1.3 If (G,*) is a group, then ({e}, *) and (G,*) are subgroups of (G,«). These subgroups are called 
trivial. 


Example 4.1.4 Consider the following list of groups. 

(7) ({O}, +), (Z, +), (Q, +), (R, +), (C, +), 

where + is the usual addition operation and - is the usual multiplication operation. Each group is a subgroup 
of the group listed to its right. For example, (Z,+) is a subgroup of (Q,+), (R, +), and (C, +), and (R\{0},-) zs 
a subgroup of (C\{0},-). 


Notation 4.1.5 In the remainder of the text, we shall generally use the notation G instead of (G,*) for a 


Pte Hoe BtGRIR” ax b. We shall refer to ab as the product of a and b. This notation is usually called 


Readers with some knowledge of linear algebra should notice the similarity with respect to the type of results 
and order of presentation of those which immediately follow. First comes a result which gives an easy method 
of determining if a nonempty subset is a substructure. This is followed by the result that the intersection 
of any collection of substructures is a substructure. Next, comes the definition of a substructure “generated” 
by a subset. Finally, a theorem describing the substructure generated by a given subset. These ideas appear 
throughout algebra. We will encounter them again, for example, when we examine the ideals of a ring. 

Let G be a group and H be a nonempty subset of G. To show that H is a subgroup of G, we need to show 
that H is a group under the binary operation of G. This requires us to show that H is closed under the binary 
operation, the binary operation is associative, H contains the idenntiy element, and every element of H has an 
inverse in H. Next theorem gives a criteria that can be effectively used to show that a nonempty subset of a 
group is a subgroup. 


Theorem 4.1.6 Let G be a group and H be a nonempty subset of G. Then H is a subgroup of G if and only if 
for alla,b € H, ab! € H. 


Proof. Suppose H is a subgroup of G. Let a, b € H. Because H is a subgroup, it is a group. Therefore, 
b € H implies that b~1 € H. Thus, ab~! € H because H is closed under the binary operation. 

Conversely, suppose H is a nonempty subset of G such that a, b € H implies ab~' € H. Because H + 0, 
there exists a € H. Now a,a € H. Therefore, e = aa! € H, i.e., H contains the identity. Next, let b € H. Then 
e,b € H, implies that b~' = eb~' € H. Thus, every element of H has an inverse in H. 

To show that H is closed under the binary operation, let a,b € H. Thena, b~' € H. Thus, ab = a(b~')~* € H. 
Hence, H is closed under the binary operation. From the statements preceding Definition 4.1.1, associativity 
holds for H. Hence, H is a group, so H is subgroup of G. 
| 


Corollary 4.1.7 Let G be a group and H be a finite nonempty subset of G. Then H is a subgroup of G if and 
only if for alla,b € H, ab € H. 


Proof. If H is a subgroup, then for all a,b € H, ab € H. 
Conversely, suppose that for all a,b € H, ab € H. Let h € H. Then h,h?,...,h”,... € H, so 


fhe dtaght yucca 


Because H is finite and the set {h,h?,...,h”,...} is a subset of H, it follows that all the elements of {h,h?,...,h”,... 
cannot be distinct. Thus, there exist integers r and s such that 0 < r < s and h” = h®. This implies that 
e=h*—" € H. Now s —r>1. Thus, e = hh*—"—* implies that h7' =h*-""! € H. 

Let a, b € H. Then a, b~! € H, so ab~+ € H by the hypothesis. Hence, by Theorem 4.1.6, H isa subgroup. 
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Theorem 4.1.8 Let G be a group and Z(G) ={b €G | ab = ba for alla €G}. Then Z(G) is a commutative 
subgroup of G. Z(G) is called the center of G. 


Proof. Since ae = a = ea for all ae G, e € Z(G) and so Z(G) £ @. Let a,b € Z(G). Then be = cb for all 
c € G. From this, it follows that cb~' = b~‘c for all c € G and so 6"! € Z(G). Now 


(ab-*)c = a(b-'c) = a(cb-*) = (ac)b"' = (ca)b- + = c(ab“*) 


fella by Ghanibsatton & A(@): Igence by Theorem 4.1.6, Z(G) isa subgroup of G. That Z(G) is commutative 
In the remainder of this section, we will see how new subgroups arise from existing subgroups of a group. 


Theorem 4.1.9 Let G be a group and {Hy | a € I} be any nonempty collection of subgroups of G. Then 
NeetHa is a subgroup of G. 


Proof. Each H,, is a subgroup. Therefore, e € Hq for alla € J. This implies that e € NaerHa, 80 Naer Ha 
# Q). To show that NaerHa is a subgroup, we will use Theorem 4.1.6. 
Let a, b € NaerHa. Now 


a,b € NaetHa 
=> a,b€ Hy forallacl 
=> ab +€ Hz. foralla€I_ because Ha is a subgroup for all a € I 
=> able Naer Ha. 


Consequently, Neer Ha is a subgroup of G by Theorem 4.1.6. 


Definition 4.1.10 Let G be a group and S be a subset of G. Let 
S={H| AH isa subgroup of Gand S C H}. 


Define 
(S) = OuesH, 
i.e., (S) is the intersection of all subgroups H of G such that S C H. 


(i) Thesubgroup (S) of G is called the subgroup generated by S. 
(ti) If G= (S), then S is called a set of generators for G. 


Remark 4.1.11 LetG be a group and S be a subset of G. Note that if either S = 0 or S = fe}, then (S) = {e}. 
Moreover, (G) =G. 


We now proceed to obtain a characterization of a subgroup generated by a nonempty subset in terms of the 
elements of the group. 

Let S ={H | H isasubgroup of Gand S C H}, where S # 9. It can be shown that (S,<) is a partially 
ordered set, where < denotes the set inclusion relation. In this poset, (.S') is the least element. Hence, (S) is the 
smallest subgroup of G which contains S. 

Because (S) is a subgroup of G, we must have for any s1,..., 8n € S, the product shi .--skn €(S), where 
ky = +1 for i= 1,2, ..., n. Thus, if A denotes the set {s*!.--sk» | s; € S, kj = +1,i = 1,2,...,n; n = 1,2, 
...}, then A C (S). Note that if s € S, then e = ss~' € A. In the following theorem, we show that A = (S). 
Therefore, S does “generate” (.S') in the sense of multiplying elements of S or their inverses together to build up 
the smallest subgroup containing S. 


Theorem 4.1.12 Let S be a nonempty subset of a group G. Then 
(S) = {okt ess k™ | 5; Se 41, d= 1,2).5.3n3 w= 1,2,..1. 
Proof. Let € 
A= {sf1...8k" | 5, ES, ky = +1,i=1,2,...,n; n=1,2,...}. 
We have already noted that A C (S). We show that (5S) C A by showing that A is a subgroup of G containing 
S. (Recall that (.S) is the smallest subgroup of G containing S.) 
Because 9 # Q, there exists s € S. Thens =s! € A,soS CA. Leta=s'{!---sim, b= ti! ---t3? € A. Then 


abot = (si vee gm) (p31 ee ae ve .+ + gimp Ja eg cA. 


Thus, A is a subgroup of G by Theorem 4.1.6. Hence, (5) C A. 
(| 
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Notation 4.1.13 Fora €G, we use the notation (a) rather than ({a}) to denote the subgroup of G generated 
by {a}. 


Corollary 4.1.14 Let G be a group and a € G. Then (a) = {a” | n € Z}. 


Proof. By Theorem 4.1.12, we have (a) = {a*1.--a*m | kj = +1, 1 = 1,2, ..., m; m = 1,2, ...} = 
Fgh erie | Bem ld = 1,9) vg MM — 1,2, ...} =fa™ |nme Zh 
a 


In the additive notation, we would have (a) = {na |n € Z}. 

Let n > 3. From Chapter 3, recall that A, is the set of all even permutations on the set [,. Moreoevr, 
in Chapter 3, we proved that every element of A, is a product of 3-cycles (Theorem 3.1.26). In the following 
theorem, we conclude that A, is generated by the set of all 3-cycles. 


Theorem 4.1.15 Letn> 3. Then An is generated by the set of all 3-cycles. 


Proof. Let (a bc) be a 3-cycle. Then (a b c) = (ac) 0 (a Bb), ie., (a bc) is a product of even number of 
transposition. Hence, every 3-cycle is an even permutation. This implies that every 3-cycle is in A,. By Theorem 
3.1.26, every element of A, is a product of 3-cycles. Hence, A, is generated by the set of all 3-cycles. 
| 

We now turn our attention to the product of subgroups. 


Definition 4.1.16 Let H and K be nonempty subsets of a group G. The product of H and K is defined to be 


th t 
ae HK ={hk| he H,k€ K}. 
Let H,, Ho, ..., Hy, be nonempty subsets of a group G. We define the product, Hi H2--- Hn, of Hi, Ho,..., 
H,, to be the set 
Ay, Ao--- Hy, = {hihg---Rn, | hy € Hi, = 1,2,...,n}. 


Example 4.1.17 Consider the group of symmetries of the square. Let H = {rsze0,di} and K = {rsz60,h}. Then 
Hand K are subgroups of G. Now 


HK = {r360r360, 7360, dirse0, dih} = {r360,h,d1, rao}. 


Now hd1 = re7o € HK, so HK is not closed under the binary operation. Hence, HK is not a subgroup of 
the symmetries of the square. Also, note that 


KH = {1'3607360; r360d1, hrseo, hdy} = {r360; d,,h,rozo}, 


and 
(HU K) = {r360, 790, 7180, 7270,h,v,d1, de}. 


Example 4.1.17 shows that in general the product of subgroups need not be a subgroup. In the following 
theorem, we give a necessary and sufficient condition for the product of subgroups to be a subgroup. 


Theorem 4.1.18 Let H and K be subgroups of a group G. Then HK is a subgroup of G if and only if 
AK = KH. 


Proof. Suppose HK is a subgroup of G. Let kh € KH, where hh € H and k € K. Now h= he € HK and 
k =ek € HK. Because H K is a subgroup, it follows that kh € HK. Hence, KH C HK. On the other hand, let 
hk € HK. Then (hk)~! € HK, so (hk)~* = hiki for some hi € H and ki € K. Thus, 


hk = (hiki1)' =ky hy’ € KH. 


This implies that HK C KH. Hence, HK = KH. 

Conversely, suppose HK = K H. Let hiki, hokg © HK, where hi, ho € H and ki, ko € K. We show that 
(hik1)(h2k2)~* € HK. 

Now ko € K and ho € H. Therefore, ky'hy' € KH = HK. This implies that ky'hy' = hgk3 for some 
h3 € H and k3 € K. Similarly, kih3 © KH = HK, so kih3 = haka for some ha € H and ka € K. Thus, 


(hiki)(hoke)~+ = hikikg thy? because (hak2)~* = ky thy 
= hykyhg3k3 substitute i i =h3k3 
hihakak3 € HK. substitute kih3 = haka 


Hence, H K is a subgroup of G by Theorem 4.1.6. 
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Corollary 4.1.19 If H and K are subgroups of a commutative group G, then HK is a subgroup of G. 


Proof. Since G is commutative, H K = KH. The result now follows by Theorem 4.1.18 
The following theorem gives another necessary and sufficient condition for a product of subgroups to be a 
subgroup. 


Theorem 4.1.20 Let H and K be subgroups of a group G. Then HK is a subgroup of G if and only if 


AK =(HUK). 

Proof. First suppose that H K is a subgroup of G. We show that HK = (HUK). 

Let h € H. Then h= he € HK. Thus, H C HK. Similarly, kK C Hk. Hence, HU K C HK. Now (HU Kk) 
is the smallest subgroup of G containing H U K, so it follows that (HU kK) C HK. 

Let hk € HK, whereh € H andk € K. Because H C (HU K) and K C (HU K), we haveh,k € (HUK). 
Thus, hk € (HU KK). This implies that HK C (HU K). Hence, HK = (HUK). 

The converse is immediate because (H U K) is a subgroup and HK = (HUK). @ 


Example 4.1.21 Let G= (a,b), where a? =e, b? =e, and (ab)? =e. Then 
(i) ab= ba", ba =a~1b, and ab = ba. 
(it) G is not commutative because ab F ba. 
(itt) ba® =a °b for all positive integers s. 
(iv) By (4) and (tit) 
risg a’ +8) iffi= 0 
abab { a’—shiti if i=. 


(v) Because a? =e = b?, every element of G id of the form ab'",0 <r <3,i=0,1 by (iv). 

(vi) G = {e,a,b,ab,a”,a7b}. Thus, |G| =6. 

(vii) o(a) = 3 = 0(a?), 0(b) = o(ab) = 0(ab) = 2. 

(viii) The only subgroups of G are {e}, (a) = (a”), (b), (ab), (a?b) , and G. 

G is called a dihedral group of degree 3 and is denoted by D3. In general, a dihedral group! of degree n is 
Dn = (a,b) , where (ab)? =e, o(a) =n, and o(b) =2. In Chapter 5, we consider, Da, a dihedral group of degree 
4, and study this group in detail. 


Worked-Out Exercises 
& Exercise 1 Let H be a subgroup of a group G. Let g € G. Prove that 


(8 Hy TAA. | h € H} is a subgroup of G, 


Solution (a) We first show that gHg~' 4 0 and then use Theorem 4.1.6. Since e= geg-' € gHg"', gHg* #9. 
Let ghig', ghag_? € gHg—'. Then 
(ghig ')(ghag"')" =ghig-‘gha'g ' =ghihg'g * © gHg™". 


—1 


Hence, gHg ~ is a subgroup of G. 


(b) Let g € G. To prove that |gHg"*| = |H|, we show that there exists a one-one onto function of H 
onto gHg~'. Define f : H — gHg™' by f(h) =ghg~' for all h € H. Let h,h’ € H. If h=h’, then 
ghg—' =gh'g7', ie., f is well defined. Also, ghg~' € gHg~'. Thus, f is a function of H into gHg7?. 
Suppose f(h) = f(h’). Then ghg~' = gh’g~'. From this it follows that h = h’. This shows that f is 
one-one. To show f is onto gHg™', let a € gHg~*. Then a= gbg—' = f(b) for some b € H, namely, 
b=g ‘ag. Thus, f is onto gHg~". 


Exercise 2 Prove that S,, is generated by {(1 2), (1 3), (1 4),...,(1n)}. 


Solution Let 7 be any permutation in S,. Then 7z is a product of transpositions. Thus, it is sufficient to show that 
if (¢ 7) is any transposition in S,,%< j, then 


(i 7) € ((1 2), (1 3), (1 4),..., (1 n)). 


This follows from the fact that (¢ 7) = (1 2) 0 (1 j) 0 (1 2). Hence, S, is generated by {(1 2), (1 3), (1 
A),...,(1n)}. 


'We show the existence of such groups in Chapter 7. 
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® Exercise 3 Find all subgroups of (Z, +). 


Solution Let H be a subgroup of Z. Suppose H 4 {0}. Let a be a nonzero element of H. Then —a € H. Since either 
aor —a isa positive integer, H contains a positive integer. With the help of the principle of well-ordering, 
we can show that H contains a smallest positive integer. Let a be the smallest positive integer in H. We 
claim that H = {na|n € Z}. 


Now na € H for alln € Zand so {na | n € Z} C H. On the other hand, let b € H. By the division algorithm, 
there exist c and r in Z such that b= ca+r,where0 r<a.Supposer 40. Thenr=b ca UH. Thus, 


A contains a positive integer smaller than @, a contradiction. Hence, ® = 0 and so b = ca-€ {n@|n € Z}. 
This implies that H C {na|n € Z}. Thus, H = {na|n € Z} for some a € Z. Also, for all n € Z, the set 
T = {nm|m € Z} = nZ isa subgroup of Z. Hence, nZ, n= 0,1,2,... are the subgroups of Z. 


Exercises 
1. Prove that H is a subgroup of the group G, where 
(a) H= {[0}, [2], [4], [6], [8], [10]}, G= Z12, 


(b) H= {[0), [3], [6], [9]}, G = Zr 
and where the group operation under consideration is +19. 


2. Let GL(2,R) denote the group of all nonsingular 2 x 2 matrices over R. Show that each of the following 
sets is a subgroup of GL(2,R). 


| a,b,c,d € R and ad — be= i 


go R080 


|a,b,c,d€ Randa 40}. 


e 2 | |a,b,c,d € R and cither a or bis nonzero} 


—b 
a 


| 
| 

(d) S= 1E : a,bied€ Rand ad £0}, 
| 


Ja,be Rand a? +6? 20}, 


oe 


a b 
(f) {| c d 1/4,b,e,d€ Zand ad—be=1 


3. Show that the set H-= {a+ bi € C* | a? +6? = 1} I subgroup of (C*,-), where - is the multiplication 
operation of complex numbers. 
4, Let G = {(a,b) |a,b € R, b £0}. Prove that (G, *) is anoncommutative group under the binary operation 
(a, b) * (c,d) = (a + bc, bd) for all (a,b), (c,d) € G. 
(a) Let H = {(a,b) €G| a= 0}. Show that H is a subgroup of G. 
(b) Let K = {(a,b) € G|b > 0}. Show that K is a subgroup of G. 
(c) Let T = {(a,b) € G| b= 1}. Show that T is a subgroup of G. 
(d) Find all elements of order 2 in G. 
5. In 93, determine the set T ={x $3| a? =e}. Is T asubgroup of $3? 
6. Determine the subgroup (4,6) in¢Z,+). 
7. In (Z,+), determine the subgroup generated by {4, 5}. 
8. List the elements of the following subgroups. 


CEE ECE Lo 


(b) (h,v) in the symmetries of the square. 


9. Leta = (123 4) and b = (24) € Sy. 
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10. 


11. 


12 
13. 
14. 
15. 


16. 
17. 


18. 
19. 


20. 


21 


(a) Find o(a) and o(b). 
Show that ba = a3b=a~'*b. 
Find H = (a, 6) in S4. 


Find |H]. 


(a) aba = b, 

(b) (a%b)? =e 
(c) ba?b =a’, 
(d) ba®b = a3 


Let G bea group. Prove that a nonempty subset H of G is a subgroup if and only if for all a,b € H, 
ab € H anda’ € H. 


Let G be a commutative group. Show that the set A of all elements of finite order is a subgroup of G. 
Let G be a group and a € G. Show that if a is the only element of order n in G, then a € Z(G). 

Show that Z7(S,,) = {e} for alln > 3. 

Let G be a group and a € G. Let C(a) = {b€ G | ba = ab}. Prove that C(a) is a subgroup of G and that 


Z(G) =n2°¢C(a). C(a) is called the centralizer of a in G. 
Prove that a group G cannot be written as the union of two proper subgroups. 


Let G be a group and H be a nonempty subset of G. 


(a) Show that if H is a subgroup of G, then HH = H. 
(b) If H is finite and HH C H, prove that H is a subgroup of G. 
(c) Give an example of a group G and a nonempty subset H of G such that HH C H, but H is nota 
subgroup of G. 
Let H be a subgroup of a group G. Prove that (H) = H. 


If A and B are subgroups of a group G, prove that AU B is a subgroup of G if and only if A C B or 
BCA.TIfC is also a subgroup of G, does a similar necessary and sufficient condition hold for AU BUC 
to be a subgroup of G? 


Let G be a commutative group. If a and b are two distinct elements of G such that o(a) = 2 = 0(b), show 
that |(a, b)| = 4. 


(a) Prove that S,, is generated by {(1 2),(123--- n)}. 
(b) Prove that S,, is generated by {(1 2), (2 3), (3 4),...,(n—1n)}. 


22 Show that (Q,-+) is not finitely generated. 


23 Let G be a group. Prove that if G is finite, then G has finitely many subgroups. 


24 Does there exist an infinite group with only a finite number of subgroups? 


25 For the following statements, write the proof if the statement is true; otherwise, give a counterexample. 


a) All nontrivial subgroups of (Z, +) are infinite groups. 
b) If A,B, and C are subgroups of a group G such that AUB CC, then ABC CC. 


(c) IfG is a noncommutative group, then Z(G) = {e}. 


(d) Let G be a group. If H is a nonempty subset of G such that a~* € H for all a € H, then H isa 
subgroup of G. 


(e) There exists a proper subgroup A of (Z,+) such that A contains both 2Z and 3Z. 
(f) If H is a subgroup of (Q,+) such that Z C H, then H = Q. 
(g) If H is a subgroup of (Q*,-) such that Z\{0} C H, then H = Q*. 
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4.2 Cyclic Groups 


In the previous section, we introduced the notion of a subgroup generated by a set. Groups that are generated 
by a single element, called cyclic groups, are of special importance. As we shall see throughout the text, these 
groups play an important role in studying the structure of a group. In fact, all of Chapter 9 revolves around 
these groups. Cyclic groups are easier to study than any other group. They have special properties, some of 
which we will discover in this section. 


Definition 4.2.1 A group G is called a cyclic group if there exists a€ G such that 
G= (a). 
We recall that (a) in Definition 4.2.1 is the set {a” | n € Z} (Corollary 4.1.14). 


Let G = (a) be a cyclic group and b,c € G. Then b = a” andc = a™ for some n,m € Z. Now 


be=a"a a a aa cb. 


This shows that G is commutative. Hence, every cyclic group is commutative. We record this result in the 
following theorem. 


Theorem 4.2.2 Every cyclic group is commutative. 


Example 4.2.3 (i) (Z,+) is a cyclic group because Z = (1). 
(tt) ({na | n € Z},+) (Example 2.1.8) is a cyclic group, where a is any fixed element of Z. 
(tit) (Zn, +n) is a cyclic group because Zn = ((1]) . 


Example 4.2.4 Leta be a symbol and n a positive integer. Define * by means of the following operation table. 


qr 2 q”™—2 q?—1 a n— n—-3 
qt q”™1 q® a n— n- 
Then ({a°,a’,...,a"~*},*) is a cyclic group generated by a’. 


Example 4.2.5 Consider the set G= {e,a,b,c}. Define * on G by means of the following operation table. 


From the multiplication table, it follows that (G,*) is a commutative group. However, G is not a cyclic group 
because 


(e) = fe}, (a) = fe, a}, (6) = {e,b}, and (c) = fe, c} 


and each of these subgroups is properly contained in G. G is known as the Klein 4-group. 


The next theorem gives the exact description of a finite cyclic group. 


Theorem 4.2.6 Let (a) be a finite cyclic group of order n. Then (a) = {e,a,a”,...,a” +}. 
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Proof. By Corollary 4.1.14, (a) = {a' |i € Z}. Because (a) is finite, there exist 7, 7 € Z (j > 7) such that 
a’ =a’. Thus, a?~' =e and j —1 is positive. Let m be the smallest positive integer such that a” =e. Then for 
all integers i, j such that 0 <i <j<m,a' 4a! otherwise aJ~' =e for some 0 < i < j < m, which contradicts 
the minimality of m. Hence, the elements of the set S = {e,a,a”, ..., a+} are distinct. Clearly S C (a). 
Let a® € (a). By the division algorithm, there exist integers g, r such that k = gqm+r,0<r< m. Thus, 
a® =at™*" = (a™)1a" =ea" =a" € S. Therefore, (a) C S. Thus, S = (a). Since the elements of S$ are distinct 
and (a) has order n, it must be the case that m =n. Wf 


The following corollaries are immediate from the proof of Theorem 4.2.6. We omit the proofs. 


Corollary 4.2.7 Let (a) be a finite cyclic group. Then o(a) = |(a)|. 


Corollary 4.2.8 A finite group G is a cyclic group if and only if there exists an element a € G such that 
o(a)=|G|. Hf 


As stated in the beginning of this section, cyclic groups have special properties. We now proceed to discover 
some of these properties. Subgroups of a cyclic group are themselves cyclic; this is proved in the next theorem. 


Theorem 4.2.9 Every subgroup of a cyclic group is cyclic. 


Proof. Let H be a subgroup of a cyclic group G = (a). If H = fe}, then H = (e), so H is cyclic. Suppose 
{e} Cc H. Then there exists b € H such that b ¥ e. Since b € G, we have b = a™ for some integer m. Thus, 
m #0 since b #e. Since H is a group, a~™ = b~! € H. Now either m or —m is positive. Therefore, H contains 
at least one element which is a positive power of a. Let n be the smallest positive integer such that a” € H. We 
now show that H = (a”). 

Now a” € H, so we must have (a”) C H. Let h € H. Then h = a” for some integer k. By the division algorithm, 
there exist integers q, r such that k = nq+r,0 <r <n. Since a” and a* € H, we have a” = a*—"! =a*(a")~4 € H. 
However, if r > 0, we contradict the minimality of n. Therefore, r = 0 so that a* = (a")? € (a"). Hence, H 
C (a"), so H = (a”). Thus, H is cyclic. & 


Corollary 4.2.10 Let G = (a) be acyclic group of orderm,m > 1, and H be a proper subgroup of G. Then 
H= (a*) for some integer k such thatk dividesm and k > 1. Furthermore, |H| divides m. 


Proof. If H = {e}, then H = (a™). Suppose that H & {e}. Let k be the smallest positive integer such that 
ak € H. Then H = (ay . Now there exist integers 7 and T such that ™ = qk +7, where9 <r <k, and 


a” =a" = g™a-% =g-* =((a")")' € H. 


The minimality of k implies that r = 0. Hence, m = gk and so k divides m. Since H #G, k > 1. Next, we show 
that | H| divides m. By Theorem 2.1.46(ii), o(a*) = Wao = 4 =4@ Asa result Corollary 4.2.7 implies that 
|H| = o(a*) = q. 


Since m = qk, we have q| m, i.e., |H| divides m. Ml 

By Corollary 4.2.10, if G is a finite cyclic group and H is a subgroup of G, then |H| divides |G|. This is a 
special case of a more general result, called Lagrange’s theorem, which we will prove in the next section. 

Let G = (a) be an infinite cyclic group. Then 0(a) is infinite and this implies that 0(a”) is infinite for any 


fi 
congqa integer feiehperthe ordpy offen ponidentaty dean emtaod isis pitmiletthibas nantzndalsuberoun ef 
infinite. Thus, every nontrivial subgroup of an infinite cyclic group is infinite. 

Now let G = (a) be a finite cyclic group of order n and H be a proper subgroup of G. Then by Corollary 
4.2.10, |H| divides |G|. If H = {e}, then |H| = 1 and if H =G, then |H| = |G| and so |H| divides |G|. Thus, 
the order of every subgroup of G divides the order of G. The following theorem shows that the converse of this 
result is also true for finite cyclic groups. 


Theorem 4.2.11 LetG bea finite cyclic group of order m. Then for every positive divisor d of m, there exists 
a unique subgroup of G of order d. 
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Proof. Let G = (a) and d be a positive divisor of m. Becuase d| m, there exists k € Z such that m = kd. 
Now a* € G and by Theorem 2.1.46(ii), 


o(at) = elt = ag 


a gcd(k, m) 
Let H= a® . Then |H| = 0(a*) =d. Thus, G has a subgroup of order d. Next, we establish that H is unique. 
Let K be a subgroup of order d. Let t be the smallest positive integer such that a’ K. Then K= a! . 
Because ‘ it of order d, o(at) = d by Corollary 4-2-7. But o(a*) = Zea(t;m) by Theofem 2.1.46 (ii). nee, 
d = sath Which implies that gced(t,m) = 4 =k. This shows that k | t. Let t = kl for some | € Z. Now 


at =a*' = (ak)! € H. Hence, K C H. Since |K| =|H| and H and K are finite, we have H = K. Thus, there 
exists a unique subgroup of order d. 


Worked-Out Exercises 
® Exercise 1 (Q, +)is not cyclic. 


Solution Suppose Q is cyclic. Then Q= ey for some = € Q, where p and q are relatively prime. Since oS EQ 


there exists n € Z, n #0 such that = = ne by Corollary 4.1.14. This implies that 4 =n €Z, whichisa 
contradiction. Thus, Q is not cyclic. 


Exercise 2 Let G be a group such that |G| = mn,m > 1, n> 1. Show that G has a nontrivial subgroup. 


Solution First suppose that G is cyclic. Let G = (@)- Then o(a) = mn. Clearly 0(a™) =n. Let H = (a™). Then 
H is a nontrivial subgroup of G. Now suppose that G is not cyclic. Then for all a € G, o(a) < mn by 
Exercise 26 (page 56). Let e £a € G and let H = (a). Then H isa nontrivial subgroup of G. 


® Exercise 3 Let G be an infinite cyclic group generated by a. Show that 


(a) a” =a’ if and only if r = t, where r,t € Z, 
(b) G has exactly two generators. 
Solution (a) Suppose a” = a’ and r # t. Let r > t. Then a” * = e. Thus, o(a) is finite, say, o(a) = n. 


Then G = {e,a, ...,a"~'}, which is a contradiction since G is an infinite group. The converse is 
straightforward. 


(b) Let G = (b) for some b € G. Since a € G= (b) and b € G= (a), a=b" and b =a’ for some r,t € Z. 
Thus, a= 6" =(a*)" =a". Hence, by (a), rt = 1. This implies that either r = 1=t or r 1%. 
1 1 


Thus, either b= @ or b=a™~ . Now from (a),@ #@~ . Therefore, G has exactly two generators. 
Exercise 4 (a) Let G = (a) be a finite cyclic group of order n. Show that a” is a generator of G if and only if 


gced(k, n) = 1, where k is a positive integer. 
(b) Find all generators of Zio. 


k 


Solution (a) Suppose a* is a generator of G. Since |G| =n, o(a*) =n. But o(a*) =——*—. Hence, n. 


d(k,n) * d(k,n) 
ge sn ged(k,n 
Thus, ged(k,n) = 1. Conversely, suppose that ged(k,n) = 1. Then o(a*) = sch) = n. Hence, 
|(a*)| =n. Since (a*) C Gand |G| =n, G= (a*). 


(b) Now Zio = ([1]) and |Zio| = 10. By (a), &[1] is a generator if and only if gcd(k, 10) = 1, where 
1<k< 10. Nowif k= 1,3,7, or 9, then gcd(k, 10) = 1. Thus, the generators of Zio are 1[1] = [1], 
3(1] = [3], ZL] = [7] and 9[1] = (9). 


Exercises 


1. Let G = (a) be a cyclic group of order 30. Determine the following subgroups. 


(a) (a°). 
(b) (a?). 
2. Let G be acyclic group of order 30. Find the number of elements of order 6 in G and also find the number 
of elements of order 5 in G. 
3. Prove that 1 and —1 are the only generators of Z. 
4. (a) Show that (R, +) is not cyclic. 
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(b) Show that (Q*,-) is not cyclic. 
(c) Show that (R*,-) is not cyclic. 


5. If Gis acyclic group of order n, show that the number of generators of Gis ¢(n), where ¢ is the Euler 
o-function. 


. Show that every proper subgroup of S3 is cyclic. 
. Give an example of a noncyclic Abelian group all of whose proper subgroups are cyclic. 


. Let G be a group. Suppose that G has at most two nontrivial subgroups. Show that G is cyclic. 


CAN DD 


. Let G be a finite group. Show that if G has exactly one nontrivial subgroup, then order of G is p? for 
some prime p. 


10. Let G be a noncommutative group. Show that G has a nontrivial subgroup. 
11. Give an example of an infinite group of order > 2 which contains a nontrivial finite cyclic group. 


12. Show that there are cyclic subgroups of order 1,2,3, and 4 in $4, but S4 does not contain any cyclic 
subgroup of order > 5. 


13. For the following statements, write the proof if the statement is true; otherwise, give a counterexample. 


(a) For every positive integer n, there exists a cyclic group of order n. 


(b) Every proper subgroup of Az is cyclic. 


3 . . 
(9) At isa cystic group: 
(e) All proper subgroups of (R, +) are cyclic. 


4.3 Lagrange’s Theorem 


In the last section, we noted that the order of a subgroup of a finite cyclic group divides the order of the group 
(Corollary 4.2.10). We also remarked that this is a special case of a general result, called Lagrange’s theorem, 
i.e., the order of a subgroup of a finite group divides the order of the group. Lagrange proved this result in 
1770, long before the creation of group theory, while working on the permutations of the roots of a polynomial 
equation. Lagrange’s theorem is a basic theorem of finite group theory and is considered by some to be the 
most important result in finite group theory. In this section, we prove this result. We begin with the following 
definition. 


Definition 4.3.1 Let H be a subgroup of a group G anda €é G. The sets aH = {ah|h € H} and Ha = {ha| 
h € H} are called the left and right cosets of H in G, respectively. The element a is called a representative of 
aH and Ha. 


If G is commutative, then of course aH = Ha. Observe that eH = H = He and that a = ae € aH and 
a=ea€é Ha. 


Example 4.3.2 Consider the symmetric group S3 (Example 3.1.8). Then 


m={o(339)G 13) 


1 2 3 


1 3 2 
are subgroups of S3. We now compute the left onf rif cosets of Hein S3. The left cosets of H in S3 are 


i 23 C2. 3 a aes 
€ 2 s)#=(3 3 i )H=(5 1 , )H=# 


and 
H = 


. 


and 
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and the right cosets of H in S3 are 


and 
1 2 8 1 2 8 1 2 8 
= 1 3 2 =e 3.2 1 = 2 Bo 
1 2\3 1 2. 3 17/2 3 
({(1 8) (2 1 8 (3G 1)}) 


Thus, for alla € S3, aH = Ha. ; ; 
Next, we compute the left and right cosets of H in S3. The left cosets of H in S3 are 


—~ 
Wr 
bo be 
Rw 
a ed 
ae 
II 
a 
Wr 
eS) 
bow 
= 
II 
— 
aN 
Wr 
bb 
ew 
NY 
aN 
wre 
re be 
bo w 
Ws a 
7 


and 


wo 


Cea et cee eee) 


——~ 
NR 
wre 
Rew 

NY 

a) 


and 


We see that 


Thus, the left and right cosets of H’ in S83 are not the same. 


There are some interesting phenomena happening in the above example. We see that all left and right cosets 
of H in S3 have the same number of elements, namely, 3; that there are the same number of distinct left cosets 
of H in S3 as of right cosets, namely, 2; that the set of all left cosets and the set of all right cosets form partitions 
of $3; and, finally, that 3-2 equals the order of S3. Similar statements hold for the subgroup H’. We show, in 
the results to follow, that these phenomena hold in general. 

In the next few theorems, we prove some properties of left and right cosets of a subgroup which will eventually 
lead us to the proof of Lagrange’s theorem. The following theorem tells us when two left (right) cosets are equal. 
It is a result that is used often in the study of groups. 


Theorem 4.3.3 Let H be a subgroup of a group G anda,be G. Then 
(i) aH = bH if and only if b-'a € H. 
(ii) Ha = Hb if and only if ab“ HH. 


Proof. (i) Suppose aH = bH. Sree a € aH and aH = DH, there exists h’ € H such that a = bh’. This 
implies that b-la=h’ € H. 

Conversely, suppose b-'a € H. Then there exists h’ € H such that b-'a =h’, ie., a = bh’. Let ah € aH. 
Then ah = bh'h € bH. This implies that aH C bH. Next, we show that bH C aH. Now b-!a=h’ implies that 
ah’~' =b. Let bh € bH. Then bh = ah’ 'h € aH. Hence, bH C aH. Consequently, aH = bH. 

(ii) The proof is similar to (i). We leave it as an exercise. Ml 


Theorem 4.3.4 Let H be a subgroup of a group G. Then for alla, b € G, either aH =bH or aHNbH = 0 
(i.e., two left cosets are either equal or they are disjoint). 
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Proof. Let a,b € G. Suppose that aH NbH # 0. We wish to show that aH = bH. Since aHN bH F 0, 
there exists c € aH 1 bH. Hence, c € aH and c € bH and so there exist hi, hg € H such that c = ah; and 
c= bhe. Thus, ah; = bh2 and from this, it follows that b-ta= hohj'. Therefore, bla € H. By Theorem 4.3.3(i), 
aH =bH. @ 


Corollary 4.3.5 Let H be a subgroup of a group G. Then {aH | a € G} forms a partition of G. 


aH DEP Sp Letiler aH oH & Gt risy 2 ip theset hale asst pefidtith ¢-38u Riser! 3-& fer all 
a€ G, UanepaH C G.If a€ G, then a € aH C UanepaH. Therefore, G C UanepaH. Hence, G= UanepaH. 
This shows that P satisfies (ii) of Definition 1.3.14. Consequently, P is a partition of G. 


Theorem 4.3.6 Let H be a subgroup of a group G. Then the elements of H are in one-one correspondence with 
the elements of any left (right) coset of H in G. 


Proof. Let a be any element of G and aH be a left coset of H in G. To show that the elements of H are 
in one-one correspondence with the elements of aH, we show that there exists a one-one function of H onto aH. 
Define f : H — aH by f(h) = ah for all h € H. Let hihi € A. If h = hi, then ah = ahi, ie., f(h) = f(h1). 
Hence, f is well defined. Suppose f(h) = f(h1). Then ah = ah; and this implies that h = hi. Thus, f is a 
one-one function. To show f is onto aH, let ah € aH, where h € H. Then ah = f(h). Hence, f maps H onto 
aH. Similarly, we can show that the elements of H are in one-one correspondence with the elements of Ha. @ 


The following corollary is immediate from Theorem 4.3.6. 


Corollary 4.3.7 Let H be a subgroup of a group G. Then for alla eG, |H|=|aH|=|Ha|. @ 


The next theorem says that there are the same number of left cosets as right cosets. 


Theorem 4.3.8 Let H be a subgroup of a group G. Then there is a one-one correspondence of the set of all left 
cosets of H in G onto the set of all right cosets of H inG. 


Proof. Let £ = {aH | a € G} be the set of all left cosets of H in Gand R= {Ha | a € G} be the set of 
all right cosets of H in G. To establish a one-one correspondence between the elements of £ and R, we need to 
show the existence of a one-one function of £ onto R. 


Define f : £L— R by 


1 
f(a) = HaW 

for allaH € CL. First note that Ha~! € R for alla € G. Let aH,bH € L. Suppose aH = bH. Then by Theorem 
4,3.3(i), b~'a € H. This implies that b~'(a~')~' = b7*a € H and so by Theorem 4.3.3(ii), Hb~' = Ha~'. Thus, 
f(bH) = f (aH). Hence, f is well defined. To show f is one-one, suppose f (aH) = f(bH). Then Ha! = Hb™! 
and soa~'(b~')~1 € H by Theorem 4.3.3(ii), i.c., a~'b € H. Therefore, b~'a = (a~'b)~' € H and so aH = bH. 
Hence, f is one-one. Since for all Ha € R, Ha = H(a~')~* = f(a 'H) and a~'H € L, it follows that f is onto 
R. Thus, f is a one-one function from £ onto R. Hf 


Definition 4.3.9 Let H be a subgroup of a group G. Then the number of distinct left (or right) cosets, written 
[G: H], of H in G is called the index of H in G. 


By Theorem 4.3.8, the number of left cosets and the number of right cosets of a subgroup H of a group G 
are the same. Thus, [G: H] is well defined. 

If G is finite, then of course [G : H] is finite. The following example is one, where G is infinite and [G: H] is 
finite. 


Example 4.3.10 Let n be a fixed positive integer. Consider the cyclic subgroup ((n), +) of (Z,+). Let k + (n) 
be a left coset of (n) in Z. By the division algorithm, there exist integers q and r such that k = qn +r, where 
O<r<n. Thenk—r=qne (n) and sok+(n) =r+(n) by Theorem 4.3.3. Suppose i+ (n) =j+ (n) , where 
0<i,j<n. Theni—j € (n) by Theorem 4.3.3. This implies that n|(4— 7) and so we must have i— j = 0 or 
i= since0<i,j <n. Thus, the distinct left cosets of (n) in Z are 0+ (n), 14+ (n), ..., w—14 (n). 


We are now ready to prove Lagrange’s theorem. It is interesting to note that Lagrange proved the result for 
the symmetric group S,. Some credit Galois for proving the result in general. 
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Theorem 4.3.11 (Lagrange) Let H be a subgroup of a finite group G. Then the order of H divides the order 
of G. In particular, 
|G| = [G: H]|H|. 


Proof. Since G is a finite group, the number of left cosets of H in G is finite. Let {a1H, a2H, ..., arH}be 
the set of all distinct left cosets of H in G. Then by Corollary 4.3.5, G= Uj_,ai:H and a;H Na;H = 9 for all 
i4#j,1<i,j <r. Hence, [G: H] =r and 

|G| = |a1H| + |a2AH|+---+ lar]. 
By Corollary 4.3.7, |H| = |a;H| for alli, 1 <i<r. Therefore, 


IG] = Hl + |i] +--- +4] 
De 
r times 
= r|H| 
= |G: H]\HI. 


Thus, the order of H divides the order of G. 


Corollary 4.3.12 LetG bea group of finite ordern. Then the order of any element a of G dividesn anda” =e. 


Proof. Let a € G and o(a) =k. Let H = (a). Then by Corollary 4.2.7, |H| = |(a)| = o(a) =k. Hence, by 
Theorem 4.3.11, k divides n. Thus, there exists q Z such that n = kq. Hence, a” = a"? =(a*)’ =e’ =e. & 
we Oily neal to MSO OR? Oh ers TOPE Sikive divicon of ne Ba crabs consider Baa and i &2 Zed Now 
|Z2o| = 20 and 1, 2, 4, 5, 10, and 20 are the only positive divisors of 20. Now 1[6] = [6] 4 [0], 2[6] = [12] A [0], 
4|6] = [24] = [4] ¥ [0], 5[6] = [30] = [10] ¥ [0], and 10[6] = [60] = [0]. Thus, o((6]) = 10. Hence, the above 
corollary can be used to find the order of an element in a finite group. 


Corollary 4.3.13 Let G be a group of prime order. Then G is cyclic. 


Proof. Since |G| > 2, there exists a € G such that a #e. Let H = (a). Then {e} C H and |A| divides |G]. 
But |G| is prime and so |H| = |G]. Since H C G and |A| = |G], it follows that G = H. Therefore, G is cyclic. 

Let H and K be subgroups of a group G. If either H or K is infinite, then, of course, H K is infinite. Suppose 
Hf and K are both finite. We know that HK need not be a subgroup of G. Thus, |HK| need not divide |G]. 
However, with the help of Lagrange’s theorem, we can determine | HK |. This is a very useful result and we will 
use it very effectively in this text. In the next theorem, we determine |HK| when H and K are both finite. 


Theorem 4.3.14 Let H and K be finite subgroups of a group G. Then 
A\\|K 
yk) — UAL 
| | IHN K| 
Proof. Let us write A = HK. Since H and K are subgroups of G, A is a subgroup of G and since A C H, 
A is also a subgroup of H. By Lagrange’s theorem, |A| divides |H|. Let n = a Then [H : A] =n andso A 
has n distinct left cosets in H. Let {x1 A, r2A,...,@%,A} be the set of all distinct left cosets of A in H. Then 
H =U}_,2;A. Since A C K, it follows that 
AK = (Uji ai A)K = Uji aik. 


We now show that 1k O2,;K =Oif i #7. Suppose 7K N2;K #90 for some i £7. Then 2;K =2;K. Thus, 
a, a; € K. Since x;'x; € H, x7 'a; € A andso2;A=2;A. This contradicts the assumption that 71A,...,¢%nA 


arg. Alfodishinct Ipfp coseta. Henge, riK,...,2"K are distinct left cosets of K. Also, |K| = |«?K| by Corollary 
|JHK| = |riK|+---+|rnk| 
= |Ki+--+IK| 
—_— 


nm times 


| 
The following corollary is an immediate consequence of the above theorem. 
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Corollary 4.3.15 Let H and K be finite subgroups of a group G such that HN K = {e}. Then 
|HK|=|H||K|.™ 


Let H and K be subgroups of a group G. If either H or K is infinite, then, of course, H K is infinite. Suppose 
Hf and K are both finite. We know that HK need not be a subgroup of G. Thus, |HK| need not divide |G]. 
However, with the help of Lagrange’s theorem, we can determine | HK |. This is a very useful result and we will 
use it very effectively in this text. In the next theorem, we determine |HK| when H and K are both finite. 


Theorem 4.3.16 Let H and K be finite subgroups of a group G. Then 


|H || K| 


HK|= 
JHE | = Ty 


Proof. Let us write A = HK. Since H and K are subgroups of G, A is a subgroup of G and since A C H, 
A is also a subgroup of H. By Lagrange’s theorem, |A| divides |H|. Let n = dn. Then [H : A] =n andso A 
has n distinct left cosets in H. Let {x1 A, r2A,...,@%,A} be the set of all distinct left cosets of A in H. Then 
H =Uj_,2;A. Since A C K, it follows that 


We now show that a,K a;K = ift Aj. Supposex;kK «;K # forsomei Aj. Then 2;k =2,K. Thus, 
ai tai € K. Since ti 12) @ A, xi fi € A and so ®IA = Xi ANThis corbradicts the assumption that 71A,...,2rA 
are all distinct left cosets. Hence, 71K,...,a%K are distinct left cosets of K. Also, | = |x; | by Corollary 
4.3.7 for alli = 1,2, ...,n. Thus, 
|HK| = |aiK| +--+ +|anK| 
= |Ki+--+1K| 
_—_—_—_——_ Ee 


a 
The following corollary is an immediate consequence of the above theorem. 


Corollary 4.3.17 Let H and K be finite subgroups of a group G such that H K = {e}. Then 
N 
|HK|=|H||K|.™ 


The following is known as Fermat’s little theorem. 


Theorem 4.3.18 (Fermat) Let p be a prime integer anda be an integer such that p does not divide a. Then p 
divides a?~1 — 1, i.e., 


p-1 _ 
a =p 1. 


Proof. Let U, = Z,\{0}. Then by Exercise 10 (page 55), U, is a group. Also, by Exercise 9 (page 55), 
|Up| = p— 1. Let a be an integer such that p does not divide a. Then [a] is a nonzero element of Z, and so 
[a] € Up. Thus, by Corollary 4.3.12, [a]?~* = [1], i-e., [a?~*] = [1]. Hence, a?~' =, 1 by Exercise 11 (page 23). 

We now discuss Euler’s generalization of Fermat’s little theorem. 

If p isa prime, then ¢(p) =p 1. Therefore, Fermat’s little theorem can be written as follows: 


If @ is a positive integer and P-is a prime such that gcd(a,p) =1, then 


a?(?) =, 1. 


Euler generalized this result from the case of a prime to an arbitrary integer n. The following theorem is the 
Euler’s generalization of Fermat’s Little Theorem. We leave the proof as an exercise. 


Theorem 4.3.19 (Euler) Leta and n be integers such that n> 0 and gcd(a,n) =1. Then 


a’ =, 1. 
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Worked Out Exercises 


Exercise 1 


Solution 


Exercise 2 


° 


Solution 


Exercise 3 


Solution 


Exercise 4 


Solution 


} Exercise 5 


Solution 


} Exercise 6 


Let H be a subgroup of a group G. Show that for alla € G, aH = H if and only ifa € H. 


Let a € G. Suppose aH = H. Then a = ae € aH = H. Conversely, suppose that a € H. Now for any 
h € H,ah € H. Hence, aH C H. Let h € H. Then a'h € H. Thus, h = a(a~th) € aH. Therefore, 
HT C aH, proving that aH = H. 


Let G be a noncyclic group of order p”, pa prime integer. Show that the order of each nonidentity element 
is D. 
Let g € G and g # e. Now o(g) divides |G| = p?. Hence, o(g) = 1,p or p”. Since g F e, o(g) A 1. If 


o(g) = p*, then G contains an element g such that o(g) = |G| and this implies that G is cyclic, which 
contradicts the hypothesis. Hence, o(g) = p. 


Let G = {a,b,c,d} be a group. Complete the following Cayley table for this group. 


a 
b 
Cc b 
d 


From the table, c? = b and db = b. Now db = b implies that d = e, the identity element of G. Since 
e=b#d, oe) 4 2. Hence, 0(c) = 4 Thus, G is acyclic group generated by C- Then G = {e ,c, c?, c}. 
nd c 


Sinced=ea = b, it follows that c? =a. Hence, the Cayley table is 


d 


ao o& 6 
eae os 
oa QO 
a ee AIO 
a0aerea 


Let G be a finite nontrivial group. Suppose for all a € G, there exists y € G such that x = y”. Prove that 
the order of G is odd and conversely. 


Suppose G' is of odd order. Then |G| = 2n +1 for some positive integer n and for all x € G, #?"*! =e. 


Now «?"t! =e implies x = x~?” =(a~")? =y?, where y= x~”. Conversely, suppose |G| is not odd. Let 
2 n 2n 


\@| = 2nrgudpbe $7 iTbea, there axists,4 € & spghntharr yo Bentrate GY By-Workbasolor eB 
(page 52), there exists z € G such that z #e and z” =e since |G| is even. Hence, e = 22"?! = zz?” = 
2(z?)™ = ze = z, which is a contradiction. So n is even, say, n = 2m. Then 2?” =e for alla EG. As 
before, we can show that x” = e for all x € G and m is even. Continuing in this way, we can conclude 
that «2? =e for all « € G. Let x € G. Then there exists y € G such that « = y?. Therefore, 2 = e. Thus, 


|G| =1, which is a contradiction. Consequently, G is of odd order. 
Let G be a group such that |G| > 1. Prove that G has only the trivial subgroups if and only if |G| is prime. 


Let |G| = p, pa prime. Let H be a subgroup of G. Then |H| divides |G|. This implies that |H| = 1 or p. 
Thus, H = {e} or H =G. Conversely, suppose that G has only the trivial subgroups. Let a € G be such 
that a #e. Now (a) = {a” | a € Z} is a cyclic subgroup of G and (a) # {e}. Therefore, G = (a). If G 
is infinite, then a” 4 a° for all r,s € Z, r As. Hence, {a?” |n € Z} is a nontrivial subgroup of G, which 
is a contradiction. Thus, |G| is a finite cyclic group of order, say, m > 1. Suppose m is not prime. Then 


7 Fhis dontsanietS the Godutption tat Ginees Ohl taadridd swblico&phdAmeyclicsubgranp. 4 of order 


Let G be a group of order p”, p a prime. Show that G contains an element of order p. 


Solution: Let a € G,a # e. Then H = (a) is acyclic subgroup of G. Now |H| divides |G] = p”. Thus, 
|H| = p™ for some m € Z,0< m <n. Now H is acyclic group of order p”. Hence, for every divisor d of p™, 
there exists a subgroup of order d. So for p, there exists a subgroup T of H such that |T| = p. By Corollary 
4.3.13, there exists b € T such that T = (b) and 6 is of order p. Hence, G contains an element of order p. 


Exercise 7 


Let G be a finite commutative group such that G contains two distinct elements of order 2. Show that |G| 
is a multiple of 4. Also, show that this result need not be true if G is not commutative. 
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Solution Let a and b be two distinct elements of order 2. Let H = {e,a} and kK = {e,b}. Now H and K are 


subgroups of G. Since G is commutative, H kK = {e,a,b,ab} is a subgroup of G of order 4. Now |HK| =4 
divides |G|. Thus, |G| is a multiple of 4. 


The symmetric group $3 is noncommutative, (1 2) and (13) are elements of S3, and each is of order 2. But 
4 does not divide |.S3| = 6. 


Exercise 8 Find all subgroups of S3. 
Solution $3 = {e, (12), (13), (23), (123), (13 2)}. o(1 2) =2, 0(13) =2, 0(23) =2, 0(123) =3, and o(13 


2) = 3. Now {e}, {e, (1 2)}, {e, (13)}, fe, (2 3)}, {e, (1 2 3), (13 2)}, and S3 are subgroups of S3. Let H 
be a subgroup of $3. Now |H| divides |G|. Thus, |H| = 1, 2,3, or 6. If |H| = 1, then H = {e}. If |H| = 6, 
then H = S3. If |H| = 2, then H is a cyclic group of order 2. Hence, H is one of {e, (1 2)}, {e, (1 3)}, {e, 
(2 3)}. Suppose |H| = 3. Then by Lagrange’s theorem, H has no subgroup of order 2. Thus, (1 2), (13), 
(23) ¢ H. Therefore, e, (1 2 3), (13 2) € H. Also, {e, (123), (13 2)} is a subgroup and so H = {e, (1 2 
3), (13 2)}. Hence, Ho = {e}, Hi = {e, (1 2)}, Ho = {e, (1 3)}, Hs = {e, (23)}, Ha = fe, (123), (13 
2)}, and Ss are the only subgroups of S'3. 


Exercises 


1. 


13. 


14. 


In S'3, 


(a) find all the right cosets of H = {e, (2 3)}, 
(b) find a subgroup B of G such that H(1 2 3) is a left coset of B. 


. Find all right cosets of the subgroup 6Z in the group (Z, +). 
. Let 


ie 12 3 4 1234 i 2-3 2 
Teh As oe Je) e 7 4 Bele At eB 


where e is the identity permutation. Show that H is a subgroup of $4. List all the left and right cosets of 
A in Sa. 


. Let H denote the subgroup {r3z60,h} of the group of symmetries of the square. List all the left and right 


cosets of H inG. 


. Find all subgroups of the Klein 4-group. 
. Find all subgroups of order 4 in S4. 
. Let G = {a,b,c,d} be a group. Complete the following Cayley table for this group. 


. Let G be a group and H and K be subgroups of G. Show that (HN K)x = Ha Kz for alla €G. 
. Let G be a group and H and K be subgroups of G. Let a,b € G. Show that either Ham Kb = @ or 


Han kb = (H1 K)c for some c€ G. 


fi 
. ReivgarkLet G be a group and H and K be subgroups of G of nite indices. Show that HK is of 
. Give an example of a group G and a subgroup H of G such that aH = bH, but Ha 4 Hb for some a, bE G. 
. Let G be a group of order pq, where p and q are prime integers. Show that every proper subgroup of G is 


cyclic. 


Let H be a subgroup of a group G. Define a relation ~ on G by for all a, b € G, a~ b if and only if 
b-'a € H (i.e., if and only if aH = bH). Show that ~ is an equivalence relation on G and the equivalence 
classes of ~ are the cosets aH, a € G. 


Let n > 1. Show that there exists a proper subgroup H of S, such that [S,: H] <n. 
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15. Let H and K be subgroups of a finite group G such that |H| > ./|G| and |K| > \/|G|. Show that 


|HNK|>1. 
16. Let |G| = pq, (p> ¢), where p and q are distinct primes. Show that G has at most one subgroup of order 
Dp. 


17. Let G be a group. If a subset A is a left coset of some subgroup of G, then show that A is a right coset of 
some subgroup of G. 


18. Let G be a finite group and A and B be subgroups of G such that A B_- G. Prove that 
Cc GC 
[G: A]= [G: B][B: Al]. - = 


19. Let G be a group such that |G| < 200. Suppose G has subgroups of order 25 and 35. Find the order of G. 

20. Let G be a group of order 35 and A and B be subgroups of G of order 5 and 7, respectively. Show that 
G= AB. 

21. Let A and B be subgroups of a group G. If |A| = p, a prime integer, show that either AN B = {e} or 
ACB. 

22. Let H and K be subgroups of a group G. Define a relation ~ on G by for all a, b € G, a ~ 6 if and only if 
b= hak for some h € H andke K. 


(a) Show that ~ is an equivalence relation on G. 
(b) Let a € G and [a] denote the equivalence class of a in G. Show that 


laj={hak|h H,k K}=Hak. 
E E 
The set Hak is called a double coset of H and Kk inG. 


(c) If G is a finite group, prove that 
Hl \|K 
Her| - —2UAL 
eae |H Naka-1| 


for alla €G. 


23. For the following, if the statement is true, then write the proof. Otherwise justify why the statement is 
false. 


(a) Every left coset of a subgroup of a group is also a right coset. 

(b) The product of two left cosets of a subgroup of a group is also a left coset. 
(c) There may exist a subgroup of order 12 in a group of order 40. 

(d) Let G = (a) be a cyclic group of order 30. Then [G: a® ]=5. 


(e) Every proper subgroup of a group of order Pp? (P a prfme is cyclic. 
(f) Let G be a group. If H is a subgroup of order p and K is a subgroup of order q, where p and q are 
distinct primes, then | HK | = pq. 


4.4 Normal Subgroups and Quotient Groups 


In the previous section, we saw that a subgroup H of a group G induced two decompositions of G, one by left 
cosets and another by right cosets. In other words, if H is a subgroup of a group G, then G can be written 
as a disjoint union of distinct left (right) cosets of H in G. These two decompositions were first recognized 
by Galois in 1831 in the context of permutation groups. Galois called the decomposition “proper” if the two 
decompositions coincide, i.e., if left cosets are the same as right cosets. We call such a subgroup normal in our 
present-day terminology. Normal subgroups are the subject of this section. Galois showed how the solvability 
of a polynomial equation by means of radicals is related to the concept of a normal subgroup of the group of 
permutations of the roots and the group, called the quotient group, created by the normal subgroup. 

Perhaps the notion of a normal subgroup is one of the most innovative ideas in group theory. I.N. Herstein 
(1923-1988) remarked about normal subgroups that “It is a tribute to the genius of Galois that he recognized that 
those subgroups for which the left and right cosets coincide are distinguished ones. Very often in mathematics 
the crucial problem is to recognize and to discover what are the relevant concepts; once this is accomplished the 
job may be more than half done.” 

Later C. Jordan defined normal subgroups without using the term normal as we define it in our present-day 
terminology. 

We shall see in this text that normal subgroups play a crucial role in obtaining structural results of groups. 
Let us now begin our study of normal subgroups. 
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Definition 4.4.1 Let G be a group. A subgroup H of G is said to be a normal (or invariant) subgroup of G 
if aH = Ha forallaceG. 


From the definition of a normal subgroup, it follows that for any group G, G and {e} are normal subgroups 
of G. 
If H is a normal subgroup of G, this does not always mean that ah = ha for all h € A and for all ac Gas 
shown by the following example. 
: : 1 2 3 
Example 4.4.2 Recall Example 4.3.2. H is a normal subgroup of S3. Consider h = ( 231 


£2 8) gf 1 28 
is 2 KB Be 


) € H. Then 


and 
Hence, 


even though 
1 2 3 1 2 3 
(' 3 oa 3 ) 
The following theorem gives a necessary and 4ufficient sondition fof a subgroup to be a normal subgroup. 
Fora € G,@#H CG, let aHa~' = {aha* |h € H}. 


Theorem 4.4.3 Let H be a subgroup of a group G. Then H is anormal subgroup of G if and only if for all 
a€G,aHa CH. 


Proof. First suppose that H is a normal subgroup of G. Let a € G. We now show that aHa~! C H. Let 
aha~' € aHa~', where h € H. Since H is a normal subgroup of G, aH = Ha. Also, since ah € aH, we have 
ah € Ha and so ah=h’a for some h' € H. Thus, aha =h' € H. Hence, aHa™! C H. 

Conversely, suppose aHa~! C H for all a € G. Let a € G. We show that aH = Ha. Let ah € aH, where 
h € H. Now aha € aHa™' and so aha! € H. Thus, aha~' = h’ for some h’ € H. This implies that 
ah=h'a Ha. Therefore, aH Ha. Similarly, we can show that Ha aH. Hence, aH = Ha. Consequently, 
“ ie ae a upohG. e that can be used to test the formality of a subgroup. We consider some of 
these criteria in exercises at the end of this section. 

The following theorem describes some important properties of normal subgroups. 


Theorem 4.4.4 Let H and K be normal subgroups of a group G. Then 
(i) HONK is anormal subgroup of G, 
(i) HK = KH is a normal subgroup of G, 
(wi) (HU K) = AK. 


Proof. (i) Since the intersection of subgroups is a subgroup, HM K is a subgroup of G. Let g € G. Consider 
g(HK)g~*. Let gag* be any element of g(HNK)g~', where a € HM K. Sincea € HONK, we have a € H and 
a € K. Hence, gag”' € H and gag~' € K. Thus, gag~' € HN K. This shows that g(HNK)g~' C HN K. Hence, 
HK is anormal subgroup by Theorem 4.4.3. 


of Giddtatercehgy thet BR = Aka behehns, Sn wkerad, Sih aM kh Ce Binge habe HRCe MALTY RERRUP 
AK C KH. Similarly, KH C HK andso HK = KH. Since H and K are subgroups and HK = KH, HK isa 
subgroup of G by Theorem 4.1.18. To show that HK is a normal subgroup, let g € G. Then gHg~! C H and 
gKg~' CK since H and K are normal subgroups. Now 

g(HK)g* = g(Hg~'gK)g™* 
(gHg")(gK9~") 
AK. 


Therefore, H K is a normal subgroup of G by Theorem 4.4.3. 
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(iii) By (ii), HK is a subgroup of G. Hence, by Theorem 4.1.20, 
HK =(HUK). 


| 

We know that if H and K are subgroups of a group G, then HK need not be a subgroup of G (Example 
4.1.17). By the above theorem, if H and K are normal subgroups, then HK is a normal subgroup and hence 
a subgroup. However, in order to show that HK is a subgroup, we only need either H or K to be a normal 


subgroup. We consider one of these situations in Exercise 14 (page 93). 
e now focus our attention on the study of quotient groups. First, let us consider the following example. 


Example 4.4.5 Consider the subgroup H' of Example 4.3.2. Now H’ is not anormal subgroup of S3. Let S'3/H' 
be the set of all left cosets of H' in S3. Now let us try to define a binary operation * on S3/H'. The natural way 
would be to define (71H’) * (72H’) to be (71 0 12) H’. Now 


and 


) 
a (EPC AG EA)” 
(( : 

) 


Since 
1 2 3 v 1 2 3 td 
€ 1 2 w#CG 2 5) H 
« is not well defined. That * is not well defined is due to the fact that H’ is not a normal subgroup of S3. 


Theorem 4.4.6 Let H be anormal subgroup of a group G. Denote the set of all left cosets {aH | a € G} by 
G/H and define * on G/H by for all aH, bH € G/H, 


(aH) (bH) =abH. 
Then (G/H, *) is a group. . 

Proof. First we show that * is well defined. Let aH, bH, a'H, b'H € G/H and suppose (aH, bH) = (a’H, 
b'H). Then aH = a'H and bH = b'H. We need to show that aH * bH = a/H « b'H or abH = a'b'H. Now 
aH = a'H and bH = b'H imply that a=a'h; and b = b’h2 for some hi, he € H. Thus, 

(a’b’)~* (ab) b’ta’tab 
= 0 ta'*a'hib‘he 
OthiW' he. 


Since H is a normal subgroup and hy € H, we have b’~'h,b/h2 = (b’"'hyb’)ho € H and so (a’b’) (ab) € H. 
Hence, abH = a’b'H by Theorem 4.3.3(i). Thus, * is well defined and so (G/H, *) is a mathematical system. 

Next, we show that * is associative. Let aH, bH, cH € G/H. Now (aH) * [(bH) * (cH)] = (aH) * (bcH) = 
a(bc)H = (ab)cH = (abH) (cH)=([(aH) (bH)| (cH). Hence, is associative. NoweH G/H and 


: (aH7) « (eH) aeH = aH =eaH = (eH) « (aH) . 


for allaH € G/H. Therefore, eH is the identity of G/H. Also, for allaH € G/H,a~'H € G/H and 
(aH) * (a 'H) =aa~'H = eH = a ‘aH =(a_‘H) * (aH). 
Thus, for all aH € G/H, a~'H is the inverse of aH. Consequently, (G/H,*) isa group. 


Definition 4.4.7 Let G be a group and H be a normal subgroup of G. The group G/H is called the quotient 
group of G by H. 
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Example 4.4.8 Consider the subgroup ((n) ,+) of the group (Z,+), where n is a fixed positive integer. Since Z 
is commutative, (n) is a normal subgroup of Z (Exercise 16, page 93). Hence, (Z/ (n),+) is a group, where 


(a+ (n)) + (b+ (n)) = (a+b) + (n) 


for all a+(n), b+ (n) € Z/ (n). In Example 4.3.10, we determined the distinct left cosets of (n) in Z. We found 
that 


Z/(n) = {0+ (n),14 (mn) ,24 (n),..., m—-14+ (n)}. 


Example 4.4.9 Consider the normal subgroup H of S3 of Example 4.4.2. Since |S3| = 6 and |H| = 3, [Ss : 
H| = 2 by Lagrange’s theorem. Now |53/H|= [S3 : H] = 2 and for allh € H,hH =H. Thus, eH =H, (1 2 
3)H =H and (132)H=H. We have shown in Example 4.3.2 that (23)H = (13)H = (1 2)H. Thus, 

S3/H = {H, (23)H}. 


We also note that S3/H is cyclic and (2 3)H is a generator for S3/H. 


Example 4.4.10 Consider Zg and let H = {(0],[4]}. Then H is a normal subgroup of Zg. Now |H| = 2 and 
|Zs| = 8. Thus, |Zg/H| =! =4. Hence, Zg/H has four elements. Now 
|| 


()+H=H=(4)+H, 
+= {(l, 5)}=[5] +2 


[2] + = {[2], [6]} = [6] + A, 


and 


Example 4.4.11 Consider Z4 x Ze, the direct product of Z4 and Ze. Let 


AT = (({0], [1])) = {(10], [0]), ({0}, (11), (10), (21), (10), [3]), (10), (41), (10], [5})}- 


Then H is a subgroup of Z4 x Ze and since Za x Ze is commutative, H is a normal subgroup of Z4 x Ze. Now 
|Z4 x Ze| = 24 and |H| = 6. Hence, 


|(2s x Zo) | =e — a, 


({m], [0]) + H. Let us now compute ([m], [0]) + H for m= 0,1,2,3. Now ((0], [0]) + H = H, 


({U), (0]) + A= {((), (0), (A), (J), (A), (2]), (C4, (3), (EH, (4), (CH, (5) 
([2], (0]) + H= {(2], (0)), (2), (J), (12, [2)), (21, 8)), (21. (4), (2), (5), 


and 


({3], [0]) + A= {([3}, (0)), (3), (J), (13), [2]), (3), 3), (3). (41), (13), [5))F- 
From above, we see that ([0}, [0]) + A, ({1], [0]) +H, ((2], [0]) + H, and ([3), [0]) +H are all distinct. Hence, 


(Za x Ze)/H = {([0]; [0]) + #, ([11; [0]) + 4, (21, (01) + 4, ([3), [0]) + A}. 
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Worked-Out Exercises 


Exercise 1 


Let H be a subgroup of a group G. Then W = NgecgHg~* is a normal subgroup of G. 


Solution: By Worked-Out Exercise 1 (page 75), gHg~' is a subgroup of G for all g € G. Since the intersection of 


Exercise 2 


Solution: 


Exercise 3 


Solution: 


Exercise 4 


Solution: 


} Exercise 5 


Solution: 


Exercise 6 


Solution: 


subgroups is a subgroup, W is a subgroup of G. Let « € G, w € W. Then w € gHg™' for all g € G. We 
show that zwa2~! € gHg~? for all g € G, which in turn will yield that zwx~! € W. Let g €G. 
—l € gHg"}. Then zwa7! 


Let us work our way backward and suppose xwx = ghg ' for some h € H. 
1 1 


Thus, 9 zw xz~ g=h€ H. This implies that 
(g-*x)w(g-*2)* € H. 


Set y = 21g. Then g = xy. Hence, in order to show that rwx~1 € gHg~' fora given g € G, first we need 
to find y € G such that g = wy. Since g = x(a~*g), we can choose y = xg. 

So there exists y € G such that g = xy. Since y € G, we have w € yHy—' and so w = yhy~* for some 
h € H. Therefore, rwx~' = a(yhy~!)a7! = xyhy7'a~* = (axy)h(ay)~! = ghg™' € gHg~'. Since g EG 
was arbitrary, cwa + € gHg~' for all g € G. Consequently, W is a normal subgroup of G. 


Let H be a subgroup of G. 


(a) Ifa? € H for all € G, prove that H is a normal subgroup of G and G/H is commutative. 
(b) If [G: H] =2, prove that H is a normal subgroup of G. 


1 
(a) Let 9 © Gand’ € H. Consider ghg~ and note that 


ghg* =(gh)?h-*g°?. 


Now h7! € H and by our hypothesis (gh)?, g~? € H. This implies that ghg~' € H, which in turn 
shows that gHg~' C H. Hence, H is a normal subgroup of G. To show that G/H is commutative, let 
xH,yH € G/H. We wish to show that «HyH = yHxH or cyH = yxH or (yx)~*(ay) € H. Consider 
(yx)~ (ay). Now 
(ya) * (ey) = (@7*y™) (ey) = @ ty) (yey)? 9. 

Since a? € H for alla € G, it follows that (x~*y~')?(yry~*)?y? € H and so (yx)~'(xy) € H. Thus, 
G/H is commutative. 

(b) We prove that H is a normal subgroup of G first by showing that 2? € H for all x € G and then by 
using (i). Suppose there exists x € G such that x? ¢ H. Then « ¢ H and so H and H are distinct 
left cosets of H in G. Since [G: H] =2, it follows that G/H ={H,xH}. Hence,G=H_ cH. This 


implies that 2 € H UH. Since x? ¢ H, we must have t? € @H . Hence, £2 = xh for sdune h € H. 
But then « = h € H, which is a contradiction. Hence, x? € H for all x € G. By (i), H is a normal 


subgroup of G. 


Let G be a group such that every cyclic subgroup of G is a normal subgroup of G. Prove that every 
subgroup of G is a normal subgroup of G. 


Let H be a subgroup of G. Let g € Gand a € H. Then g~‘ag € (a) C H. Hence, H is normal in G. 

Let H be a proper subgroup of G such that for all x,y € G\H, ry € H. Prove that H is a normal subgroup 
of G. 

Let x € G\H. Then xz! € G\H. Let y € H. Then zy € G\H. Thus, zy, x7! € G\H. Hence, ryx~' € H. 
Therefore, H is a normal subgroup of G. 

Let G be a group and {N; | i € Q} be a family of proper normal subgroups of G. Suppose G = U;N; and 
N, N; = {e} fori 47. Prove that G is commutative. 


Let(x, y € G. Then there exist i and j such that x € N; and y € Nj. Ift 43, then since Nj MN; = {e}, 
xy = yx (Exercise 13, page 93). Let i = 7. Now there exists z € G such that z ¢ N;. Then za ¢ N;. Hence, 
za € N, for some 1 £7 and so (zxz)y = y(zaz). Thus, z(xy) = (za)y = y(zz) = (yz)a = (zy)x = z(yx). This 
implies that ry = yx. Consequently, G is commutative. 


Let H be a subgroup of a group G. Suppose that the product of two left cosets of H in G is again a left 
coset of H in G. Prove that H is a normal subgroup of G. 


Let g € G. Then gHg 'H =tH for some t € G. Thus, e = geg-‘e € tH. Hence, e = th for some h € H. 


Thus, t = h~! € H so that tH = H. Now gHg~1 C gHg 1H =H. Therefore, H is a normal subgroup of 
G. 
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® Exercise 7 Let G be a group. Show that if G/Z(G) is cyclic, then G is commutative. 


Solution: Write Z = Z(G). Let G/Z = (gZ). Let a,b € G. Then aZ,bZ € G/Z. Hence, aZ = g"Z and bZ =g"™Z 
for some n,m € Z. Then a € g”Z and be g™Z. Thus, a = g"d and b = g'"h for some d,h € Z. Now 
ab = g"dg"h = g"g''dh (since d € Z) =g"t™hd (since h € Z) =g™g"hd = g™hg"d = ba. Hence, G is 
commutative. 

Exeygises 
H- 12 3 4 12 3 4 12 3 4 
ee ea Be SM a Bk a ae 
where e is the identity permutation. Determine whether or not H is a normal subgroup of S4. 
2. Let H denote the subgroup {r3e6o0, 2} of the group of symmetries of the square. Determine whether or not 
His anormal subgroup of G. 
3. Let G be a group and H be a subgroup of G. Show that H is normal if and only if ghg~' € H for all 
geG,he dH. 
4. Let G be a group and H bea subgroup of G. If for all a, b € G, ab € Hl implies ba € H, prove that H isa 
normal subgroup of G. 
5. Let H be a proper subgroup of a group G and a € G, a ¢ H. Suppose that for all b € G, either b € A or 
6. FG He hoy thet Helga poral VRS Gberoup of G. 


7. Let G be a group. Let H be a subgroup of G such that H C Z(G). Show that if G/H is cyclic, then 


10. 


11. 
12. 


13. 


14. 


15. 
16. 
ive 
18. 


G= Z(G), i.e., G is commutative. 


. Let H and K be subgroups of a group G such that H is a normal subgroup of G. Prove that HN K isa 


normal subgroup of K. 


. Determine the quotient groups of 


(a) (E,+) in (Z,+), 
(b) (Z,+) in (Q, +), 
(c) (([4]), +12) in (Zaz, +12) 
(d) (4Z,+) in (Z, +). 


Let H be a normal subgroup of a group G. Prove that if G is commutative, then so is the quotient group 
G/H. 


If H is a subgroup of finite index in (C*,-),then prove that H = C* 
Let H bea nonempty subset of a group G. The set N(H) = {a € G| aHa~! = H} is called the normalizer 
of H inG. 


(a) Prove that N(#) is a subgroup of G. 
Suppose H is a subgroup of G. 
(b) Prove that H is normal in G if and only if N(H)=G. 
(c) Prove that H is normal in N(H). 
(d) Prove that N(#) is the largest subgroup of G in which H is normal, i.e., if H is normal in a subgroup 
K of G, then kK C N(#). 
Let H and K be normal subgroups of a group G. If HN K = {e}, prove that hk = kh for all h € H and 
kek. 


Let G be a group. Let H be a subgroup of G and K be anormal subgroup of G. Prove that HK is a 
subgroup of G. 


Give an example of a noncommutative group in which every subgroup is normal. 

Show that every subgroup of a commutative group is normal. 

Let H be a normal subgroup of a group G such that |H| = 2. Show that H C Z(G). 

Show that if H is the only subgroup of order n in a group G, then H is a normal subgroup of G. 
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19. 


20. 
21. 


4, Subgroups and Normal Subgroups 


Let K = {e, (1 2) 0(34), (14) 0 (32), (13) 0(24)}. 


(a) Show that K is the only subgroup of order 4 in Aa. 
(b) Show that kK is a normal subgroup of Aa. 


Show that A, has no subgroup of order 6. 
Find all subgroups of Aq. 


22. Prove that An is the only subgroup of index 2 in Sn. 


23. 


24. 


25. 


Let G be a group. An equivalence relation p on G is called a congruence relation if 
for all a,b,c € G,apb implies that capcb and acpbc. 
Let H be a normal subgroup of G. Define the relation py on G by 
for all a, b € G,apyb if and only if a ‘be H. 
Prove that 


(a) Pz is a congruence relation on G, 

(b) The pz, class apy = {b € G | apzzb} is the left coset aH, 

(0) H=epy. 
Let H be a subgroup of a group G. Define a relation pj, on G by py = {(a,b) € Gx G|a~'b € H}. Show 
that if p,;, is a congruence relation, then H is a normal subgroup of G. 


Let p be a congruence relation on a group G. Show that there exists a normal subgroup H of G such that 
p={(a,b)€GxG|a‘be A}. 


26. For the following statements, write the proof if the statement is true; otherwise, give a counterexample. 


(i) A subgroup H of a group G is a normal subgroup if and only if every right coset of H is also a left 
coset. 


(ii) If A, B and C are normal subgroups of a group G, then A(BMC) is a normal subgroup of G. 

(iii) If A is a normal subgroup of a finite group G, then [G: A] = 2. 

(iv) Every commutative subgroup of a group G is a normal subgroup of G. 

(v) If G is a group of order 2p, p an odd prime, then either G is commutative or G contains a normal 


euberpupet oe of a group G is of finite order, then G is a finite group. 
(vii) As is the only nontrivial normal subgroup S5. 
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Joseph Louis Lagrange (1736-1813) was born on January 25, 1736, in Turin, Italy. He spent the early 
part of his life in Turin. While there he was involved in carrying out research work in calculus of variations and 
mechanics. 

In 1766, Lagrange was invited by the Prussian king, Frederick II, to fill the position vacated by Euler in 
Berlin. Frederick the Great proclaimed in his appointment that “the greatest king in Europe” ought to have 
“the greatest mathematician in Europe.” In 1787, after the death of Frederick II, he went to Paris, accepting an 
invitation from Louis XVI. In 1797, he accepted a position at the newly formed Ecole Polytechnique in Paris. 


He was made a count by Napoleon and remained at the Ecole Polytechnique till his death. He died on April 10, 


Throughout his life, Lagrange did work of fundamental importance. He made numerous contributions to 
many branches of mathematics, including number theory, the theory of equations, differential equations, celestial 
mechanics, and fluid mechanics. In 1770, he proved the famous Lagrange’s theorem in group theory. 

He is responsible for the work leading to Galois theory. In his paper, “Réflexion sur la théorie algébriques des 
équations,” Lagrange carefully analyzed the various known methods to solve a polynomial equation of degree < 4 
by means of radicals. He was interested in finding a general method of solution for polynomials of higher degree. 
He was unable to find a general solution, but in his paper he introduced several key ideas on the permutations 
of roots which finally led Abel and Galois to develop the necessary theory to answer the question. Lagrange’s 
work on the solution of polynomial equations is one of the sources from which modern group theory evolved. 
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Chapter 5 


Homomorphisms and Isomorphisms 
of Groups 


One of the main uses of the concept of an isomorphism is the classification of algebraic structures—in particular, 
groups. Readers with some knowledge of linear algebra may recall that the concept of an isomorphism is used 


bo enepletely qhumacteaensctan ease WHS Ag 84zB hoes Race Anti PS ERS A bei SPSL ae Ne RRR 
by means of another. This is done in linear algebra, where it is shown that the vector space of all linear 
transformations from one finite dimensional vector space into another is isomorphic to a certain vector space of 
matrices. 


5.1 Homomorphisms of Groups 


In this section, we consider certain mappings between groups. These mappings will be defined in such a way as 
to preserve the algebraic structure of the groups involved. More precisely, suppose we are given a function f from 
a group G into a group Gi, where *; denotes the operation of G;. Let a, b € G. Then under f, a corresponds to 
f(a), b to f(b), and ax b to f(axb). If f is to preserve the operations of G and Gi, a * b must correspond to 
f(a) *1 f (6). Since f is a function, this forces the requirement that f(a * b) = f(a) *1 f(b). 


Definition 5.1.1 Let(G,*) and (Gi, *1) be groups and f a function from G into G1. Then f is called a homo- 
morphism of G into Gi if for alla,b€ G, 


f(a* b) = f(a) *1 f (6). 


Let the identity element of the group G, be denoted by e1. 

Define f :G — Gi by f(a) =e: for all a € G. Since f(a* b) =e1 =e1 *1 €1 = f(a) *1 f(b) for all a,bE G, 
we find that f isa homomorphism from G into G;. This shows that there always exists a homomorphism from 
a group G into a group G1. This homomorphism is called the trivial homomorphism. 

The identity map from G onto G is also a homomorphism. 

Before we consider more examples of homomorphisms, let us prove some basic properties of homomorphisms. 


Theorem 5.1.2 Let f be a homomorphism of a group G into a group Gi. Then 

i) f(e)=e1. 

ii) f(a) = f(a)" for all acG. 

iit) If H is a subgroup of G, then f(H) = {f(h)| h © H} is a subgroup of Gi. 

iv) If Hy is a subgroup of Gi, then f~'(M1) = {g € G| f(g) € Mi} is a subgroup of G, and if Hy is a 
normal subgroup, then f—~'(H1) is a normal subgroup of G. 

uv) If G is commutative, then f(G) is commutative. 

vt) If a € G is such that o(a) =n, then o(f(a)) divides n. 


Proof. (i) Since f isa homomorphism, f(e)f(e) = f (ee) = f(e) = f(e)e1. This implies that f(e) = e1 by 
the cancellation law. 
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(ii) Let a € G. Then PROHIC ~1) = f(aa~') = f(e) = e1. Similarly, f (a~') f(a) =e1. Since f (a) has a unique 
inverse, f(a~*) = f(a)7*. 

Git) Let H be a subgroup of G. Then e € H and by (i), f (e) = e1. Thus, e1 = f(e) € f(H) and so f(H) £90. 
Let f(a), f(b) € f(H), where a,b € H. Since H is a subgroup, ab~' € H. Thus, f(a)f(b)~* = f(a)f(b"') = 
f(ab~') € f(A). Hence, by Theorem 4.1.6, f(H) is a subgroup of G1. 

(iv) By (i), e € f-'(M1) and so f~'(M1) 4 @. Let a,b € f~'(M1). Then f(a), f(b) € Hi. Hence, f(ab~') = 
f(a)f(b-') = f(a)f(b)~* € Hy and so ab“! € f~'(H,). Thus, by Theorem 4.1.6, fh) is a subgroup 


a Boypost i} g'9 papal subgppurrot Gnielsted s GE Wleneaw RNY pH) 25 fo P2 
ae (b) f(g)~* € Hi since Hy is a normal subgroup of G; and f(b) € Hy. Hence, a € f~'(Hi) and this shows 
that gf~'(Hi)g~' C f~'(1). Thus, f~'(H1) is a normal subgroup of G. 

(v) Suppose G is commutative. Let f(a), f(b) € f(G). Then f(a)f(b) = f (ab) = f(ba) = f(b) f(a). Hence, 
f(G) is commutative. 
(vi) Since (f(a))” = f(a") = f(e) = e1, we have o(f(a)) divides n by Theorem 2.1.46. ll 


Definition 5.1.3 Let f be a homomorphism of a group G into a group Gy. The kernel of f, written Ker f, is 
defined to be the set 
Ker f={aeEG| f(a) =e}. 


By Theorem 5.1.2, e € Ker f. 


Example Bids dn deefinid pg Menor. fred $: ty ina lZ”, +") by f(a) = [a] for alla € Z. From the definition 


f(a +b) = [a+b] = [a] +n [6] = f(a) +n f (0). 
Thus, f isahomomorphism of Z onto Z,. Now 


Kerf = {a€Z| f(a) = [0]} 

= {a€Z| [a] = [0]} 
{a €Z|a is divisible by n} 
{a €Z|a=qn for some q € Z} 
{qn |q€ Z}. 


The above example shows that a nontrivial finite group may be an image of an infinite group under a 

homomorphism. By Theorem 5.1.2(v), a noncommutative group cannot be an image under a homomorphism of 
fi 

alenrama teddenetohipy cla tbmonrrphisnpleom@¢showothyt two nite groups G and G" having same number of 


Example 5.1.5 The groups Z4 x Za and Zg x Ze are commutative and each is of order 16. Suppose there exists 
a homomorphism f of Z4 x Z4 onto Zg x Zp. Now a = (([7], [0]) € Zg x Ze and o(a) = 8. Since f is onto Zg x Zo, 
there exists b € Za x Z4 such that f(b) =a. By Theorem 5.1.2(vi), o(f(b)) divides o(b). Since o( f(b)) = 8 and 
Za X Z4 has elements of order 1,2, and 4 only, o( f(b)) cannot divide 0(b). This is a contradiction. Hence, there 
does not exist any homomorphism from Z4 xX Za onto Zg x Za. 


Definition 5.1.6 Let G and G; be groups. A homomorphism f : G— G, is called an epimorphism if f is 
onto G1 and f is called a monomorphism if f is one-one. If there is an epimorphism f from G onto Gi, then 
G1 is called a homomorphic image of G. 


The homomorphism in Example 5.1.4 is an epimorphism, but not a monomorphism. 


Example 5.1.7 Let R* be the group of all nonzero real numbers under multiplication. Define f : R* — R* by 
f(a) =|a|. Now f(ab) = |ab| = |a| |b] = f(a) f(b), which implies that f is a homomorphism. Since f(1) =1= 
f(—1) and1 4 —1, f ts not one-one. Also, from the definition of f, it follows that f is not onto R*. Hence, f is 
neither an epimorphism nor a monomorphism. 


The following theorem gives a necessary and sufficient condition for a homomorphism to be a one-one mapping 
in terms of its kernel. 


Theorem 5.1.8 Let f be a homomorphism of a group G into a group Gi. Then f is one-one if and only if Ker 


f = {e}. 
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Proof. Suppose f is one-one. Let a € Ker f. Then f(a) = e1 = f(e) by Theorem 5.1.2(i). Since f is 
one-one, we must have a = e. Hence, Ker f = {e}. Conversely, suppose that Ker f = {e}. Let a, b € G. Suppose 
f(a) = f(b). Then 

flab) = Fla) f(0) = f(@) f(b)" = 
Thus, ab~' € Ker f = {e} and so ab~' =e, ie.,a = b. This proves that f is one-one. Ml 


Theorem 5.1.9 Let f be a homomorphism of a group G into a group Gi. Then Ker f is a normal subgroup of 
G. 


Proof. Since e € Ker f, Ker f 4 @. Let a, b € Ker f. Then f(ab~') = f(a) f(b-') = f(a) f(b)" + =e1(e1)* = 
€1€1 =€1. Thus, ab~+ € Ker f and hence Ker f is a subgroup of G by Theorem 4.1.6. Let a € Gand h € Ker 
f. Then f(aha~') = f(a)f(h) f(a") = f(a) f(h) f(a)~* = f(aerf(a)~ =e1. Therefore, aha~* € Ker f. This 
proves that aKer fa~! C Ker f. Hence, Ker f is a normal subgroup of G by Theorem 4.4.3. 


Example 5.1.10 Let GL(2,R) = { | : : |a,b,c,d€ R, ad— bc £0 > be the noncommutative group of Ex- 
ample 2.1.14. Let R* be the group of all nonzero real numbers under multiplication. Define f : GL(2,R) — R* 


i((i i) 


for all | : § | € GL(2,R). Let | u b | | a | € GL(2,R). Now 


([o alle s]) = (bree cota 
Gg + ds) — (av + bs)(cu + dw) 


(ietyi((s sD) 


This proves that f is ahomomorphism. To show that f is onto R*, let a € R*. Then E 0 i. € GL(2,R) and 


f 
(au 
= (ad 
f 


f . a =a. Hence, f is onto R*. Since f | : =a=f 


a l 
01 ”’ 
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commutative group. 


: and 


a a O 
0 1 0 1 


Example 5.1.11 Consider S3 and the normal subgroup 
H= 1 2 3 1 2 3 1 2 3 
7 12 3/)/’\ 2 3 1/’\ 3 1 2 : 
Define f :S3 > S3/H by for all x € S3, f(7) =aH. Then 


f(mo r’) = (ro w)H = (rH) o (x' H) =f(m)o f(x’) 
for all x,’ S3. Hence, f is a homomorphism. Also, Ker f={a S3|aH=H}={a S3|a H}=H. 


In Tera 5.1.9, we showed that if f is a homomorphism Le group into a bet Cis thes Ker f isa 
normal subgroup of G. In the following theorem, we show that every normal subgroup H of a group G induces 
a homomorphism g of G onto the quotient group G/H such that Ker g = H. We note that in Example 5.1.11, 
the conclusion did not depend on the nature of S3. The conclusion was made by use of general arguments. This 
also leads us to the following theorem. 


Theorem 5.1.12 Let H be anormal subgroup of a group G. Define the function g from G onto the quotient 
group G/H by g(a) = aH forallae G. Then g is ahomomorphism of G onto G/H and Ker g = H. (The 
homomorphism g is called the natural homomorphism of G onto G/H.) 
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Proof. From the definition of g, it follows that g is a function from G onto G/H. To show g is a homomor- 
phism, let a, b € G. Then g(ab) = (ab) H = (aH)(bH) = g(a)g(b). Hence, g is a homomorphism of G onto G/H. 
Finally, we show that Ker g = H. Now a € Ker g if and only if g(a) = eH if and only if aH = eH if and only if 
eta € H if and only ifa € H. Thus, Ker g= H. @ 

We now define a particular type of homomorphism between groups in order to introduce the important idea 
of groups being algebraically indistinguishable. 


Definition 5.113 4 pomomarphism £ ef. shou Giptoagroup Ge ¢calied an jomorphiem of G onto 


isomorphism of a group G onto G is called an automorphism. 


For a group G, Aut(G), denotes the set of all automorphisms of G. 
In the following theorem, we collect some properties of isomorphisms, which will be useful in determining 
whether given groups are isomorphic or not. 


Theorem 5.1.14 Let f be an isomorphism of a group G onto a group Gi. Then 
(i) f~* : Gy > G is an isomorphism. 
(it) G is commutative if and only if Gi is commutative. 
(itt) For all a € G, o(a) = o(f(a)). 
(iv) G is a torsion group if and only if Gi is a torsion group. 
(v) G is cyclic if and only if Gi is cyclic. 


Proof. (i) Since f is one-one and onto G1, f~* is one-one and onto G. Now we only need to verify that f~ + 
is a homomorphism. Let u,v € G1. Then there exist a,b € G such that f(a) = u and f(b) = v. This implies 


that a= f—+(u), b= f—1(v), and wv = f (a) f(b) = f (ab). Thus, f~t(uv) = ab = f—*(u)f—*(v) and so f~' isa 
homomorphism. Hence, f~! is an isomorphism. 

(ii) Suppose G is commutative. Let u,v € G1. Since f is onto G1, there exist a,b € G such that f(a) =u 
and f(b) = v. Now 


uo = f(a) f(b) = f(ab) = f(ba) = f(6) f(a) = vu. 


Thus, G1 is commutative. Conversely, suppose G1 is commutative. Let a, b € G. Now 


flab) = f(a) f(b) = FO) F(a) = f (ba). 


Since f is one-one, we have ab = ba. This proves that G is commutative. 
(iii) Let a € G. By induction, it follows that for all positive integers n, f(a”) = (f(a))”. Since f is one-one, 
for allb € G, f(b) = e1 if and only if b =e. Hence, a” =e if and only if (f(a))” = e1. Thus, a is of finite order if 


andanly if f(A) is offinite orden Suppose e(a) = mand (fa) =. Singe e eNG arate PL RSoteRR 
integers and m divides n and n divides m, it follows that m =n. 

(iv) This follows immediately by (iii). 

(v) Suppose G is cyclic. Then G = (a) for some a € G. Since f(a) € Gi, (f(a)) C Gi. Let b € Gy. Since f is 
onto G1, there exists c € G such that f(c) = b. Now c= a” for some n € Z. Thus, 


b= f(e)= f(a") = (F(@))" € (F@). 


Hence, G1 = (f(a)) and so G; is cyclic. The converse follows since f~* is an isomorphism. Mi 

In order to develop a feel for two groups being algebraically indistinguishable, let us consider two sets S and 
S’ such that there is a one-one function f of S onto S’. Then in a set-theoretic sense, S and 9’ are the same sets 
“under f”. For instance, let A and B be subsets of S. Then f(A) and f(B) are corresponding subsets of S”. 
Now f(ANB) = f(A)Nf(B) and f(AUB) = f(A)U f(B); that is, union and intersection are preserved under f. 
Other purely set-theoretic operations can be seen to be preserved under f also. Now suppose binary operations 


* and *’ are defined on S and 9’, respectively, so that (5, *) and (S’, *’) are groups. Now even though 9 and 9’ 
are the same sets “under f,” they need not be the same as groups, i.e., f may not preserve operations. We have 


seen that the requirement for f to preserve operations is that f(a *b) = f(a) *’ f(b) for alla, bE S. 
We now consider examples of groups that are isomorphic and examples of groups that are not isomorphic. 


Example 5.1.15 Letn be a positive integer. Define f from Zn into Z/ (n) by for all[a] € Zn, f({a]) =at(n). 
Then [a] = [b] if and only if n | (a —b) if and only if a— b= nq for some q € Z if and only if a—b € (n) if and 
only ifa+(n) =b+(n) if and only if f([a]) = f([b]). Therefore, we find that f is a one-one function. From the 
definition of f, it follows that f maps Z, onto Z/ (n). Now f ([a] +n [b]) = f({a+]) = (a+b) + (mn) = (a+ (n))+ 
(b+ (n)) = f([a]) + f(b). Thus, f is an isomorphism of Zn onto Z/ (n). 
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Example 5.1.16 Consider the sets G = {e,a,b,c} and Gi = {1, —1, i, —t}. Define * and - on G and Gi, 
respectively, by means of the following operation tables. 


Now G1 is a cyclic group generated by i. G is also a group. However, since aa= e, bb=e, and cc=e, no 
element of G has order 4 and so G is not cyclic. Thus, G and Gi are not isomorphic. 


Example 5.1.17 Let (R,+) be the group of real numbers under addition and (IR*,-) be the group of positive 

real numbers under multiplication. Define f :R—-R*t by f(a) =e* for all a ER. Clearly f is well defined. Let 

a,b € R. Then f(a+b) = e*t? = e*e? = f(a)f(b). Hence, f is a homomorphism. Suppose f(a) = f(b). Then 

e* =e? and 2 log. e* = log, e°. This implies that a= b, whence f is one-one. Let b€ Rt. Then log. b € R and 
fo} + 


+ 
f(logeb) =e ° =b. Thus, f is ontoR . Consequently, f is an isomorphism of (R,+) onto (R ,-). 


Example 5.1.18 Consider the groups (Z,+) and (Q,+). By Worked-Out Exercise 1 (page 80), (Q,+) is not 
cyclic. Since (Z,+) is cyclic and (Q, +) is not cyclic, (Z,+) is not isomorphic to (Q,+) by Theorem 5.1.14(v). 


Example 5.1.19 The group (Q,+) is not isomorphic to (Q*,-) since every nonidentity element of (Q,+) is of 
infinite order while —1 is a nonidentity element of (Q*,-) which is of finite order. 


Let us now characterize finite and infinite cyclic groups. 


Theorem 5.1.20 Every finite cyclic group of order n is isomorphic to (Zn,+n) and every infinite cyclic group 
is isomorphic to (Z,+). 


Proof. Let ((a),*) be a cyclic group of order n. Let G = (a). Define the function f : G — Z,, by for all 
i iG j-i 


#1 Heeelt9) ital: Nady i@ fta® af Aged rihhi&e f isa Oiéame 6mbction.| dw 4) if and only if [é] = [7] (Exercise 
feo) =fe)= f+ 71=F +e =f@) Aare). 


Since f is one-one and G and Z, are finite with same number of elements, f is onto Z,. Hence, G ~ Zn. 

Now let G = (a) be an infinite cyclic group. Define the functionf :G — Z by f(a‘) =7 for all i € Z. Since 
a' =a if and only if a*~4 =e if and only if i — j = 0 (since a is of infinite order) if and only if i = 7, we have 
that f is a one-one function of G into Z. From the definition of f, f is onto Z. Now 


fla'a’) = f(a’) =it+5= fa’) + fe’). 
Hence,G ~ Z. @ 


Corollary 5.1.21 Any two cyclic groups of the same order are isomorphic. 


From the above corollary, it follows that there is only one (up to isomorphism) cyclic group having a prescribed 
order. 


In Example 5.1.16, we saw that there are at least two nonisomorphic groups of order 4. We now show that 
these are exactly two nonisomorphic groups of order 4. 

Let G be a group of order 4 which is not cyclic. (Example 5.1.16 shows that such a group exists.) Then no 
element of G can have order 4, for if a € G has order 4, then e,a,a”, a? would be distinct elements of G and thus 
G would be cyclic, i.e., G = (a). This is contrary to the assumption that G is not cyclic. Let G= {e,a,b,c}. 
Since the order of every element of G divides the order of G, a, 6, and c have order 2. If ab =a, then b=e, a 
contradiction. Thus, ab £ a. Similarly, ab 4 b. Suppose ab = e, then a(ab) = ae. Therefore, b = a since a® =e, 
a contradiction. Thus, ab = c. Similarly, ba = c. Hence, ab = ba. By similar arguments, we have ac = b = ca 
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and bc = a = cb. Thus, we find that G is a commutative group and its operation table is given by the table in 
Example 5.1.16. Consequently, there is essentially one group of order 4 which is not cyclic. This is the Klein 
4-group. Since all cyclic groups of the same orders are isomorphic, we thus have exactly two nonisomorphic 
groups of order 4, namely, the Klein 4-group and the cyclic group of order 4. We have thus proved the following 
result. 


Theorem 5.1.22 There are only two groups of order 4 (up to isomorphism), a cyclic group of order 4 and K4 
(Klein 4-group). 


Since every cyclic group is commutative and every group of prime order is cyclic, it follows that that if a 
group is noncommutative, then it must have order at least 6. Indeed, the symmetric group S3 is noncommutative 
and of order 6. Since all cyclic groups of the same order are isomorphic and since every group of prime order 
is cyclic, there is exactly one group of order 1, 2, 3, 5 (up to isomorphism), respectively. We have seen that 
there are two nonisomorphic groups of order 4. In the next theorem, we show that there are only two (up to 
isomorphism) nonisomorphic groups of order 6. 


Theorem 5.1.23 There are only two (up to isomorphism) groups of order 6. 


Proof. The group Zg¢ is a cyclic group of order 6 and S3 is a noncommutative group of order 6. Note that 
Ze is not isomorphic to $3. To show that there are only two (up to isomorphism) nonisomorphic groups of order 
6, we will show that any group of order 6 is isomorphic to either Zg or S3. 

Let G be a group of order 6. Since |G| is even, there exists a € G, a #e such that a? =e. If «? =e for all 
x € G, then G is commutative and for any two distinct nonidentity elements a and b, {e,a,b,ab} is a subgroup 
of G. Since |G] = 6, G has no subgroups of order 4. Hence, there exists b € G such that b? F e, ie, b 4 € 
and o(b) € 2. Since o(b) | 6, o(b) = 6 or 3. If o(b) = 6, then G = (6) is a cyclic group of order 6 and G ~ Ze. 
Suppose G is not cyclic. Then o(b) = 3. Let H = {e,b,b?}. Then H is a subgroup of G of index 2. Thus, H isa 
normal subgroup of G. Clearly a ¢ H. Now G = H UaH and HnaH = 0. Hence, G = {e,b,b’,a,ab,ab"}. Now 
aba~' € H since H is normal and b € H. Therefore, aba~' = e or aba~* = b or aba~' = b?. If aba~' =e, then 
b =e, which is a contradiction. If aba~' = b, then ab = ba. Since o(a) and 0(b) are relatively prime and ab = ba, 
o(ab) = 0(a) - o(b) =6. Thus, G is cyclic, a contradiction. Hence, aba~* = b?. Thus, G = (a,b) , where o(a) =2, 
o(b) =3, and aba~* = b?. It is now easy to see that G~ S3. Hl 

We conclude this section by proving Cayley’s theorem, which says that any group can be realized as a 
permutation group. 


TReoren FR lseAdCayley) Any group G is isomorphic to some subgroup of the group (S(G),o) of all permu- 

Proof. Let a be an element of a group G. Define the function fa: G — G by for all b € G, fa(b) = ab. Then 
b = c if and only if ab = ac if and only if f.(b) = fa(c). Thus, fa is a one-one function of G into G. For any 
bEG, 

fala *b) = a(a~*b) = b. 

So we find that f. maps G onto G. Hence, fa is a permutation of G. This implies that fa € S(G). Let F(G) = 
{fa | a € G}. Then F(G) is a subset of the set S(G) of all permutations on G Define g : G — S(G) by for all 
a €G, g(a) = fa. Then a= 6 if and only if ac = bc for all c € G if and only if fa(c) = fo(c) for allc € Gif and 


only if fa = fo if and only if g(a) = g(b). This proves that g is a one-one function of G into F(G). Clearly g 
maps G onto F'(G). Now g(ab) = fa» and g(a) o g(b) = fao fe. Also, for all cE G, 


fav(c) = (ab)e = a(bc) = fa(be) = falfo(c)) = (fa fo)(©): 


Thus, fas = fao fo. Hence, g(ab) = g(a)og(b) andsogisa homomorphigacl his implies that F'(G) is a subgroup 
and G is isomorphic to this subgroup. 

Cayley’s theorem is another example of a representation theorem. However, Cayley realized that the best 
way of studying general problems in group theory was not necessarily by the use of permutations. 


Worked-Out Exercises 


® Exercise 1 Let f :G — G be an epimorphism of groups. If H is a normal subgroup of G, then show that f(H) is a 
normal subgroup of G. 
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Solution: By Theorem 5.1.2, we find that f(H) is a subgroup of G1. Let gu € Gi. Since f is onto Gi, there exists g € G 
such that f(g) = gr. Let a € mf(H)gy* = f(9)f(H) f(g)". Then a = f(g) f(h) f(g)" = f(ghg”*) for 
some h € H. Since H is a normal subgroup of G, ghg~' € H and soa € f(H). Thus, gif(H)g,* C f(#). 
Hence, f(#) is a normal subgroup of G,. 


© Exercise 2 Let G and H be finite groups such that gcd(|G| , |H|) = 1. Show that the trivial homomorphism is the only 
homomorphism from G into H. 


Solution: Let f:G H be a homomorphism and let a G. We show that every element of G is mapped onto 
the identity element of H, i.e., f(a) = en for all € € G, where ex denotes the identity element of H. Now 
o(a) | |G| and o(f(a)) | \H]. Also, by Theorem 5.1.2, o(f(a)) | o(a). Hence, o(f(a)) | |G]. Since |G] and 
|H| are relatively prime, o(f(a)) = 1, proving f(a) = ex. Thus, f is the eival homomorphism. 


® Exercise 3 Show that the group (Q, +) is not isomorphic to (Q/Z, +). 


Solution: In (Q,+), every nonzero element is of infinite order. Let re +Z € Q/Z, where p,q € Z and q # 0. Then 
q(@ +Z) = p+Z=Z. This shows that every element of Q/Z is of finite order. Hence, (Q, +) is not isomorphic 
to (Q/Z, +). 

Exercise 4 Show that R*, the group of all nonzero real numbers under multiplication, is not isomorphic to C*, the 
group of all nonzero complex numbers under multiplication. 


Solution: In the group C*, 7 is an element of order 4. But R* does not contain any element of order 4. Hence, by 
Theorem 5.1.14, R* is not isomorphic to C*. 


Exercise 5 Find all homomorphisms from Ze into Za. 


° Solution: Z, = ([1]). Let f : Z; — Zs, be a homomorphism. For any [a] € Z¢, f([a]) = af({[1]) shows that f is 
completely known if f([1]) is known. Now o(f([1])) divides o([1]) and 4, ie., o(f([1])) divides 6 and 4. 
Hence, o(f([1])) = 1 or 2. Thus, f([1]) = [0] or [2]. If f({1]) = [0], then f is the trivial homomorphism 
which maps every element to [0]. On the other hand, f([1]) = [2] implies that f([a]) = [2a] for all [a] € Ze. 
Thus, f([a] + [b]) = f({a+ 6]) = [2(a + b)] = [2a + 2b] = [2a] + [2b] = f([a]) + f((b]), proving that the 
mapping f : Ze — Z4 defined by f([a]) = [2a] for all [a] © Ze is a homomorphism. Hence, there are two 
homomorphisms from Ze into Za. 


Exercise 6 Let G be a finite commutative group. Let n € Z be such that n and |G| are relatively prime. Show that 
the function ¢ : G — G defined by ¢(a) = a” for alla € G is an isomorphism of G onto G. 
Solution: Let a,b € G. Now 
p(ab) = (ab)” 


ab” (since G is commutative) 


o(a)o(0). 
This implies that ¢ is a homomorphism. Let (a) = ¢(b). Then a” = b” and so (ab~')"” =e. Therefore, 
o(ab~*) divides n. Since o(ab~') divides |G| and n and |G| are relatively prime, o(ab~*) = 1. This implies 
that ab-! =e, ie., a = b, proving that ¢ is one-one. Since G is a finite group and ¢ is one-one, ¢ is onto 
G. Hence, ¢ is an isomorphism of G onto G. 
® Exercise 7 (a) Let G bea group and f : G — G be defined by f(a) =a” for alla € G, where n is a positive integer. 
Suppose f is an isomorphism. Prove that a”~' € Z(G) for alla € G. 
(b) Let G be a group and f : G — G defined by for all a € G, f(a) = a® be an isomorphism. Prove that 
G is commutative. 


Solution: (a) Let a,b € G. Then f(a~‘ba) = (a~'ba)” =a~'b"a. Thus, 


a "b"a” = hii = f(a 'ba) =a 'b"a. 
_(n 1) n 1 (n n 
Hen Fie" a —(n— Phi 1 —5. Brothel Me a” rf es =) proving BHSt fla € alt = = f(b). Since f is 


(b) By (a), a? € Z(G) for alla € G. Let a,b € G. Then f(ab) = (ab)? = ab(ab)? = a(ab)?b = aababb = 
a*bab® = ba?b?a = bb?a?a = b?a? = f(b) f(a) = f (ba). Hence, ab = ba since f is one-one. Thus, G is 
commutative. 


Exercises 


1. Determine whether the indicated function f is a homomorphism from the first group into the second group. 
If f is a homomorphism, determine its kernel. 
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(a) f(a) = a; (R*,-), (R*,-) for alla € R™. 

(b) f(a) = 2%; (R,+), (Rt,-) foralla ER. 

() F(a) = lal; (R\{0},-), (Rt, -) for all a € R\ {0}. 
(d) f(a)=a+1; (Z,+), (Z,+) for alla € Z. 

(e) f(a) = 2a; (Z,+), (Z,+) for alla € Z. 

(f) (lal) = [5a], (Z8, +), [Z8, +] 


Find all homomorphisms from Z into Z. How many homomorphisms are onto? 
Find all homomorphisms from Z onto Ze. 
Find all homomorphisms from Zs into Zj2 and from Zo into Z10. 


Show that Q*, the group of all nonzero rational numbers under multiplication, is not isomorphic to R*, 
the group of all nonzero real numbers under multiplication. 


. Show that (Q, +) is not isomorphic to (R, +). 
. Show that (Z, +) is not isomorphic to ( 
. Let G be a group. Define the function f : G — G by for all a € G, f(a) = a"!. Prove that f is a 


R, +). 


homomorphism if and only if G is commutative. 


. Let G = {(a,b) | a,b € R, b F O}. Then (G,x) is a noncommutative group under the binary operation 


Or Aaa be vias for alae? Ko 4 8 Gelso SA Ded feal OF as inde? ue Gibb OT 
Let G = {a € R| —1 < a < 1}. Show that (G,«) ~ (R,+), where the binary operation * on G is defined by 


a+b 


b= 
— 1+ab 
for alla,beG. 


(a) Let f be a homomorphism from a cyclic group of order 8 onto a cyclic group of order 4. Determine 
Ker f. 


(b) Let f be a homomorphism from a cyclic group of order 8 onto a cyclic group of order 2. Determine 
Ker f. 


Prove that a homomorphic image of a cyclic group is cyclic. 


3 6 . . 13 . 
Poet bab Po aPB Se PLCRCK isomorpbig groups, but for every proper subgroup A of S® there exists a 


Let G, H, and K be groups. Suppose that the functions f :G— H and g: H — K are homomorphisms. 
Prove that g o f : G — K is also a homomorphism. 


Let G and H be groups. Define the function f :G x H — G by for all (a,b) € Gx H, f((a,b)) =a. Prove 
that f isa homomorphism from G x H onto G. Determine Ker f. 


Let f :G — H be an isomorphism of groups. Prove that f~! : H — G is also an isomorphism. 
Let G, H, and K be groups. Prove that 


(a) Gx H~HxG. 

(b) IfG~ H andH~ kK, thenG ~ K. 

(c) Gx (Hx K)~ (Gx A)x K. 
Let G and H be groups. Let f :G — H bea homomorphism of G onto H. Show that if G = (S') for some 
subset S of G, then H = (f(S)). 


Let f : G — H be an isomorphism of groups. Show that for any integer k and for any g € G, the sets 
A={a€G|a*=g}and B= {be H| b* = f(g)} have the same number of elements. 


Let G be a simple group and ~ : S, — G be an epimorphism for some positive integer n. Prove that 
G ~ Sz for some k < n. 


Which of the following statements are true? Justify. 


(a) A cyclic group with more than one element may be a homomorphic image of a noncyclic group. 
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(b) There does not exist a nontrivial homomorphism from a group G of order 5 into a group H of order 
4, 


(c) The group (Z,+) is isomorphic to (Q,+). 

(d) There exists a monomorphism from a group of order 20 into a group of order 70. 

(e) There exists an epimorphism of (R,+) onto (Z,+). 

(f) There does not exist any epimorphism of (Q,+) onto (Z,+). 

(g) If f and g are two epimorphisms of a group G onto a group H such that Ker f = Ker g, then f =g. 


(h) (Z x Z,+) is a cyclic group. 
(i) The group (Z,+) is a homomorphic image of (Q, +). 


5.2 Isomorphism and Correspondence Theorems 


In this section, we continue our study of isomorphisms. Our objective is to prove the fundamental theoren 
of homomorphisms, the isomorphism theorems, and the correspondence theorem. These theorems show us the 
relationship between homomorphisms and quotient groups. 


PEPE ee eel ah itgl oh ste PIPLCRBH STA SBSH? PE ABE Fo PH tilde CHAS TUN eRe oA 
h of G/H onto Gy such that f =hog. Furthermore, h is one-one if and only if H= Ker f. 


f 


G——>G, a — fia) 


& & 
A h 


G/H aH 


Proof. Define h: G/H — Gi by 
h(aH) = f(a) 
for alla@H € G/H. | : 1 1 
Now aH = bH implies b~‘a € H C Ker f and so f(b-*a) =e, or f(a) = f(b). Hence, h(aH) = h(bH) and 
so h is well defined. Let a € G. Then 


(ho g)(a) = h(g(a)) = h(aH) = f(a). 
Therefore, h og = f. Since f maps G onto Gi, h must map G/H onto Gi. Now 
h((aH)(bH)) = h((ab)H) = f (ab) = f(a) f(b) = h(aH)h(bH). 


Hence, h is a homomorphism of G/H onto G satisfying f = ho g. To prove the uniqueness part, let us assume 
f =h’' og for some homomorphism h’ from G/H onto G;. Then 


h(aH) = f(a) =(h' 0 g)(a) =h'(g(a)) = h'(aH) 


for allaH € G/H and soh =h’. Hence, / is the only homomorphism of G/H onto G1 such that f =hog. 
Suppose h is one-one. Let a € Ker f. Then f(a) = e1 and so h(aH) = e1. Since h(eH) = e: and h is one-one, 


aH = eH. Thus, a € H and so Ker f C H. By hypothesis, H C Ker f and so H = Ker f. Conversely, assume 
H = Ker f. Suppose h(aH) = h(bH). Then f(a) = f(b) or f(b-'a) = e. Thus, b-'a € Ker f = H and so 
aH = bH, proving that h is one-one. Hf 

From Theorem 5.2.1, it follows that if H = Ker f, then h is an isomorphism and hence G/Ker f is isomorphic 
to Gi, i.e., every homomorphism of a group G onto a group G) induces an isomorphism of G/Ker f onto G1. This 
result plays a fundamental role in group theory. It is known as the fundamental theorem of homomorphisms 
for groups. This result is also called the first isomorphism theorem for groups. Considering the importance of 
this theorem, we state it in its general form and also give a direct proof of it. 


106 5. Homomorphisms and Isomorphisms of Groups 


Theorem 5.2.2 (First Isomorphism Theorem) Let f be a homomorphism of a group G into a group G1. 
Then f(G) is a subgroup of Gy and 
G/Ker f ~ f(G@). 


Proof. By Theorem 5.1.2, f(G) is a subgroup of G1. Let H = Ker f. Define h : G/H — f(G) by 
h(aH) = f(a) 


for all aH € G/H. Now aH = DH if and only if b-'a € H = Ker f if and only if f(b~'a) = e; if and only 
if f(b-*) f(a) = e; if and only if f(a) = f(b). Thus, h is a one-one function. Let x € f(G). Then xz = f(b) 
for some b € G. Therefore, h(bH) = f(b) =x. This shows that h is onto f(G). Finally, h(aHbH) = h(abH) = 
f(ab) = f(a)f(b) = h(aH)h(bH) for all aH,bH € G/H, proving that h is a homomorphism. Consequently, 
G/Ker f ~ f(G). m 

In the following example we illustrate the first isomorphism theorem. 


Example 5.2.3 Let f be the homomorphism of (Z,+) onto (Z3,+3) defined by f(n) = [n] for alln € Z. Let 
g be the natural homomorphism of Z onto Z/ (6). Now (6) is anormal subgroup of Z and (6) C (3) = Ker f. 
Thus, there exists a homomorphism h of Z/ (6) onto Z3 such that f =hog. The homomorphism h is defined by 
h(n + (6)) = [nl. 


ZL —f> Zs; 


g 
h 
Z/<6> 
9 — 10 (ce fi 7 1] 
g 8g g 
cA h h 
0 + <6> 1+ <6> 2+<6> 


2 [5] 4 —> [4] > = [A] 
g g 8g 
jhe vA h 
3+<6> 4+<6> 5+<6> 


Recall that a group Gi is called a homomorphic image of a group G if there exists a homomorphism of G 
onto G4. 

From Theorem 5.2.1 and Corollary 5.2.2, we find that for each normal subgroup N of a group G, G/N isa 
homomorphic image of G, and for each homomorphic image G1, there exists a normal subgroup N of G such 
that G/N ~ G1. 


Example 5.2.4 The group S3 has (up to isomorphism) only three homomorphic images. This follows from the 
fact that S3 has only three normal subgroups. The homomorphic images are S3, Zi, and Zz since {e}, S3, and 
{e, (1 2 3), (1 3 2)} are the only normal subgroups of S3 and S3 ~ S3/{e}, Zi ~ S3/S3, and Zz ~ S3/{e, (1 2 
3), (13 2)}. 


Theorem 5.2.5 Let Gi be a homomorphic image of a group G. Then the following assertions hold. 
(i) If G is cyclic, then Gy is cyclic. 
(ii) If G is commutative, then Gi is commutative. 
(tii) If Gi contains an element of order n and |G| is finite, then G contains an element of order n. 
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Proof. (i) Follows by Exercise 12 (page 104). 

(ii) Follows by Theorem 5.1.2(v). 

(iii) Let f :G — G, be an epimorphism and let a’ be an element of G of order n. If n = 1, then e is the 
required element of G of order 1. Suppose n > 1. Since f is onto Gj, there exists a € G such that f(a) = a’. Now 
o(a) is finite and by Theorem 5.1.2(v), o(a’) divides 0(a), i.e., n divides o(a). Let t € Z* be such that o(a) = nt. 
Then t <0(a). Hence, at #e. Now a” =e. Let b =a’. Then b” =e and by Theorem 2.1.46, 


+ (a) rt 
t 


o(a ) = gced@, o(a)) = 


~s 


=n. 
a 


Note that the result in Theorem 5.2.5(iii) does not hold if |G| is not finite. For example, Z¢ is a homomorphic 
image of Z; Zg contains an element of order 3, but Z has no element of order 3. 


Theorem 5.2.6 (Second Isomorphism Theorem) Let H and K be subgroups of a group G with K normal 
in G. Then 
A/(HOK) ~ (AK)/K. 


Proof. Define f : H — (HK)/K by f(h) =hK for allh € H. Now 
f(hihe) = hiheK = hi Khok = f(hi)f (ha) 
for all hi, ho € H, proving that f is a homomorphism. Let «Kk € (HK)/K. Then « = hk for some h € H and 


k € K. Thus, aK = (hk)K = (hK)(kK) = hK = f(h). 
This proves that f is onto (HK)/K and so f(H) = (HK)/K. Hence, by the first isomorphism theorem, it follows 
that 
H/Ker f ~ (HK)/K. 
To complete the proof, we show that Ker f = HN Kk. Now 


Ker f {h € H| f(h) = identity element of HK/k} 
{he H| hK= Kk} 

{he H|he k} 

AK. 


Consequently, H/HN K ~ (HK)/K. 
We illustrate the second isomorphism theorem with the help of the following example. 


Example 5.2.7 Consider the group (Z, +) and its subgroups H = (2) and K = (3). Then H+K = (2)+(3) =Z 
and HK = (6). Theorem 5.2.6 says that 
H/(HOK)~ (H+ K)/K, 


(2) / (6) = Z/ (3). 
This isomorphism is evident if we notice that (2) / (6) = {0+ (6), 2+ (6), 4+ (6)} while Z/ (3) = {0+ (3), 
1+ (3), 2+ (3)}. The mapping 
hz (2) / (6) — Z/ (3) 


defined by h: 0+ (6) + 04+ (3), 2 + (6) +24 (6) —— (3), 44+ (6) > 1+ (8) is the desired isomorphism. 


Theorem 5.2.8 Let f be ahomomorphism of a group G onto a group Gi, H be a normal subgroup of G such 
that H Ker f, and gq, g’ be the natural homomorphisms of G onto G/H and G, onto G,/f(H), respectively. 
Then thére exists a unique isomorphism h of G/H onto Gi/f(H) such that g' of =hog. 


ia 


G ———+———_> G, 
§ § 


G/H 


G/fA) 
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Proof. If we show Ker g’o f = H, then there exists a unique isomorphism h of G/H onto Gi/f(H) by 
Theorem 5.2.1. Let a € H. Then (g’ 0 f)(a) = g'(f(a)) = the identity of Gi/f(H) since f(a) € f(H) = Ker g’. 
Thus, a € Ker g’o f and hence H C Ker g’o f. Let a € Ker g’o f. Then g'(f(a)) = the identity of G1/f(H) and 
so f(a) € Ker g’ = f(H). Therefore, there exists b € H such that f(b) = f(a) or f (ab~') = 1. This implies that 
ab~' € Ker f C H and soa = (ab~')b € H. Thus, Ker g’ o f C H. Hence, Ker g’ 0 f =H. @ 


Corollary 5.2.9 (Third Isomorphism Theorem) Let H;, Hz be normal subgroups of a group G such that 


HW C H2. Then (G/H1)/(H2/M) ~ G/Hae. 


£ 


G ———> G/F, 


G/H, ————> (G/H,)(H2/H)) 


Proof. Make the following substitutions in Theorem 5.2.8: G/H; for G1, Hz for H, and (G/H,)/(H2/H1) 
for G1/f(H), where in this case f is the natural homomorphism of G onto G/H;. Note that f(H2) = H2/M. 
| 

We illustrate the third isomorphism theorem with the help of the following example. 


Example 5.2.10 Consider the group (Z,+) and the subgroups (6) and (3) of Z. Then 


Z/(6) = {0+ (6),1+ (6) ,2+ (6) ,3+ (6) ,4+ (6),5+4 (6)} 
(3) / (6) = {0 + (6) ,3+ (6)}. 
Now, 
(Z/ (6))/((3) / (6)) = {0, 1, 2}, 
where 
0 = 0+ (6) +((3) / (6)) 
1 = 14+ (6) + (3) / (6)) 
2 = 2+ (6) +((3) /(6)). 


It is now clear that 
Z/ (3) = (Z/(6))/((3) / (6)) 


since both are cyclic groups of order 3 and of course, by Corollary 5.2.9. 


We can at times determine the subgroups of a group G from a group G whose subgroups are known if there 
is a homomorphism f of G onto G;. For if such an f exists, the following result says that the subgroups of G4 
can be determined from the subgroups of G which contain Ker f. 


Theorem 5.2.11 (Correspondence Theorem) Let f be a homomorphism of a group G onto a group G4. 
Then f induces a one-one inclusion preserving correspondence between the subgroups of G containing Ker f and 
the subgroups of Gi. In fact, if H and K are corresponding subgroups of G and Gi, respectively, then H is a 
normal subgroup of G if and only if K is a normal subgroup of G1. 


Proof. Let 
H = {H| H is a subgroup of G such that Ker f C H} 


and 
K= {kK | K isa subgroup of Gi}. 


Define f* :H — K by for all H € H, f*(H) ={f(h) | h € H}. Then f*(H) € K by Theorem 5.1.2. Hence, f* 
is a function since f is a function. Let K € K. Denote the preimage, f~'(K), of K in G by H. Let a € Ker f. 
Then f(a) = e1 € K andsoae€ f~'(K) =H. Thus, Ker f C H. Let a, b € H. Then f(a), f(b) € K and so 
f(ab-') = f(a) f(b") = f(a) f(b)! € K. Therefore, ab~' € H and so H is a subgroup of G containing Ker f, 
i.e., H € H. Hence, f* maps H onto K. Let Hi, Hz € H. Suppose f*(Hi) = f*(H2). Let hi € Hi. Then there 
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exists ho € Hz such that f(hi) = f(h2). This implies that f(hihy') =e1 and so hihz' € Ker f C Ho. Hence, 
hi = (hihy')he € He. Therefore, H1 C Ho. Similarly, Hz C Hi. Thus, Hi = H2 and so f* is one-one. Clearly 
A, C Hy if and only if f*(Hi) C f*(Ap2). In fact, since f* is one-one, Hi C Ho if and only if f*(AMi) C f* (He). 

Suppose H is a normal subgroup of G such that Ker f C H. Let K = f*(H). We show that K is a normal 
subgroup of G. Let f(a) € Gi and f(h) € K. Now aha! € H since H is a normal subgroup of G and so 
f(a)f(h)f(a)~' = f(aha~') € K. Hence, K is a normal subgroup of Gy. Let J be a normal subgroup of G; and 
Lé€# be such that f*(L) = J. Let a € Gand h € L. Then f (aha~*) = f(a)f(h)f(a)~* € J and so aha“ € L. 


This proves that L is a normal subgroup of G. 


Corollary 5.2.12 Let N be anormal subgroup of a group G. Then every subgroup of G/N is of the form K/N, 
where K is a subgroup of G that contains N. Also, K/N is a normal subgroup of G/N if and only if K is a 
normal subgroup of G. 


Proof. Let g: G > G/N be the natural homomorphism. If a € G, then g(a) =aN. From Theorem 5.2.11, 
we find that this homomorphism induces a one-one mapping g* between the subgroups of G which contain Ker 
g=N and the subgroups of G/N. Let H be a subgroup of G/N. Then there exists a subgroup K of G such that 
N CK and H = g*(K)= {g(a) |a € K} = K/N. The last part follows from Theorem 5.2.11. 

The following example illustrates the correspondence theorem. 


Example 5.2.13 Let f be a homomorphism of (Z, +) onto (Zi2, +12) defined by f(n) =[n] for alln € Z. Then 
for H and K of Theorem 5.2.11, 


oe H = {(12), (6), (4), (8), (2) 2} 
K = {([0]) ,({6)), ((4l) (8) (21) -Zaa}. 
fr: (12) (0), ft: 8) + (BD), 
fr:(2)— (RB), ft: (6) + ((6)), 
fr: (4) (M,Z Da. 


The following diagram indicates the one-one inclusion preserving the correspondence property of f*. 


Z Z 
yer *<. | 
+ a a | 
<4> <6> <[4]= <[6]> 
a ge 
<|2> <[0]> 


Now ({9]) = {n[9] | n € Z} C {n[3] | n € Z} = ([3]). Also, [3] = [27] = 3[9] € ([9]). Therefore, ([3]) C ([9]) . 
Hence, ({3]) = ([9]). Thus, the subgroup (9) of Z gets mapped to the subgroup ([3]) of Zi2 by f. However, this 
does not contradict Theorem 5.2.11 since (9) Z (12). 


In the remainder of this section, we consider all isomorphisms of a group G onto itself. Recall that Aut(G) 
is the set of all automorphisms of G. 


Theorem 5.2.14 LetG be a group. Then (Aut(G),0) is a group, where o denotes the composition of functions. 

Proof. Since ig € Aut(G), Aut(G) # @. Let f,g € Aut(G). Then f og is an automorphism by Exercise 14 
(page 104) and Theorem 1.4.11. Hence, f og € Aut(G). Clearly ig is the identity of Aut(G) and f~* is the 
inverse of f. Also, o is associative by Theorem 1.4.13. Consequently, (Aut(G),o) isa group. 


Theorem 5.2.15 Let G be a group and a € G. Define 0a: G > G by 0a(b) = aba~* for all b€ G. Then 
(i) 0a € Aut(G), 
(tt) 0a 0 Oy = Ban for all a,beE G, 
(iii) (Ba)? = 84-1, 
(iv) for all a € Aut(G), 200,007! = Oa). 
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Proof. (i) Let c,d € G. Suppose c = d. Then aca~' = ada~' or 0a(c) = Oa(d). Therefore, 0a is well 
defined. Now 04(cd) = a(cd)a~* = (aca~')(ada~') = 04(c)6a(d). This shows that 0, is a homomorphism. Also, 
c= 0a(a~‘ca), proving that 04 is onto G. Suppose 0a(c) = Oa(d). Then aca~t = ada~* and so c= d. Thus, 6a 
is one-one. Consequently, 04 € Aut(G). 

(ii) Let a,b € G. Then (02 0 84)(c) = 0a(Ov(c)) = Oa(beb~') = a(beb~*)a~* = (ab)c(ab)~* = Oan(c) for all 
c€G. Hence, 64 0 04 = Dap. 

(iii) Note that 0, 00,-1 =0,,.-1 =@e = ig and 84-1 © 8a = 6,-1¢ = 9e = ia. Thus, (Gat = Oo 

1 1 


a(albyedugs-* € aS dut( Gp: Some & ahead) 5 of ria &) )). =e aor Wer : —onnolas. (O})ate- ) ~ 
The automorphism 0, of Theorem 5.2.15 is called an inner ae oinaepbieds of G. We denote by Inn(G) the 
set of all inner automorphisms of G. 


Theorem 5.2.16 Let G be a group. Then Inn(G) is anormal subgroup of Aut(G). 


Proof. Since ig = 6 € Inn(G), Inn(G) 4 9. By Theorem 5.2.15(i), Inn(G) C Aut(G). Let 02,0 € Inn(G). 
Then 0,06, ' =0¢°0,-1 =9,,-1 € Inn(G). Hence, Inn(G) is a subgroup of Aut(G) by Theorem 4.1.6. Let a € 
Aut(G). Then by Theorem 5.2.15(iv), a0 0.0a7* = Oa) € Inn(G). Hence, Inn(G) is a normal subgroup of 
Aut(G). 


Theorem 5.2.17 Let G be a group and H be a subgroup of G. Then 


N(H 
C(H) ~ a subgroup of Aut(H), 


where N(H) = {x € G| tHa~' = H} is the normalizer of H and C(H)= {x €G| cha! =h for allh € H} is 
the centralizer of H. 


Proof. Define f : N(H) —Aut(H) by for alla € N(#), 
f(@)=4aln- 


Then f is well defined. Let a1,a2 € N(H). Then f(a1a2) = 9a,a.|H =9a,|H © Oa5|H = f (a1) ° f(a2). Thus, f is 
a homomorphism. Now 
Kerf = {a€G| f(a)=in} 
=> {a = G | Oa = in} 
{a€G| 0.(b) =in(b) for all b € H} 
{a Glaba'=bforallb H} 


{a €G | ab= ba for allb € H} 
(H). 


Thus, by the first isomorphism theorem, we have the desired result. 
Corollary 5.2.18 Let G bea group. Then 
G 
es : 
ZG) nn(G) 
Proof. Let H = G in Theorem 5.2.17. Then we have N(G) = G and C(G) = Z(G). & 


Worked-Out Exercises 


& Exercise 1 Find all homomorphic images of the additive group Z. 


Solution: [et orpsshaeomernhiganase of Se.) cee ecaists a bomompnphion F of Lente sibegding Sgt 
Hence, H ~ Z/nZ for some integer n > 0. On the other hand, for any n >0, nZ is a subgroup of Z and 
since Z is commutative, nZ is a normal subgroup of Z. There exists a natural homomorphism f from Z 
onto Z/nZ given by f(m) =m-+n2Z for all m € Z. This shows that Z/nZ is a homomorphic image of Z for 
all n > 0. Consequently, the homomorphic images of Z are the groups (up to isomorphism) Z/nZ, n > 0. 
Now for n= 0, Z/nZ ~ Z and for n > 0, Z/nZ ~ Z,, (Exercise 2, page 111). Therefore, we conclude that 
the homomorphic images of Z are the cyclic groups Z and Zn, n> 0. 


© Exercise 2 If there exists an epimorphism of a finite group G onto the group Zs, show that G has normal subgroups 
of index 4 and 2. 


5.2. 


Solution: 


© Exercise 3 


Solution: 


© Exercise 4 


Solution: 


Exercise 5 


Solution: 


© Exercise 6 


Solution: 
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Let f : G — Zs be an epimorphism. Then by the first isomorphism theorem, G/Ker f ~ Zs. Hence, G/Ker 
f is acyclic group of order 8. Thus, G/Ker f has a normal subgroup A; of order 4 and a normal subgroup 


Hz of order 2. By the correspondence theorem, there exist normal subgroups N; and Ne of G such that 
Ker f C Ni, Ker f C No, Ni/Ker f = Hi, and No/Ker f = Hz. Thus, 


8 = |G/Ker f| =[G: Ker f] =[G: Ni][N1: Ker f] = [G: NiJ4. 


This implies that [G : Ni] = 2. Similarly, [G: Ne] =4 
Show that 4Z/12Z ~ Zs. 


Define f : 4Z-Z 3 by f(4n) = [n] for all 4n € 4Z. One can show that f is an epimorphism. Then from 
the first isomorphism theorem, 4Z/Ker f ~ Z3. Now Ker f = {4n € 4Z| f(4n) = [0]} = {4n € 4Z| [n] = 
(O]} = 12Z. 

Let G be a finite group and f be an automorphism of G such that for all a € G, f(a) =a if and only if 
a =e. Show that for all g € G, there exists a € G such that g= a7 f(a). 


Let) G = {a1,00,...,an}. Let S = {a;*f(ai),...,a5 F(an)}- Then S € G. Next, we ye show that all 
elements of S an distinct. Now ice = a, (ay) if and only if f(a:)f(a;)~' = a;a;* if and only if 
f(aia; ') = aa j ' if and only if aja;+ = e if and only if a; = a;. This shows that all dietieenits of S are 
distinct and so |S| =n. Thus, S = G. Let g € G. Then g € S. Hence, g = a~'f(a) for somea € G. 


Let G be a finite group and f be an automorphism of G such that for all a € G, f(a) =a if and only if 
a=e. Suppose that f? =ic, where ig denotes the identity map. Prove that G is commutative. 


Let g € G. By Worked-Out Exercise 4, g = a~!f(a) for some a € G. Then g = ic(g) = f2(a 'f(a)) = 


f(f(a* F(a))) = F(F(a") f?(@)) = fF (F(a@)*a) = f(g"). This implies that f(g) = g~* for all g € G. Let 
a,b € G. Then (ab)~* = f (ab) = f (a) f(b) = a~*b~' = (ba) and so ab = ba. Hence, G is commutative. 


Let H be a subgroup of index 2 in a finite group G. If the order of H is odd and every element of G\H is 
of order 2, prove that H is commutative. 


Since |G: H] =2, H is a normal subgroup of G. Now G = H U Hg, where g ¢ H. Then o(g) =2. Define 
f:G—G by for all a € G, f(a) = gag™'. Then f is an automorphism of G. Now f?(a) = f(f(a)) = 
f(gag~') = g(gag~')g~' = g?ag”? =a since g? =e. Hence, f? =ig. Since H is a normal subgroup of G, 
f(h) =aha~' € H for all h € H. Thus, f is also an automorphism of H. Let h € H. Suppose f(h) = 

Then ghg~! =h or gh =hg. Since gh ¢ H, 0(gh) = 2. Therefore, h? = gh? = (gh)? =e. Since the order 
of H is odd, h? =e implies that h = e. Hence, f(h) =h if and only h =e. Thus, f is an automorphism 
of H such that f? =ig and f(h)=h if and only if h = e. By Worked-Out Exercise 5, H is commutative. 


© Exercise 7 Show that Aut(Z”) ~ U". 


Solution: 


Define a :Aut(Z,) — U, by a(f) = f({1]) for all f € Aut(Z,,). Now mf ([1]) = f([m]). Hence, f ([m]) = [0] 
if and only if m is divisible by n. Thus, o(f({1])) = n. This implies that f([1]) € Un and so a is well 
defined. Let f,g € Aut(Zn). Then a(f og) = (fog)([1]) = f(g({1])). Suppose g({1]) = [kK]. Then a(f og) = 
F(R) = RFA) = KU PCLD = IAC) = F(T 9) = o(f)a(g). Hence, a is a homomorphism. Now 


Kera = {f € Aut(Zn) | a(f) = [1]} 


= {f € Aut(Zn) | f([1]) = []} 
{f € Aut(Z,,) | f is the identity map}. 


Hence, a is a monomorphism. Finally, we show that a is onto U,. Let [t] € Un. Then t and n are relatively 
prime. Define f : Zn — Zn by f([m]) = [mt] for all [m] € Z,. Let [r],[s] € Z,. Suppose [r] = [s]. Then 
r—s=ng for some q € Z. Thus, rt — st = nqt. Hence, [rt] = [st], proving that f is well defined. Clearly 
f is a homomorphism. Suppose f ([r]) = f([s]). Then [rt] = [st] and son dividesrt st=(r_ s)t. Sincet 


ang 7. arg relatively primes” divides 1 5, Therefore, |") 7 en: BO implies that ¢" is operone. Sinee 2° 


a U,,. Thus, a is an isomorphism. Consequently, ree )= 


Exercises 


1. Let R* be the multiplicative group of all nonzero real numbers and T = {1,—1}. Then T is a subgroup 


of R*. Prove that the quotient group R*/T is isomorphic to the multiplicative group Rt of positive real 
numbers. 


2. For any positive integer n, prove that Z/nZ~Z,. 
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. Show that 8Z/56Z~Z7 and 4Z/8Z ~ Z2 


4. For any two positive integers m and n prove that mZ/mnZ~Zn. 


12: 


13. 


14. 
15. 


16. 
ibe 
18. 
19. 
20. 


. Let G be a group and A and B be normal subgroups of G such that A ~ B. Show by an example that 


G/A# G/B. 


. Let G be the group of symmetries of the square and K4 the Klein 4-group. 


Show that the mapping f:G _K4 defines a homomorphism of G onto K4, where f (rigo) = f (r360) =e, 
F(1r9°) = f (7270) = a, f(h) = Aw) =5, fd) = f(a) =c. 


. In Exercise 6, exhibit the one-one inclusion preserving correspondence between the subgroups of G con- 


taining Z(G) and the subgroups of K4. 


. Let G and K4 be as in Exercise 6. Let g be the natural homomorphism of G onto G/Z(G), where Z(G) is 


the center of G. Prove that Z(G) = Ker f and exhibit the isomorphism h of G/Z(G) onto Ka such that 
f=hog. 


. Show that Zg is not a homomorphic image of Z15. 
. Show that Zg is not a homomorphic image of Z3 x Z3. 
11. 


Show that if there exists an epimorphism from a finite group G onto the group Zi5, then G has normal 
subgroups of indices 5 and 8, respectively. 


Partition the following collection of groups into subcollections of groups such that any two groups in the 
same subcollection are isomorphic. 


(i) (Z, +); (ii) (Ze, +)5 (iii) (Ze, +), (iv) So, (v) Se, (vi) (17Z, Hs (vii) (3Z, +); (vii) (Q +); (ix) (R, a); 
(x)(IR*,-), (xi) (R*,-), (xii) (Q,-), (xiii) (C*,-), (xiv) ((7) ,-), where R* denotes the set of nonzero real 
numbers, Q* denotes the set of nonzero rational numbers, C* denotes the set of nonzero real numbers, Rt 
denotes the set of positive real numbers, and ((z) ,-) is the cyclic subgroup of (R*™,-) generated by 7. 


Show that 


(a) Aut(Zs5) ~ Za. 
(b) Aut(Zg) ~ Klein 4-group. 
(c) Aut(Z2 x Zz) ~ S3 
(d) Aut(Z) ~ Ze 
) 


(e) Aut(Q, +) contains infinite number of elements. 


Find all automorphisms of the group Z°. 
Show that |Aut(Z,)| =p — 1, where p is a prime. 


Prove that Inn(.$3) ~ S3 ~ Aut(S3). 
Determine Aut(S4). 
Let G be a cyclic group of order n and ¢ be the Euler ¢-function. Prove that | Aut(G)| = ¢(n). 
Let G be a group such that Z(G) = {e}. Prove that Z(Aut(G)) = {e}. 
Let G be a group and H bea subgroup of G. H is called a characteristic subgroup of G if f(H) C H for 
all f € Aut(G). 
(a) Show that every characteristic subgroup of G is a normal subgroup of G. 


(b) Give an example of a group G and a subgroup H such that H is a normal subgroup of G, but H is 
not a characteristic subgroup of G. 


(c) Show that Z(G) is a characteristic subgroup of G. 


(d) Let H and K be characteristic subgroups of G. Show that Hk and HNK are characteristic subgroups 
of G. 


(e) Let H and K be subgroups of G such that H C K. Show that if K is a normal subgroup of G and 
His acharacteristic subgroup of G, then H is a normal subgroup of G. 


(f) Let H and K be subgroups of G such that H C K. Show that if H is a characteristic subgroup of K 
and K isa characteristic subgroup of G, then H is a characteristic subgroup of G. 


(g) Suppose G is cyclic. Show that every subgroup of G is a characteristic subgroup of G. 
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21. Show that the only characteristic subgroups of (Q,+) are {0} and Q. 
22. Which of the following statements are true? Justify. 


(a) Any epimorphism of Z onto Z is an isomorphism. 

(b) Any epimorphism of a group G onto G is an isomorphism. 

(c) The quotient group 4Z/64Z has five subgroups. 

(d) Z®5 has five homomorphic images. 

(e) 2Z/6Z is a subgroup of Z/6Z. 

(f) There exist four subgroups of Z which contain 10Z as a subgroup. 
) 


(g) Let Gand H be two groups, A be a normal subgroup of G, and B be a normal subgroup of H. If 
G~HandAw~B, thenG/A~H/B. 


5.38 The Groups D, and Qs 


In Section 5.1, we saw that there are two types of groups of order 4 and two types of groups of order 6. In this 
section, we wish to classify all noncommutative groups of order 8. We will consider finite commutative groups 
in Chapter 9. First we introduce two groups D4 and Qs and study these groups in detail. The study of these 
groups will eventually lead us to the classification of noncommutative groups of order 8. 


Definition 5.3.1 A group G is called a dihedral group of degree 4 if G is generated by two elements a and b 
satisfying the relations 
o(a)= 4, o(b)= 2, and ba=a*b. 


Example 5.3.2 Let G be the subgroup of GL(2,R)(Example 2.1.10) generated by the matrices 


0 1 0 1 
a=[ 2% a ond B= | al 


Then o(A) = 4 and 0o(B) = 2. Now 


0 1 0 1 —-1 0 
ae 1 0 10 7 0 1 
and | 
3p fO - Oo 14 -f-1 0 
ofS 1 O | 1 0} 0 1 


Thus, BA = A?B. Hence, G is a dihedral group of degree 4. 


Example 5.3.3 Consider S4. Let G be the subgroup of S4 such that G is generated by the permutations 
a=(1234) andb= (24). 


Then a? = (1 3)¢ (24), a? =(143 2), a* =e, P =e, and boa =(14)0(23) = a* ob. Hence, o(a) = 4, 
o(b) =2, and boa=a'ob. Thus, G is a dihedral group of degree 4. 


The following theorem reveals some interesting properties of D4. These properties are similar to the properties 
listed in Example 4.1.21 for Da. 


Theorem 5.3.4 Let G be a dihedral group of degree 4 generated by the elements a and b such that 
o(a)= 4, o(b)= 2, and ba=a*b. 


Then the following assertions hold. 

(i) Every element of G is of the form a'b’, 0<i<4,0<j <2. 
(tt) G has exactly eight elements, i.e., |G| =8. 

(itt) G is a noncommutative group. 
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Proof. (i) Since G = (a,b), 
G = {a"b’a"2b? ---a'"b'” | it, jt CZ,1 St <n, n € NY. 


Since at = a® and b ' = b,every element of G can be expressed in the form a’b?1q'2b)2---a'"b’" where 
; y- 


i: > Oand j, > 0. Again since ba = ab it follows that every element of G is of the form ab”, where n, m are 
nonnegative integers. Now a* =e, b”? =e. These imply that every element of G is of the form a’b’, 0 <i <4, 
O0<j <2. 


foudild Be; erevorlgnenalc ébalcie fren then Si 62H Grd Ase Aetitel Seman SHe ° Mido; stindk 
a +=a°,b-!=b, anda 4b ¢e, 
{e,a,a°,a°}M {b,ab,a7b, a°b} = 0. 

Thus, G = {e,a,a”,a®,b,ab,a’b, a®b}. Hence, G has eight elements. 

(iii) Suppose ab = ba. Then ab = a%b. This implies that a” = e, which is a contradiction. Hence, ab 4 ba, 
proving that G is noncommutative. Hi 

It is easy to see that any two dihedral groups of degree 4 are isomorphic. Hence, there exists only one dihedral 
group (up to isomorphism) of degree 4. We denote a dihedral group of degree 4 by Du. 

We now describe all subgroups of D4. 

In Da, 

o(a) =4,0(a7) = 2, 0(a*) = 4, 0(b) = 2, 
(ab)" ee oe €, 
2 


& 0 = 4, by b= 9 (4 blab = abab= ¢ 


From this, it follows that H; = i a”}, Ho = {e,b}, H3 = {e,ab}, Ha = {e, ou and Hs = {e,a®b} are subgroups 
of order 2. By Lagrange’s theorem, D4 has no subgroups of order 3, 5, 6, or 7. Now 

Ti = {e,a,a°, a°} 

To = {e,a",b, ab} 

T3 = {e,ab,a”, a°b} 
are subgroups of order 4. We ask the reader to verify that {e}, Hi, H2, H3, H1, Hs, T1, T2, T3, and D4 are the 
only subgroups of D4. 

It is interesting to note in D4 that Hs is a normal subgroup of T3 and 73 is a normal subgroup of Da, but Hs 


is not a normal subgroup of D4. We also note that every nontrivial subgroup of Da is of order 2 or 4. Therefore, 
every nontrivial subgroup of D4 is commutative. However, since T2 is a nontrivial subgroup of D4 and T2 is not 


. . D4; . a D4 
$y Sicnit follows that not every poperivial subsrounof rnis MiTbes HBR we asosete that ne pe ig monRde 
the grat of symmetries of the square given on page 49. 
Next, we consider Qs. 


Definition 5.3.5 A group G is called a quaternion group if G is generated by two elements a,b satisfying the 
relation 
o(a)= 4, a? =b?, and ba=a®b. 


Example 5.3.6 Let T be the group of all 2 x 2 invertible matrices over C under usual matriz multiplication. 
Let G be the subgroup of T generated by the matrices 


0 1 0 7 
a=[ 2% 0 | ond B= | ae 


Then o(A) = 4 and 


Now 


and 
aece, || 2 Sb el fe Oo 
Peels |"4 ole |: 


Thus, BA = A?B. Hence, G is a quaternion group. 
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We leave the proof of the following theorem, which is similar to the proof of Theorem 5.3.4, as an exercise. 


Theorem 5.3.7 Let G be a quaternion group generated by the elements a and b such that 
o(a) = 4, a? =b’, and ba=ab. 
Then the following assertions hold. 
(i) Every element of G is of the form a'b’,0 i<4,0 j<2. 
(ii) G has exactly eight elements, i.e., |G] =8& < 


(itt) G is anoncommutative group. 1 


It is easy to see that any two quaternion groups are isomorphic. Hence, there exists only one quaternion 
group (up to isomorphism) and we denote it by Qs. 

Next, we determine all subgroups of Qs. 

Let Qg = (a,b), where o(a) = 4, a? =b?, and ba = a3b. Then 


Qs = {e,a,a”,a°,b,ab,a7b, a°b}. 


In Qs, 
o(a) =4,0(a?) = 2, 0(a®) = 4, 0(b) = 4. 


Now 


(ab)* = abab = aa*bb = b? =a’. 
b) =4. 
Thus, (ab) muse, (a*b)? = a*ba?b = a? (a*b)ab = a? bab = abab 
and 
(a°b)? = a®ba®b = a®(a*b)a7b = a?ba’b. 

Hence, o(a”b) = 4 and 0(a?b) = 4. It now follows that Ho = {e}, Hi = {e,a7}, Ho = {e,a,a’,a°}, H3 = 
{e,ab,a”,a®b}, and Hs = {e,b,a”,a*b} are subgroups of Qs. We ask the reader to verify that Ho, Hi, H2, Hs, 
H4, and Qs are the only subgroups of Qs. 

Since [Qs : H2] = [Qs : Hs] = [Qs : Ha] = 2, Ho, H3, and Hy are normal subgroups of Qs. Now ba?b™! = 
baab~' = a’bab~* = a®a®bb~ = a? € Hy. Since Qg = (a,b), Hi is a normal subgroup of Qg. Thus, every 
subgroup of @x: is a normal subgroup of G. It is also interesting to observe that all proper subgroups of Qg are 
cyclic. 


Theorem 5.3.8 D4 # Qs. 


Proof. We note from the above discussion that Qg contains six elements of order 4 while Da contains only 
two elements of order 4. Hence, D4 # Qs. 
The next theorem classifies all noncommutative groups of order 8. 


Theorem 5.3.9 There exist (up to isomorphism) only two noncommutative nonisomorphic groups of order 8. 


Proof. Let G be a noncommutative group of order 8. Since |G| is even, there exists an element u € G,u #e, 
such that wu? =e. If e? =e for all x € G, then G is commutative, a contradiction. Thus, there exists a € G such 
that a? #e. Since o(a) | 8, o(a) = 4 or 8. If o(a) = 8, then G is cyclic and hence commutative, a contradiction. 
Thus, o(a) = 4. Let H = {e,a,a*,a?}. Then H is a subgroup of G of index 2 and so H is a normal subgroup of 
G. Let b € G be such that b ¢ H. Then G = H U Hb and HN Hb = 9. This implies that 


G = {e,a,a’,a°,b,ab,a7b, a°b} = (a,b). 


1 1 a 1 


Nowl@ is Gomi heave, Hcénthaditim’ 16 babrthadici?onhdhhba? he — fap Th)bak gA—Ae thea W a 4 and 
contradiction. Therefore, bab~' = a? and so ba = ab. Since |G/H| = 2 and b ¢ H, o(Hb) = 2. Hence, b? € H. 
If b? =a or a, then 0(b) = 8 and so G is commutative, a contradiction. Therefore, either b? =e or b? =a’. It 
now follows that if G is a noncommutative group of order 8, then either 


G = (a,b) such that o(a)= 4, o(b)= 2 ,and ba =a*b 


or 
G = (a,b) such that 0 (a)= 4, b? =a’, and ba = a®b. 


In the first case, G ~ D4 and in the second case, G ~ Qs. Hf 
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Worked-Out Exercises 
® Exercise 1 Find Z7(D4). 


Solution: It is known that Z(D4) is a normal subgroup of D4. Now D4 has six normal subgroups: Da, {e}, Hi = 
{e,a7}, T; = {e,a,a7,a®}, T2 = {e,a?,b,a7b}, T3 = {e,ab,a7, a®b}. Since ab ba, Da, T,, and To cannot 
be Z(Da). If (ab)b = b(ab), then a = (ba)b = a®b? =a? and so a? =e, a contradiction. Hence, T3 4 Z(D,). 
Now a?b = a°b = a3(a?b) = a3(ba) = (ba)a = ba”. Hence, a? € Z(Da). Thus, Z(D4) = {e,a7} = Ai. 


© Exercise 2 Prove that D4/Z(D*) is isomorphic to K* and hence find Inn(D*). 
Solution: By Corollary 5.2.18, Inn(Da) ~ Da/Z(Da). Now Da/Z(Dsz) is a group of order 4 and 


D4/Z(D4) = {eZ(Da), aZ(Da), bZ(Da), abZ(Ds4)}. 


Since a? € Z(D4), b? =e, and (ab)? =e, we find that each nonidentity element of D4/Z(D1) is of order 2. 
Hence, D4/Z(D4) ~ Ka, the Klein 4-group. 


Exercises 
1. In D4, find subgroups H and K such that K is a normal subgroup of H and H is a normal subgroup of 
D4, but K is not a normal subgroup of D4. 
2. Show that Qs is the union of three subgroups each of index 2. 
3. Find all homomorphic images of D4. 


4, Find all homomorphic images of Qs. 


Group Actions 


As previously mentioned, the theory of groups first dealt with permutation groups. Later the notion of an 
abstract group was introduced in order to examine properties of permutation groups which did not refer to the 
set on which the permutations acted. However, one is primarily interested in permutation groups in geometry. 
Also, permutation groups are used in counting techniques that are important in finite group theory. An example 
of this can be seen in the proof of Lagrange’s theorem. We extend the notion of a permutation on a set to a group 
action on a set. We use the notion of a group action on a set to determine, via counting techniques, important 
properties of finite groups. 

Let G be a group and S a nonempty set. A (left) action of Gon S isa function -: Gx S > S' (usually 
denoted by -(g, x) — g- x) such that 

(i) (9192) + % = 91+ (92+), and 

(ii) e - = a, where e€ is the identity of G 

for allz € S, gi,g2 €G. 


Note: If no confusion arises, we write gx for g - x. 


If there is a left action of G on S, we say that G acts on S on the left and S' is a G-set. 


Example 5.3.10 Let G be a permutation group on a set S. Define a left action of Gon S by 
ox =0(x) 
forallao eG, xeES. Letx eS. Now ex = e(x) = 2, where e is the identity permutation on S. Let 01,02 €G. 


Then (01002) -x = (010 02)(x) = 01(02(x)) = 01: (o2(@)) = 01: (02+ x). Hence, S is a G-set. 


Example 5.3.11 Let G be a group and H be anormal subgroup of G. Define a left action of G on H by 


(g,h) — ghg 


for all g € G,h € H. We denote this by g-h= ghg—'. Let h€ H. Now e-h=ehe~' =ehe =h. Let 91,92 €G. 


Then (gig2)-h= (gig2)h(g1g2)~* = (g1g2)h(92 91") = 91(92h92")9r* = 91(g2-h)gy* = g1- (g2-h). Hence, H 
is a G-set. 


Theorem 5.3.12 Let S be a G-set, where G is a group and S is a nonempty set. Define a relation ~ on S by 
for all a,bE S, 
aw~ bifand only if ga=b for some g EG. 


Then ~ is an equivalence relation on S. 
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Proof. Since for alla € S,ea=a, a~a for alla € S. Thus, ~ is reflexive. Let a,b,c € S. Suppose a ~ b. 
Then ga = b for some g € G, which implies that g~'b = g~*(ga) = (g-'g)a = ea= a. Hence, b ~ a and so ~ 
is symmetric. Now suppose a ~ band b~ c. Then there exist 91, g2 € G such that gia = b and g2zb=c. Thus, 
(g2g1)a = g2(gia) = g2b=candsoa~c. Hence, ~ is transitive. Consequently, ~ is an equivalence relation. I 


Definition 5.3.13 Let S be a G-set, where G is a group and S is a nonempty set. The equivalence classes 
determined by the equivalence relation of Theorem 5.3.12 are called the orbits of G on S. 


Fora € S, the orbit containing a is denoted by [a]. 


Lemma 5.3.14 Let G bea group and S be a G-set. For alla € S, the subset 
Ga={gEG|ga=a} 
is a subgroup of G. 
Proof. Let a € S. Since ea = a, e € Ga and so Ga £0. Let g,h € Ga. Then ga = a and ha = a. This implies 
that (gh)a = g(ha) = ga = a and so gh € Gy. Now h™'a = h-'(ha) = (h'h)a = ea = a. Thus, h7! € Ga. 


Hence, G, is a subgroup of G. Hi 
The subgroup G, of Lemma 5.3.14 is called the stabilizer of a or the isotropy group of a. 


Lemma 5.3.15 Let G be a group and S be a G-set. For alla eéS, 
[G: Gal = [lal]. 
Proof. Let a € S. Let £ be the set of all left cosets of Ga in G. Now 
la] = {bE S|a~b}={bE S| ga=b for someg € G} = {ga| 9g € Gh. 
We now show that there exists a one-one function from £ onto [a]. Define 
f:£L— [a] 


by 
f(gGa) = ga 


for all gGa € L. Let gi, g2 € G. Then giGa = goGu if and only if gy gi € Ga if and only if gy*(g1a) = (gy ‘g1)a = 
a if and only if gia = g2a. Thus, f is a one-one function from CL into [a]. Let b € [a]. Then there exists g € G 
such that ga = b. Thus, f(gGa) = ga = b. This implies that f is onto [a]. Consequently, [G: Ga] = |L| = |[a]|. m 


Theorem 5.3.16 Let G be a group and S be a G-set. If S is finite, then 


EE aee el 


aca 
where A is a subset of S containing exactly one element from each orbit [a]. 


Proof. By Theorem 5.3.12, S can be partitioned as the union of orbits. Therefore, 


S= a Ala]. 
U € 
Hence, 
|S| = Sy |\[a]| = SG: Ga] by Lemma 5.3.15. 
acA acA 
|_| 


Theorem 5.3.17 Let S be a finite G-set, where G is a group of order p” (p a prime). Let So= {a€ S| ga=a 
for all g € G}. Then 
|S] =p | So] . 
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Proof. By Theorem 5.3.16, 
[S| = S[G: Gal, 
acA 


where A is a subset of S containing exactly one element from each orbit [a] of G. Now a € Spo if and only if 
ga =a for allg €G, i-e., if and only if [a] = {a}. Hence, 


isj=|Soi+ 2. 
aeHTso |G2| 


Since |Ga| 4 |G| for alla € A\So, = is some power of p for all a € A\So. Thus, wo is divisible by p, proving 
that |S| =p, |So| ™ 


Corollary 5.3.18 Let G be a finite group and H be a subgroup of G such that |H| = p*, where p is a prime and 
k is a nonnegative integer. Then 


IG: H] =p [N(4#A): A], 
where N(H)= {g € G| gHg"' =H}. 


Proof. Let S = {xH |x € G}. Define a left action of H on S by h(aH) = (ha)H for allhe H, cH eS. 
Then S is an H-set. Let So = {tH € S | h(aH) = rH for all h € H}. By the above theorem, || =, |So|. 
Now +H So if and only if h(aH) = 2H forallh MH ifandonlyifa the 4H forallh 4 if and only if 

~“1Hxz Cal. N Le 1 Hx | = i i Hence, tH € S° # and only if tv +H C A @ and only if € }Hx = H (since 
ve is finite and oye Ax |= = |A|) if and ‘only if « € N(A). This shows that Sp is the set of all left cosets of 7 in 
N(#). Thus, |So| = [V(H): H]. Also, |S] = [G: H]. Hence, [G: H] =,[N(H): H]. @ 


Theorem 5.3.19 Let G bea group and S be aG-set. Then the left action of G on S induces a homomorphism 
from G into A(S), where A(S') is the group of all permutations of S. 


Proof. Let g € G. Define tT, : S > S by 7,4(a) = ga for all a € S. Let a,b € S. Then 7,(a) = 7,(b) if 
and only if ga = gb if and only if a= b. Therefore, Tg is a one-one function. Now b= g(g~'b) = T4(g~-b) and 
g'b€ S. This shows that 7, is onto S. Thus, Ty € A(S). Let gi, go € G. Then T9,g.(a) = (g1g2)a = gi(gea) = 
T 91 (92@) = T91(Tg2(@)) = (Te, © Tgo)(a) for all a € S. This implies that Tg, 9, =T 9, ° Tgg- Define 


w:G— A(S) 


b 
: W(9)=To 

for all g € G. Then ~ is a function. Now (9192) = T9192 =T91 0T92 = W(g1) 0 W(ge) for all gi, g2 € G. This 
proves that ~ is a homomorphism. 

| 


The following corollary, which is known as the Extended Cayley’s theorem, follows from the above theorem. 


Theorem 5.3.20 Extended Cayley’s theorem: Let G be a group and H be a subgroup of G. Let S = {aH | a € G}. 
Then there exists a homomorphismy fromG into A(S) (the group of all permutations on S') such that Kerw C H. 


Proof. First we note that S is a G-set, where the left action of G on S is defined by g(aH) = (ga)H for all 
g €G. This left action induces the homomorphism ~ of Theorem 5.3.19. Now 


Kerw = {g G|¢v(g)=7,= the identity mapping on S$} 
{g € G|7,(aH) = aH for all aH € S} 
= {g¢€G|g(aH)=aH forallaH € S}. 


Let g € Ker w. Then g(aH) = aH for all aH € S. In particular, gH = H. Thus, g € H. Hence, Ker 7) C H. @ 


Corollary 5.3.21 Let G be a group and H be a subgroup of G of index n .Then there exists a homomorphism 
w from G into Sy such that Ker w C H. 


Proof. Because [G : H] =n, the group A(S) ofall permutations on S is isomrphic to S,,. Hence the corollary 
follows from the theorem. Ml 
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Corollary 5.3.22 Let H be a subgroup of a group G of index a prime integer p. Then H is isomorphic to a 
subgroup of Sp. 


Corollary 5.3.23 Let G be a finite group and H be a proper subgroup of G of index n such that |G| does not 
divide n! Then G contains a nontrivial normal subgroup. 


Proof. From Corollary 5.3.20, Ker ~ C H and G/Ker w is isomorphic to a subgroup of S,, where ~ is 
fi 
prolingdhan Korallasy Ddn2ivibhexaford sGbdsoup baGidms 7! But |G| does not divide ! Hence, |Ker Y| 4 1, 


Definition 5.3.24 Let G be a group and S be a G-set. Letae S,geEG. Then a is called fixed by g if ga=a. 
If ga=a forall g €G, then a is called fixed by G. 


Theorem 5.3.25 (Burnside) Let S be a finite nonempty set and G be a finite group. If S is aG-set, then the 
number of orbits of G is 
F 
ral 7 S> F(9); 


gEG 
where F'(g) is the number of elements of S fixed by g. 


Proof. Let T = {(g,a) € Gx S| ga = a}. Since F(g) is the number of elements a € S such that (g, a) € T, 
it follows that |T| = F(g). Also, |G.| is the number of elements g G such that (g,a) T. Hence, 


gEG 
T| = acs G2|. 
IP | L = hoy [a2] je. -U [ax], where { [a1], [a2], ..., [ax]} is the set of al Aistinct orbits of G on S. Then 
DFW@)= D7 IGal+ D7 IGal+---+ D7 IGal. 
gEG a€[ay] a€[ag]} a€laz 


Suppose a,b are in the same orbit. Then [a] = [b] and [G: Ga] = |[a]| = |[b]| = [G: Go]. This implies 


ate eek 
|Gal [Go| 


and so |Ga| = |Gz|. Thus, 


dgeo F(9) [aa] [Gar] + [a2] [Gao] +--+ + [Lax] |Gay.| 


Tony Gail + eo Gaal + - +7 |Gau 


= RIG, 


where k is the number of distinct orbits. Consequently, 
5 
IG| eG 
| 


Worked-Out Exercises 


® Exercise 1 Let S be a finite G-set, where G is a group of order p” (p a prime) such that p does not divide |.S|. Show 
that there exists 


Solution: Let So = {a € S| ga=a for all g € G}. By Worked-Out Exercise 1, |S] =p |So|. Since p does not divide 
fi 


© Exercise 2 a re ea hh pot divide 154 Let Thug, | oe As aie is shows eee on foo fe sin ase ee gd by ing the 
order of G. Show that H is a normal subgroup of G. 

Solution: Let S = {aH | a € G}. Since [G: H] =p, by Extended Cayley’s theorem there exista a homomorphism 
w:G— A(S) such that Ker w C H. Now G/Ker w is isomorphic to a subgroup of A(S). Therefore, 
|G/Ker | divides |A(S)| = p! Let |G/Ker | =n. Then n= [G: H][H: Ker w] > p. Let n= pip2--- pr, 
where p; are prime integers, i = 1,2,...,k. Since p; divides |G| and p is the smallest prime dividing the 
order of G, pi > p for all i= 1,2,...,k. Since n divides p!, we have each p; divides p!. Since each p; is a 
prime and p; > p, we must have i = 1 and p; = p. Thus, n = p. This implies that [H : Ker 7] =1. Hence, 
H = Ker w and so H is a normal subgroup of G. 
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Exercise 3 


Solution: 


} Exercise 4 
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Let G be a group of order pn, p a prime, and p > n. If H is a subgroup of order p in G, prove that H isa 
normal subgroup of G. 


Let S = {aH | a € G}. Now |S|= [G: H] = il = “=n. By Extended Cayley’s theorem there exista 
a homomorphism yw: G— A(S) such that Ker w C H. Since | H| = p, either Ker w = {e} or Ker ~ = H. 
If Ker w = {e}, then G is isomorphic to a subgroup of A(S). This implies that |G| divides |A(S)], i-e., 
pn | n! Therefore, p | (n — 1)! Since p > n ,p does not divide (n — 1)! Thus, Ker w = H. Hence, H is a 
normal subgroup of G. 


Let G be a group. Show that G is isomorphic to a subgroup of A(G). (This is Cayley’s theorem. Here we 
want to prove this result by the group action method.) 


Solution: Gis a G-set, where the left action of G on G is defined by the group operation. This left action induces 
a homomorphism y : G — A(G) defined by #(g) = T,, where Tg(a) = ga for all a,g € G. Now Ker 
y= {9 €G |, = identity permutation on G} = {g € G| ga = a for all a € G} = {e}. Hence, y is a 
monomorphism. 

Exercises 
1. Show that Iz = {1,2,3} is a S3-set, where the left action is defined by oa = a(a) for all o € S3, a € I. 
Find all distinct orbits of S3. Find Gi, Ge, and G3. 
2. Let H be a subgroup of order 11 and index 4 of a group G. Prove that H is a normal subgroup of G. 
3. Et fb kernat beng uals parr F atipelsap sels AL does not contain any nontrivial normal subgroups of 
4. Let G = GL(2,R) and S = R?. Show that $ is a G-set under the left action defined by 
a b 
| i (x,y) = (ax + by, cx + dy) 
forall | * ° | eG, (a,y) eR 
c d ai : 
5. Let G be a group of order 77 acting on a set S of 20 elements. Show that G must have a fixed point. 
6. Let G be a group. The left action of G on the set G is defined by conjugation, i.e., (g,x) — grg~* for all 
g, « € G. Show that the kernel of the homomorphism 7: G — A(G) induced by this action is Z(G). 
7. Let G be a group of order 80 such that G has a subgroup of order 16. Show that G is not a simple group. 
8. Show that a group of order 22 is not a simple group. 
9. Show that there are no simple groups of orders 6, 10, 14, 26, 34, and 58. 
10. Show that a group of order 8 cannot be a simple group. 
11. Show that a simple group of order 63 cannot contain a subgroup of order 21. 
12. Let G be a group of order 70 such that G has a subgroup of order 14. Show that G has a nontrivial normal 


subgroup. 
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Arthur Cayley(1821—1895) was born on August 16, 1821, in Cambridge, England. He was the second son. 
He entered Trinity College at the age of 17, as a pensioner. In 1842, he graduated as senior wrangler. Later he 
went to a law school and in 1849 he became a lawyer. As a lawyer, he made a comfortable living and in fourteen 
years, during which he practiced his law profession, he wrote approximately 300 mathematical papers. 

In 1863, Cayley was elected to the new Sadlerian chair of pure mathematics at Cambridge, where he remained 
until his death. He died on January 26, 1895. 


is7écnengsbeehla His GAylee sien ed oes ahheMPAe FRPCHOASS! CAPRy inte SOB pESHEALAS HAD CH teh 
volumes of his collected papers. 

Cayley’s mathematical style was terse. He usually wrote out his results and published them without delay. 
He, along with J. J. Sylvester, his lifelong friend, is considered to be the founder of invariant theory. He is also 
responsible for matrix theory. The square notation used for determinants is due to Cayley. He proved many 
important theorems of matrix theory, such as the Cayley-Hamilton theorem. He is one of the first mathematicians 
to consider geometry of more than three dimensions. 

In 1854, Cayley published, “On the theory of groups depending on the symbolic equation 6” = 1.” In this 
paper, he considered a group as a set of symbols, 1,a,8, ..., all of them different and such that the product of 
any two of them (no matter in what order), or the product of any one of them into itself, belongs to the set. 
This formulation of a group as a set of symbols and multiplications is different from the formulation considered 
by the earlier mathematicians. The paper is generally regarded as the earliest work on abstract group theory 
and Cayley is regarded as the founder of abstract group theory. He is best known for the theorem that every 


fnite group. is isomeric tg.aswie> la nermtation soup. dais artigk. of L8oAahe tyipoduced 2 exggedune for 


Cayley also proved a number of important theorems. 
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Chapter 6 
Direct Product of Groups 


6.1 External and Internal Direct Product 


In Section 2.1, Exercise 25, we defined the direct product G x H of two groups G and H. In this section, we 
extend this concept to any finite family of groups and obtain their basic properties. 

The notion of a direct product is used to factor a group into a product of smaller groups. This factorization 
gives structural properties of a group. In some cases, it allows for the complete characterization of a certain type 
of group. In Chapter 9, the concept of direct product is used to give a complete system of invariants for a finitely 
generated Abelian group, i.e., a finite set of positive integers which implies the isomorphism of any two finitely 
generated Abelian groups that have this set of integers. 

Recall that I, = {1,2,...,n}. 

Let {G; | 7 € I,} be a family of groups. Let 


G=G, X Go xX::+X Gn= {(a1,@2,...,@n) | ai € Gi,t € In}. 
Define * on G as follows: for all (a1, @2,...,@n), (b1, b2,...,6n) EG 
(a1, @2,...,@n) * (bi, bo,...,0n) = (a1b1, dgb2,...,Anbn). 


In the following theorem, we show that is a binary operation on G and that the set G together with the 
binary operation * is a group. We also obtaih several important properties of G. 
Theorem 6.1.1 Let {Gi |i € In} be a family of groups and G= G1 x G2 x--- xX Gn. Let e; be the identity of 


G; for allt € In. Then (G,*), where * is defined above, is a group with e = (e1,€2,...,en) the identity element, 
and for all (a1, d2,...,@n) € G, 


(@1,@2,..-,@n) —_ (a; "te “Gage 
Furthermore, let 
H; | {(e1, €2,.--, Ci—1, Qi C441, ns .5€n) | age Gi} 


for all 1 € In. Then the following assertions hold. 
(i) H; is a normal subgroup of G for alli € In. 
(ti) For alla € G, a can be uniquely expressed as a= hyhg-+-hn, where hi € Hi, i € In. 


(ith) EF GH? + pH) H+ --- A”) = {e} for alli eI”. 


Proof. First we note that * is single-valued and if (a1,...,@n), (b1,.--,6n) € G, then (a1,...,@n) * 
(b1,...,0n) = (ai1b1,...,@nbn) € G since ajb; € G; for all 7. Thus, * is a binary operation on G. We ask 


the reader to verify that * is associative. Now e = (€1, €2,...,én) € G and for all a = (ai, a2,...,an) € G, 
ae = (d1,@2,...,@n)(e1,€2,-.-,€n) 
= (a1€1, 42€2,..-,; An€n) 
= (d1,02,..-,@n) 
= a. 
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Similarly, ea = a. Hence, e is the identity of G. To show that every element of G has an inverse in G, let 


(a1,@2,...,@n) € G. Then (a;1,a3",...,a;') € Gsince aj* € G; for alli and 
al ai -1 -1 -1 
(a1, @2,-..,@n)(a; 942 +++, On ) = (a1a} ,42Q2 ,+++, Ann ) 
= (€1, €2,---,€n) 
= € 
Similarly, (a7 ',az*,...,@n1)(a1,a2,...,a@n) =e. Thus, every element of G has an inverse. Consequently, (G,_) 
is a group. We also note that by the uniqueness of the inverse of an element * 
1 ab = 1 
(Q1,@2,...,@n) =(@, ,@Q ,...,@,). 


(i) Let i € I,. Since (e1,e2,...,€n) € Hi, Hi #0. Let a= (e1,...,a:,...,@n), b= (€1,...,0:,---,€n) © Hi. 
Then 
a SS (eigen p lisa Gla) Oascas igang 
S (PistxigGizsns gO) Gigieeg Ue avduee) 
= (Gipseiyde sanccOe) € H;. 


Thus, H; is a subgroup of G by Theorem 4.1.6. Let g = (g1, g2,.--,gn) € G. Then 


gag * = (Gig Gay 1515 Bn Mein tes Oi is se (GE O8esi4te) 


= (1,92) 455i eres Se Or xa 304308) 
= (é1,... Gig; *, ...;€n) € H; since Gidig; € Gj. 
Hence, 4; is a normal subgroup of G. 
(ii) Let a = (a1, @2,...,Qn) € G. Let hi = (e1,...,@:,...,@n) for all? €7,. Then a= hih2---h,. To show 
that the representation of a is unique, let a = kik2---k, be another representation of a, where k; € H; for all 
i € I,. Let ky = (e1,...,0:,...,€n) € H; for alli € I,. Then 


(@1,42,.-.,€n) =hihe-++hn =a=kiko-++kyn = (b1, b2,...,0n). 


This implies that a; = 6; for allz € In and so h; = k; for all 2 € I,. Hence, the representation of a is unique. 
(iii) Suppose a € HiN (Ai --- Hi-1 Hi41--: Hn). Then a € AH; and 


aé My--- Aj_-1Hi41--- Hn. 
Sincea € H;, a= (e1,...,@i,-.-,€n) € H; for some a; € G; and since 
a Hy--- Hi-1Hisi-+- Hn, 
we have a= hihe---hi-1hi41--- hn, where fi; =(€1,...,@;,...,€n) € Hj for some a; € G;. Thus, 
(€1,.--,@i,---,€n) =@=hy-+-hi-ihigi-++hn = (Q1,..., Qi-1, Ci, Qi4t,---,Gn)- 
This implies that a; = e; for alli € J,. Hence, 
AYN (Ai Ae --: Hi-1 Hi41--+ Hn) = {e}. 


(iv) The desired result follows from (ii). Hl 


Definition 6.1.2 The group G of Theorem 6.1.1 is called the external direct product of the groups Gi, i = 
i a arery h 


Theorem 6.1.1 motivates the following definition. 


Definition 6.1.3 Let G be a group and {N; |i € In} be a family of normal subgroups of G. Then G is called 
the internal direct product of Ni, No,...,Nn if if G= NiNo---Ny and Ni (Ni-++Ni-1Nizi-+: Nn) = {e} 
for alli € In. 


Let G = G; x G2 x --- X Gp, be the external direct product of the groups G;. Let H; be defined as in Theorem 
6.1.1. Then G is the internal direct product of Hi, H2,...,H, by Theorem 6.1.1. 


Theorem 6.1.4 LetG bea group and {Ni | i € In} be a family of normal subgroups of G. ThenG is an internal 
direct product of {N; |i € In} if and only if for all a € G, a can be uniquely expressed as a= a1A2-++An, where 
a€ Ni, aE In. 
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Proof. Let G be an internal direct product of {Ni |  € In}. Then G = Ni N2--- Nn and Nin (N1i--- Ni-1Ni41-+-Nn) = 
{e} for alli € I,. Then Ni; NN; = {e} for all 1 A 7 and hence wv = vu for all u € N; and for all v € N; by 
Exercise 13 (page 93). Let a = aia2---Gn = b1b2---+bn be two representations of a, where aj, bi € Ni, i € In. 


Then 
e = ata 
= (aia2 Gn) (bi be bn) 
= an'ay',---ay'bibe-+bn 


é ek oe = at bla®_p2-.-a™ br 
since for alli Aj ifu € Nj and v € Nj, then wv = vu. This implies that 


by ta; = ay'bi ene aj bi-14;4 10441 wes an tbn = N; M Ni No aes Ni-1Ni41 Pane Nn 


for alli € In. Since Ni Ny No--+ Ni-1Nisi+::Nn = {e}, we must have b> 'a; = e or a; = bj for alli € In. Thus, 
a can be written uniquely as a1a2---dn, where a; € Ni, 1 € In. 

Conversely assume that for all a € G, a can be uniquely expressed as @ = aia2---Qn, where ai € Mi, 
i € I,.This implies that G = Ni N2--- Np. We now show that N;N (Ni ---Nj-1Ni+i1--: Nn) = {e} for alli € In. 
Let i € In anda € Nin (M-++ Ni-1Nigi:::Nn). Then a € N; and a € Ny---Nj-1Ni4i::: Nn. This implies 
that we can write @ = a1d2--+@;-1@i41-++@n for some a; € N;, 7 € In\{i}. Hence, 


€€++-A:+-€C =A= A1A2Q°* + Aj_-1€QAj41°+* An 


are two representations of a, where a; € N;, j € In\{i}. Since the representation of a is unique, a = e. Hence, 


Tie sN A Ne ncold al how that if a group G is an internal direct product of a family of normal 
subgroups {V; | ¢ € In}, then G can be viewed as an external direct product of the groups N;’s. 
Theorem 6.1.5 Let G be an internal direct product of a family of normal subgroups {N; | i € In}. Then 
G~N, x No x---x Nn. 
Proof. Let a € G. Then a can be expressed uniquely as a = a1@2---dn, where a; € N;, i € In. Define 
f:G—>M x No2x---x Nn 


by 
f(a) = (a1, a2,...,@n) 
for alla G. From the definition of f, it follows that f is well defined and onto Ny x No x--- x Nn. And from 


the uniqéeness of the representation of @, it follows that f is one-one. We now show that f is a homomorphism. 
Let a = aja2---Gy, and b= byb2---bn be two elements of G, where aj, bi € Ni,t € In. Now Ni NN; = te} for 


allt Aj and so uv= vu for all u € N;, v € N;. This implies that 


ab = aj,ag°:: * Anb1 be eben bn = a 1b agbe2 a8 anvas 


Thus, 
f (ab) = (a1b1, dzbo,... 5 Anbn) 
= (Qi, G2,..-,@n)(b1, b2,..., bn) 
= fa@f) 


and so f isa homomorphism. Consequently, G ~ Ni x No x---x Ny. 
Considering Theorem 6.1.5, let us agree to write G = Ny x No x--- x Nn when G is an internal direct product 
of a family of normal subgroups {Nj | i € In}. 


Worked-Out Exercises 


© Exercise 1 Let G and G, be groups and f :G — G; be a homomorphism. Let H be a normal subgroup of G. Suppose 
that f |#: H — Gj is an isomorphism of H onto G1. Prove that G = Hx Ker f. Give an example to show 
that this result need not be true if H is not a normal subgroup. 


Solution: Let a € G. Then f(a) € G; = f(H). Thus, there exists h € H such that f(a) = f(h). Now f(a) = f(h) 
implies that f(h~'a) = e; and hence h~‘'a € Ker f. Therefore, there exists b € Ker f such that b= h7'a 
or a= hb. Hence, G= HKer f. Suppose a € HNKer f. Then a € H and f(a) =e1 = f(e). Since f |x 
is one-one, f(a) = f(e) implies that a = e. Therefore, HNKer f = {e}. Thus, H and Ker f are normal 
subgroups of G such that G= HKer f and HnKer f = {e}. Consequently, G = Hx Ker f. 
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This result need not be true if H is not a normal subgroup of G. For let G = S3 and Gi = (g’) be such that 
o(g’) = 2, i.e., Gi is a cyclic group of order 2. Let H = ((1 2)). Define f :G — Gi by f(e) =e, f(x) =e if z is 
an element of order 3, and f(x) =g’ if x is an element of order 2. Then f |w: H — Gj is an isomorphism of H 
onto G;. Now Ker f = {e, (1 23), (13 2)} = ((1 23)). But G 4 Hx Ker f (see Exercise 14, page 127.) 


© Exercise 2 


Solution: 


© Exercise 3 


Let G be a group and H and K be subgroups of G such that G = H x K. Let N be a normal subgroup of 
G such that N 1 H = {e} and NN K = {fe}. Prove that N is commutative. 


NG, Dy bxeretse 13" hace HET a Pee hae RE We, MER Sich Hat YS ONS 
ab = a(hk) = (ah)k = (ha)k = h(ak) = h(ka) = (hk)a = ba. Hence, N is commutative. 

Let G be a group and A and B be subgroups of G. If 

(i) G= AB, 

(ii) ab = ba for alla € A, b € B, and 

(iii) AN B= {e}, 

prove that G is an internal direct product of A and B. 


Solution: Let us first show that A and B are normal subgroups of G. For this, let a € A, g € G. There exist cE A 


© Exercise 4 


Solution: 


© Exercise 5 


Solution: 


© Exercise 6 


Solution: 


and b € B such that g = cb by (i). Now gag™* = (cb)a(cb)~* = cbab-1c~+ = cabb-'c"! = cac™' € A. 
Hence, A is a normal subgroup of G. Similarly, B is a normal subgroup of G. Let g € G. Then g = ab 
sat some a [ A, 6b € B. Suppose g = aib1, where a, € A, 61 € B. a ab = aibi, which implies that 


fe anak “GihP as age ab hyse =e mebmQuehherdorg, eae ee Al §.can 


Let G be a cyclic group of order mn, where m, n are positive integers such that gcd(m,n) = 1. Show that 
GrZm X Zn. 


Since m divides |G| and G is cyclic, there exists a unique cyclic subgroup A of G of order m by Theorem 
4.2.11. Similarly, there exists a unique cyclic subgroup B of G of order n. Now |ANM B| divides |A| = m 
and |ANM B| divides |B| =n. Since gcd(m,n) =1,|AN B| =1. Thus, by Theorem 4.3.14, 


_ JAUB) mn _ 
Bl = AB i =mn= |G|. 


Since AB CG, |AB| = |G], and G is finite, we must have G = AB. Hence, G = AB, AN B= {e}, and A 
and B are normal subgroups of G. Thus,G = A x BY Zm Xx Zn. 


A be ¢wo,cyclic groups of order ™ and ”, respectively. Show that A x B is a cyclic group if and 
if mony wre 


Let A= (a) for some a € A and B = (b) for some b € B. Suppose gcd(m,n) = 1. Let g = (a,b). Then 
g”” = (a,b)™” = (a™”, b””") =(e4,eB8), where e 4 denotes the identity of A and eg denotes the identity 
of B. Suppose o(g) =t. Then (a,b)’ = (e4,e8). This implies that a’ =e4 and b' = eg. Thus, m | t and 
n| t. Since ged(m,n) = 1, mn | t. Hence, mn is the smallest positive integer such that g™” =e. Thus, 
o(g) = mn. Now |A x B| = mn and A x B contains an element g of order mn. Asa result, A x B is cyclic. 
Conversely, assume that A x B is cyclic and gcd(m,n) =d # 1. Let (a,b) € A x B. Then o(a) | m and 
o(b) | n. Now 4 = 44n = m4 is an integer and “4 < mn. Also, 
(a,b)? =(a4 ,b"C) = (e4, en). 


Hence, A x B does not contain any element of order mn. This implies that A x B is not cyclic, a contra- 
diction. Therefore, ged(m,n) = 1. 


Show that |Aut(Z2 x Z2)| =6. 


First note that Zz x Zz has four elements, e = ([0}, [0]), a = ({1], [0]), b = (OJ, [1]), ¢ = ({1], [1]), and o(a) = 
o(b) = o(c) = 2. Let f € Aut(Ze x Ze). Then o(f(x)) = o(x) for alla € Zo x Zp. Hence, f maps {a,b,c} 
onto {a,b,c}. Thus, f is a permutation of {a,b,c}. Since there are only six permutations of {a,b,c}, it 
follows that |Aut(Zz x Zz)| <6. Nowa+b=c,a+c=b, b+c=a,and at+a=e=b+b=c-+c. Thus, 
any permutation of {a,b,c} gives rise to an automorphism of Z2 x Zg. For example, let a: a > b, bc, 
c— a, and e — e. Now a(a+b) = a(c) = a and a(a)+a(b) = b+c=a. Therefore, a(a+b) = a(a)+a(b). 
Similarly, a(a +c) = a(a) + a(c), a(b+c) = a(b) + a(c), a(a+ a) = a(a) + a(a), a(b+b) = a(b) + a(bd), 
and a(c +c) = a(c)+a(c). Hence, a is an automorphism. Thus, |Aut(Z2 x Z2)| =6. 
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Exercises 


1. 


17. 


18. 


Prove that the direct product of two groups A and B is commutative if and only if both groups A and B 
are commutative. 


. Let A,B,C, and D be four groups such that A ~ C and B ~ D. Show that A x By Cx D. 
. Let G be a group such that G= H, x Hz x--- X Hy, where H; is a subgroup of G. Let K; be a normal 


subgroup of G suchthat K; Hj,1 «t n.Let K= Ky x K2x--- x Ky. Show that 


c SG Mm. os ie 
ee KX. 
K hi” Ks Ks 


. Let G; be a group, 1 <i <n. Show that 


Z(Gi xX Gg X +++ xX Gn) = Z(G1) x Z(G2) x +++ x Z(Gr). 


. Let G be a group and H and K be subgroups of G such that G = H x K. Show that G/K ~ H and 


G/H~ K. 


. Let G be a finite cyclic group of order mn, where m and n are relatively prime. Let H and K be subgroups 


of G such that |H| =m and |K| =n. Show that G= H x K. 


. Prove that Aut(Z2 x Zz) ~ S3. 
. Let G be a group and H and K be normal subgroups of G such that G = HK. Let H K = N. Show that 


Nl 
G/N~ H/Nx K/N. 


. Prove that a finite Abelian group G is the internal direct product of subgroups H and K if and only if (i) 


HK = {e} and (ii) |G] = || |K]. 


. Show that the Klein 4-group is isomorphic to the direct product of a cyclic group of order 2 with itself. 


. Show that a cyclic group of order 4 cannot be expressed as an internal direct product of two subgroups of 


order 2. 


. Show that a cyclic group of order 8 cannot be expressed as an internal direct product of two subgroups of 


order 4 and 2, respectively. 


. Can the cyclic group Zi2 be expressed as an internal direct product of two proper subgroups? 


. Show that S3 cannot be written as a direct product of proper subgroups. 


. Show that D4 cannot be expressed as an internal direct product of two proper subgroups. 
. Consider the groups Zz x S3, Zz x Ze, and Zi2. Are any two of these groups isomorphic? Is any one 


noncommutative? 


Show that the additive group (Z,+) cannot be expressed as an internal direct product of two nontrivial 
subgroups. 


Show that the additive group (Q,+) cannot be expressed as an internal direct product of two nontrivial 
subgroups. 
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Heinrich Weber (1842-1913) was born on May 5, 1892, in Heidelberg, Germany. In 1860, he studied 
mathematics and physics at the University of Heidelberg. He received his Ph.D. in 1863. He was appointed as 
extraordinary professor at the University of Heidelberg in 1869 and also taught at Edgenéssische Polytechnikum 
in Zurich, the University of Kénigsberg, the Technische Hochschule in Charlottenburg, and the universities of 
Marburg, Gottingen, and Strasbourg. 

Weber was a friend of Richard Dedekind and they often collaborated. Together they edited the work of 


Riempaapeds LR4fh Hewnen MinkesrskiandP awit Fu bbent wer QApIRAsMEhs Matncemttical physics and number 
theory. He was encouraged by von Neumann to investigate physical problems and by Richelot to study algebraic 
functions. Along the lines of Jacobi, he worked on the theory of differential equations. He proved Abel’s theorem 
in its most general form. He also worked on physical problems concerning heat, static and current electricity, 
the motion of rigid bodies in liquids, and electrolytic displacement. 

Weber’s most profound and penetrating work is in algebra and number theory. He, jointly with Dedekind, 
did work of fundamental importance on algebraic functions. 

In 1891, Weber gave the “modern” definition of an abstract finite group. One of his outstanding accomplish- 
ments was the proof of Kronecker’s theorem, which states that absolute Abelian fields are cyclotomic. 

Weber was an enthusiastic and inspiring teacher who took great interest in educational questions. He died 
on May 17, 1913. 


Chapter 7 
Introduction to Rings 


In the previous chapters, we investigated mathematical systems with one binary operation. There are many 
mathematical systems, called rings, with two binary operations. The notion of a ring is an outgrowth of such 
mathematical systems as the integers, rational numbers, real numbers, and complex numbers. 

Although David Hilbert coined the term “ring,” it was E. Noether who, under the in fluence of Hilbert, set 
down the axioms for rings. In 1914, Fraenkel gave the first definition of a ring. However, it is no longer commonly 


Msc dhs we shall see, a ring is a particular combination of a group and a semigroup. Hence, our previous work 
will prove helpful in our examination of rings. However, it is not enough to examine a set with two independent 
binary operations. In order to obtain the full power of the axiomatic approach, we need a dependency between 
the two operations—in particular, the distributive laws. 


7.1 Basic Properties 


This section parallels Chapter 2. Furthermore, we introduce several notations and definitions which will be used 
throughout the text. 


Example 7.1.1 Consider Z, the set integer, together with the binary operations +, usual addition of numbers, 

and -, usual multiplication of numbers. By Example 2.1.9, (Z,+) is a commutative group. Also by Example 

2.1.10, (Z, -) is a semigroup. Moreover, the distributive laws hold in Z. That is, for any integers a,b,c € Z, 
a:(b+c) = (a-b)+(a-c) and (b+ c)-a= (b-a)+(c-a). 


Example 7.1.2 Consider the set Z, and the binary operations +n and -,as defined in Examples 2.1.9 and 
2.1.10, respectively, where n is positive integer. As shown in Example 2.1.9, (Zn,+n) is a commutative group. 
By Example 2.1.10, (Zn,-n) is a semigroup. Moreover, for any [al], [6], [c] € Zn, we have 


[a] -n ([] +n [d) = [a]-nlb+e 


| 
= 
= 
> 

nig 

° 
= 


Similarly, 


That is, the distributive laws hold Soa” lel) fal (18) -* [a]) +” ([e] -” Lal). 


In the previous two examples, we considered a mathematical system with two binary operations. In general, 
the two binary operations are denoted by + (addition) and - (multiplication). Under the binary operation + 
the mathematical system is a commutative group, under the binary operation - the mathematical system is a 
semigroup, and - distributes over +. There are many such mathematical systems and such mathematical systems 
are called rings. More specifically, a ring is a mathematical system (R,+,-) such that (R, +) is a commutative 
group, (R,-) is a semigroup, and the distributive laws hold, i.e., for all a, b, ce R, 


a: (b+c)=(a-b)+(a-c), 
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(b+c)-a=(b-a)+(c-a). 
We denote the identity of (R,+) by the symbol 0. The additive inverse of an element a € R is denoted by 


—a. 
We now give a complete definition of a ring. 


Definition 7.1.3 A ring is an ordered triple (R,+,-) such that R is a nonempty set and + and - are two binary 


ee on fi peeping (pe Johquing axe ae R. 


(R2) ne b+a for alla,b € R. 
(R38) There exists an element 0 in R such thata+0=<a forallaé R. 
(R4) For alla € R, there exists an element —a € R such that 


a+(—a)=0. 


(R5) (a-b)-c=a-(b-c) foralla,b,ce R. 
(R6) a-(b+c)= (a-b)+(a-c) for alla,b,ceE R. 
(R7) (b+ c)-a= (b-a)+(c-a) for alla,b,cé R. 


We call 0, the zero element of the ring (R,+, -). 

During the development of the theory of rings, we will use the following conventions. 
1. Multiplication is assumed to be performed before addition. 

2. We write ab for a - b. 

3. We write a — b for a + (—D). 

4. We refer to a ring (R,+,-) asaring R. 


Accordingly, ab + c stands for (a-b) +c, ab+ac stands for (a:b) +(a-c), ab—ac stands for (a-b) +(—(a-c)), 
where a,b,cE R. 


Example 7.1.4 (i) As shown in Examples 7.1.1 and 7.1.2, repsectively, (Z,+,-) and (Zn,+n,-n) are rings. 
(ti) It can be shown that (Q,+,-), (R,+,-), and (C,+4+,-) are rings. 
(tii) Consider E, the set of even integers. Because addition and multiplication of even integers is an integer, 
we can show that (E,+,-) is a ring, called the ring of even integers. We leave the details as an exercise. 
However, note the 0 is the additive identity of the ring EE. 


The ring (Z,+,-) of Example 7.1.4(i) is called the ring of integers. This ring plays an important role in 
the study of ring theory. One of the basic problems in ring theory is to determine rings, which satisfy the same 
type of properties as the ring of integers. 


Remark 7.1.5 The ring (Zn, +n,:n) Example 7.1.4(i) is called the ring of integers mod n. 


Definition 7.1.6 A ring R is called commutative if ab = ba for alla,b € R. A ring R which is not commutative 
is called a noncommutative ring. 


From the above definition, it follows that a ring R is commutative if and only if the semigroup (R,-) is 


commutative. 


Example 7.1.7 Because multipliation of numbers is commutative, it follows that (E,+,-), (Z,+,-), (Q-4,:), 
(R,+,-), and (C,+,-) are commutative rings. Also for any [a], [b] € Zn, [a] -n [b] = [6] -n [a]. Hence, (Zn, +n,-n) 
is also a commutative ring. 


Definition 7.1.8 For a ring R, the set C(R) = {a € R | ab=ba for all b € R} is called the center of R. 


It follows that a ring R is commutative if and only if R= C(R). 
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Example 7.1.9 Let M2(Z) denote the set of all2 x 2 matrices over the ring of integers. Let + and - denote the 
usual matrix addition and multiplication, respectively. Then + and - are binary operations on M2(Z). It is easy 


to show that (M2(Z),+,-) is a ring. Note that | ' : is the additive identity and for | ; : € M2(Z), 


| @ & |_| -a@ —6 
c d| | -ce —-d |° 
1 2 5 6 
Noa a] 7 g |< Mole) and 
1 2 5 6] | 19 22 2 23 34) =| 5 6 Ie 2 
3.4 7 8 | | 43 50 31 46] | 7 8 3.4 |" 
Therefore, Mz(Z) is not a commutative ring. 


In Z, we have 1n = n= 1 for all n € Z. Such an element 1 is called an identity of the ring Z. We thus, have 
the following definition. 


Definition 7.1.10 Let R be a ring. An element e € R is called an identity element if ea = a = ae for all 
ace R. 


a rip tea thet am identity olembuh oheerlignti(if écanists) (Phodddentits dlbyoethefithnsemighanprltof a Tharefitres 
exists) is denoted by 1. 


Definition 7.1.11 A ring R is called a ring with identity if it has an identity. 
Example 7.1.12 The ring Z of integers is a ring with identity. The integer 1 is the identity element of Z. 


Example 7.1.13 Let n be a positive integer. The commutative ring (Zn,+n,:n) is with identity. The identity 
element is [1]. 


Remark 7.1.14 Letn be a positive integer. Note that the set Zn hasn elements. Therefore, by Example 7.1.18, 
it follows that for every positive integer n, there exists a commutative ring R with 1 such that the number of 
elements in Ris n. 


Example 7.1.15 Consider E, the ring of even integers. In E, there does not exist any element e such that 
ex =x=xe forallx € EB. Hence, H, is a ring without identity. 


Example 7.1.16 The ring M2(Z) of Example 7.1.9 is a ring with identity. The identity element of M2(Z) is 
1 0 
[ot 


Example 7.1.17 Let R denote the set of all functions f : R—R. Define +, - on R by for all f, g € R and for 
alla € R, 


(f+ g)(a) = f(a) + g(a), 
(f- 9)(a) = f(a)g(a). 

From the definition of + and -, it follows that + and - are binary operations on R. Let f,g,h € R. Then for all 
$a eaedyrpertensyrizae (lg gegceoniuity of & thet Ch a thle) GUE gy Does Wri gMaris Had = 
iS associative. 

In a similar way, we can show that the other properties of a ring hold for R by using the fact that they hold 
for R. Thus, (R,+,-) is a ring. 

We note that the function ip : R > R, where io(a) = 0 for alla ER, is the additive identity of R and the 
element i1 € R, where i1(a) = 1 for alla ER, is the identity of R. Also, for all f,g € R and for allae€ R, 


(f+ 9)(a) = f(a)g(a) = g(a) f(a) = (9: f(a). 
Thus, for all f,g€ R, f-g=9-f. Consequently, (R,+,-) is a commutative ring with identity. 
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The addition and multiplication on R in Example 7.1.17 are the same as those encountered by the student 
in calculus. 


Example 7.1.18 Let(G,«) be a commutative group and Hom(G, G) be the set of all homomorphisms of G into 
itself. By Exercise 14, (page 104), the composition of two homomorphisms of G is again a homomorphism of 
G. Thus, o is a binary operation on Hom(G,G). Also, o is associative by Theorem 1.4.13 and ig € Hom(G,G) 
is the identity. Hence, (Hom(G,G), ) is a semigroup with identity. 

We now define a suitable + on Hom(G, G) so that (Hom(G, G),+, 0) becomes a ring with identity. Define 
+ on Hom(G,G) by for all f, g € Hom(G, G), 


(f + g)(a) = f(a) * g(a) for allaeG. 


(Note that * is the binary operation of the group G.) Let f,g € Hom(G,G). From the definition of +, it follows 
that f+ g is a mapping from G into G. Leta, b€ G. Then 


(f+ g)(ab) = flab) * g(ab) 
(f(a) * F(6)) * (g(@) * g(b)) 


= f(a) * g(a) * f(O) * g(0) 
= (f+ 9)(@) * (f+ 9) (0). 
This shows that f + g is ahomomorphism from G into G. We omit the routine verification that + is associative 
and commutative. Consider the mapping #20364 
such that 
fe(a) =e 


for all a € G, where e is the identity of G. Note that f. is a constant function, that maps each element of G to 
e. Now for all a,b € G, 
fe(ab) =e = ee = fe(a) fe(0). 
Thus, fe is ahomomorphism of G into G. Hence, fe € Hom(G,G). 
Let g € Hom(G,G) andae G. Now by the definition of fe, we have fe(a) = e. Thus, 


(fe+g)(a) = fe(a) * g(a) 
= ex g(a) 
= g(a). 


Also, 
(9+ fe)(a) = g(a)* fe(a) 
= g(a)*e 
= g(a). 


Because a is an arbitrary element of G, we can now conclude that 


fe+g=g=grt fe. 


This implies that fe is the identity of (Hom(G,G), +). 

We leave it as an exercise for the reader to verify that for any f € Hom(G,G), the mapping —f defined by 
(—f)(a) = f(a)~* for all a € G is the additive inverse of f. Thus, (Hom(G,G),+) is a commutative group. 

We now show that the left distributive law holds. For any a € G and any elements f, g, h € Hom(G,G), 


[fo(g+h)(@) = flg+h)(a)) 

= f(g(a) *h(a)) 
f(g(@)) * F(A(@)) 
(f og)(a) * (f oh)(a) 
(fogt foh)(a). 


Hence, fo(g+h) =(fog)+(f oh). The right distributive law holds similarly. Consequently, (Hom(G, G),+4, 
0) is a ring. 


We now prove some elementary properties of rings. 
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Theorem 7.1.19 Let R bearing and a,b,c€ R. Then 
(i) a0 = 0a = 0, 
(ii) a(—b) = (—a)b= (ab), 
(iii) (—a)(—b) = ab, 
(iv) a(b — c) = ab — ac and (b — c)a = ba — ca. 


Proof. (i) Observe that 
a0 + a0 = a(0 + 0) =a0. 
Thus, 
a0 + a0 = a(04+ 0) =a 
=> (a0+ a0) + (—(a0)) = a0+ (—(a0)) 


a0 + (a0 + (—(a0))) =0 because a0 + (—(a0)) = 0 
=> a0+0=0 because a0 + (—(a0)) = 0 
=> ad=0 because a0 + 0 = a0. 


Similarly, 0a = 0. 
(ii) We have 
ab + a(—b) = a(b+ (—b)) = a0 =0. 
Also 


a(—b) + ab=a(—b+ 6) = a0 =0. 
Hence, 
ab+a( b)=O0=a( b)+ab. 
This implies that a(—b) is an additive inverse of ab. Because the additive inverse of an element is unique, 
a(—b) = —(ab). Similarly, (—a) b = —(ab). 


(iii) Using (ii), we have 
(—a)(—8) = —(a(—8)) = —(—ab) = ab. 


(iv) Because b—c = 6+ (—c), a(b—c) = a(b+(—c)) = ab+a(—c) = ab+(—(ac)) (by (ii)) = ab—ac. Similarly, 
(b—c)a=ba—ca. Bf 


Corollary 7.1.20 Let R bearing with 1. Then R 4 {0} if and only if the elements 0 and 1 are distinct. 


Proof. Suppose R # {0}. Let a € R be such that a 4 0. Suppose 1 = 0. Then a = al = a0 = 0, a 
contradiction. Thus, 1 40. The converse follows because R has at least two distinct elements 0 and 1. ™ 


Convention From now on, we assume that the identity element 1 (if it exists) is different from the zero element 
of the ring. 


From this convention, it follows that if R is a ring with 1, then R has at least two elements, namely the 
additive and multiplicatively identities. 


Definition 7.1.21 Let R be aring with 1. An element u € R is called a unit (or an invertible element) if 
there exists vu € R such that uv = 1 = vu. 


We note the following properties of invertible elements. 


Theorem 7.1.22 Let R bearing with 1 and T be the set of all units of R. Then 
() TO, 
(ii) O€ T, and 
(itt) ab € T for alla,be T. 


Proof. (i) Because 1-1=1= 1-1, it follows that 1 is a unit. Thus, 1 € T. Hence, T F 0. 


(ii) Suppose that 0 € T. Then there exists v € R such that 
Ov= 1=v0. 


However, by Theorem 7.1.19(i), Ov = 0. It now follows that 0 =1, which is a contradiction. Hence, 0 ¢ T. 
(iii) Let a, b € T. There exist c,d € R such that ac= 1 =ca and bd = 1 = db. Now 


(ab) (dc) = a(bd)c = alec=ac=1 


and 
(dc)(ab) = d(ca)b = d1b = db = 1. 


Hence, (ab)(dc) = 1 = (dc)(ab). Thus, ab is a unit, so ab € T. 
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Definition 7.1.23 (i) A ring R with 1 is called a division ring (skew-field) if every nonzero element of R is 
a unit. 
(ii) A commutative division ring R is called a field. 


Note that a ring R is a division ring (or skew-field) if and only if (R\{0},-) is a group. Therefore, if Ris a 
division ring, then for all a € R, a £0, there exists a unique element, denoted by a~! € R, such that 


We call a~* the multiplicative inverse of a. In a similarly manner, a ring R is a field if and only if (R\{0},-) is a 
commutative group. 


Example 7.1.24 Consider Z, the ring of integers. Leta € Z be such that a 4 0,a #1, anda 4 —1. Now 
a: 1 =l= = -a. That is, the multiplicative inverse of a is -. However, 4 ¢ Z. (For example, the multiplicative 


inverse of 2 is 4 ¢ Z.). It follows that Z is not a field. Note that in Z, the only invertible elements are 1 and —1. 


Example 7.1.25 (i) From Example 2.1.7, (Q,+,-) is a field, where + and - are the usual addition and multi- 
plication, respectively. Q is called the field of rational numbers. 

(ti) From Example 2.1.7, (R,+,-) is a field, where + and - are the usual addition and multiplication, respec- 
tively. R is called the field of real numbers. 

(tii) From Example 2.1.7, (C,+,-) is a field, where + and - are the usual addition and multiplication, respec- 
tively. C is called the field of complex numbers. 


The following example is due to William Rowan Hamilton. Due to physical considerations, Hamilton con- 
structed a consistent algebra in which the commutative law of multiplication fails to hold. At the time, such 
a construction seemed inconceivable. His work and H.G. Grossman’s work on hypercomplex number systems 
began the liberation of algebra. Their work encouraged other mathematicians to create algebras, which broke 
with tradition, e.g., algebras in which ab = 0 with a £ 0, b £0 and algebras with a” = 0, where a £0 and nis 
a positive integer. 


Example 7.1.26 Let Qg = {(a1, a2, a3, a4) | ai € R, 1= 1,2,3,4}. Define + and - on Qe as follows: 


(a1, G2, a3, a4) + (b1, b2, bs, ba) = (a1 + b1, a2 + b2, a3 + b3, a4 + ba) 


(a1, a2, a3, a4) : (b1, bo, b3, ba) = (ayby — azb2 — a3b3 — aaba, 
ayb2 + azby a3ba aab3, 


alb3 + a3bl + a4b2 — a2b4 
@1b4 + G2b3 — d3b2 + G61). 


From the definition of + and -, it follows that + and - are binary operations on Qr. Now + is associative 
and commutative because addition is associative and commutative in R. We also note that (0,0,0,0) € Qr 
is the additive identity and if (a1,a2,a3,a4) € Qpr, then (—ai,—a2,—a3,—a4) € Qe and —(aj,42,43,4a4) = 
(—a1, —a2, —a3,—a4). Hence, (Qr, +) is a commutative group. Similarly, - is associative and (1,0,0,0) € Qr is 
the multiplicative identity. 

Let (a1,a2,a3,a4) € Qe be a nonzero element. Then N = aj +a3+a%+aji 40 and N € R. Thus, 
(a1 /N,—a2/N,—az/N,—as/N) € Qr. We ask the reader to verify that (a1/N,—a2/N,—a3/N,—a4/N) is the 
multiplicative inverse of (a1, a2, a3,a4). Thus, Qr is a division ring and is called the ring of real quaternions. 
However, Qr is not commutative because 


(0, 1, 0, 0) . (0, 0, 1, 0) = (0, 0, 0, 1) # (0, 0, 0, =I) = (0, 0, 1, 0) . (0, 1, 0, 0). 
Therefore, Q® is not a field. 
Consider the ring (Zg, +8,-s). Now [2], [4] € Zs and [2] 4 [0], [4] 4 [0], and 
[2] -s [4] = [2 - 4] = [8] = [0]. 


That is, [2] and [4] are nonzero, but their product is zero. There are other rings with such a property. This 
motivates the following definition. 


Definition 7.1.27 A nonzero element a in aring R is called a zero divisor if there exists b € R such that 
b 40 and either ab=0 or ba= 0. 
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Remark 7.1.28 We do not call 0 a zero divisor. 


Remark 7.1.29 An element cannot be a unit and zero divisor at the same time (Worked-Out Exercise 1, page 
188). Thus, a field has no zero divisors. 


Consider Z, the ring of integers. In this ring, if a,b € Zand a £0, b £0, then ab £ 0. From this it follows 


that Z has no zero divisors. However, as noted earlier Z is not a field. This motivates the following definition. 


Definition 7.1.30 Let R be a commutative ring with 1. Then R is called an integral domain if R has no zero 
divisors. 


Example 7.1.31 The ring of integers Z is an integral domain. 


Example 7.1.32 The ring M2(Z) is not an integral domain because it is noncommutative. Also, M2(Z) has 


a: € M2(Z) and 


_ 1 0 
zero divisors. For example, | 0 |. | 0 0 


Byample ib 380 Latdh heig hold Lheutrisen enowpotive sneer. chy Waphauhuaidrcraieel egg fiehd 


is an integral domain. 


Example 7.1.34 Consider Z[V3] = {a+bV3 | a, b € Z}. Then Z[V/3] is an integral domain, where the operations 
+ and - are the usual operations of addition and multiplication. Note that 0 + 0V3 is the additive identity of 
Z[V3] and 1+0V3 is the multiplicative identity of Z[V3}. 

Consider J € Z[V3]. Suppose Vs is aunit in Z[V3). Then 


(V3)"* =a +bv3 
for some a,b € Z. Ifa=0, then (V3)-1 = byV3 or 
1= 3b, 


which is a contradiction because this equation has no solutions in Z. Therefore, a #0. So( 3)-1=a+b 3 
implies that Vv 


i= aa/3 435 
~ 1—3b 
V3=——=€«Q, 


a contradiction. Hence, fA is nota unit. We can now conclude that Z[V3 is not a field. 


By arguments similar to the ones used in Example 7.1.34, we can show that the following sets are integral 
domains under the usual addition and multiplication. 


ZVa] = {a+b/n|a,beZ} 
Zin] = {a+biJ/n|a,b€ Z} 
ah) = [oto wjeaea) 
mr = QF nm) a E€ 
Qli~n| = {a+bM/n|a,b€ Q} 
Ql] = {a+bi]a,be Qh, 


where n is a fixed positive integer and i? = —1. Im fact, it can be shown that Q[,/n], Q[i/n], and Q{i] are fields. 


Example 7.1.35 The ring of even integers E is a commutative ring, without identity, and without zero divisors. 
Thus, E is not an integral domain. 


The ring appearing in the following example is sometimes useful in the construction of counterexamples. 
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Example 7.1.36 Let (R,+) be a commutative group. Define multiplication on R by ab = 0 for all a,b € R, 
where 0 denotes the identity element of the group (R,+). Then (R,+,-) is a ring called the zero ring. If R 
contains more than one element, then R is a commutative ring without 1 and every nonzero element of R is a 
zero divisor. 


The following theorem establishes a relation between zero divisors and the cancellation property of a ring. 


Theorem 7.1.37 Let R be a ring. If R has no zero divisors, then the cancellation laws hold, t.e., for all 
a,b,ce R, a 40, ab=ac implies b=c (left cancellation law) and ba = ca implies b= c (right cancellation 
law). If either cancellation law holds, then R has no zero divisors. 


Proof. Suppose R has no zero divisors. Let a, b, c € R be such that ab = ac and a £ 0. Then ab — ac= 0 
or a(b— c) = 0. Becuase R has no zero divisors and a # 0, a(b— c) = 0 implies that b— c= 0 or b=c. Hence, 
the left cancellation law holds. Similarly, the right cancellation law holds. 

Conversely, suppose one of the cancellation laws hold, say, the left, i.e., if a, b,c Ee R, a #0, then ab = ac 
implies b = c. 

Let a be a nonzero element of R and b € R. Suppose ab = 0. Then ab = a0, from which b = 0 by canceling a. 

Suppose ba = 0 and b 4 0. Then ba = 60 and by canceling b, we obtain a = 0, a contradiction. Therefore, 
b= 0. Hence, RF has no zero divisors. 

Similarly, the right cancellation law implies that R has no zero divisors. li 


Definition 7.1.38 A ring R is called a finite ring if R has only a finite number of elements; otherwise R is 


called an infinite ring. 


The rings Z and M2(Z) are infinite. 


Example 7.1.39 Consider the ring (Zn, +n :n). From Example 2.1.10, not every nonzero element of Z, has 
an inverse. For example, suppose n is not prime, say, n = 6. Then [4] has no multiplicative inverse in Ze. Also, 
Ze has zero divisors. We have [3] 4 [0] # [2]. Because [3] -6 [2] = [6] = [0], it follows that [3] and [2] are zero 
divisors. Thus, Ze is not an integral domain and thus not a field. We can also conclude that [2] and [3] do not 
have multiplicative inverses because they are zero divisors. 


In the following result, we assume that the ring R is commutative. This assumption can be removed and the 
conclusion that R is a field remains valid. However, we have not developed the appropriate results to remove 
this assumption. We will prove the theorem in its most general form in Chapter 24. 


Theorem 7.1.40 A finite commutative ring R with more than one element and without zero divisors is a field. 
Proof. We must show that R has an identity and that every nonzero element of R is a unit. 
Suppose that R has n elements. Let a1, a2,...,@n be the distinct elements of R. Let a € R, a 4 0. Now 
aa; € R for alli, so 
{aa1,aa2,...,aan}C R. 


If aa; = aa;, then by Theorem 7.1.37, a; = aj. Therefore, the elements aa1, aaz,..., aa, must be distinct. 
Because FR has only n elements, it follows that 


R= {aa1,aa2,...,aan}. 


This implies that a € {aa1, aa2,...,a@an}. So one of the products must be equal to a, say, aa; = a. Because R is 
commutative, we also have aja = aa; = a. 

We show that a; is the identity of R. Let b be any element of R. Then b € {aa1, aaz,...,aan}. So there exists 
a;  Rsuch that b=aa;. Thus, 


€ ba; = ab (because R is commutative) 
= ai(aa;) (substituting for b) 
= (aa)ja; 
= aa; 
= 0b. 


This implies that a; is the identity of R. We denote the identity of R by 1. Now 1 € R = {aai, aaz,...,aan}, 
so one of the products, say, aa,, must equal 1, i.e., aa, = 1. By commutativity, a,a = aay = 1. Hence, every 
nonzero element is a unit. Consequently, R is a field. 

The following corollary is immediate from Theorem 7.1.40. 
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Corollary 7.1.41 Every finite integral domain is a field. 1 


In Example 2.1.10, we showed that a nonzero element [a] of Zn has an inverse if and only if gcd(a,n) = 1. 
Thus, the following corollary is an immediate consequence of this fact. We leave the details as an exercise. 


Corollary 7.1.42 Letn be a positive integer. Then Zy is a field if and only if n is prime. Hi 


Let R be aring and @ € R. Then for any integer ”, define na as follows: 


Oa = 0 
na = at+(n-lja ifn>0 
na = (-n)(-a) ifn <0. 


We emphasize that na is not a multiplication of elements of R because R may not contain Z. We have the 
following properties holding for any a,b € Randanym,neéZ: 


(m+n)a = ma+tna, 
m(a+b) = ma+mb, 
(mn)ja = m(na), 
m(ab) = (ma)b=a(mb), 
(ma)(nb) = myn(ab). 


The proofs of the above properties can be obtained by induction and the defining conditions of a ring. 
We close this chapter by introducing the concept of the characteristic of a ring and proving its basic properties. 


Definition 7.1.43 Let R be a ring. If there exists a positive integer n such that for alla € R, na=0, then the 
smallest such positive integer is called the characteristic of R. If no such positive integer exists, then R is said to 
be of characteristic zero. 


Example 7.1.44 The ring Z,, n = 1,2,3,..., has characteristic n. Note that in Zg, 3[2] = [6] = [0] and 
2[3] = [6] = [0]. However, 6 is the smallest positive integer such that 6[a] = [0] for all [a] € Zg. In particular, [1] 
has additive order 6. 


Example 7.1.45 The rings Z, Q, R, C have characteristic 0. 


Example 7.1.46 Let X be a nonempty set and P(X) the power set of X. Then (P(X), A, M) is a commutative 
ring with 1, where A is the operation “symmetric difference.” In this ecample, A acts as + and / acts as-. Now 
for all AE P(X), 2A = AAA= (A\A) U(A\A) = 0. Thus, P(X) has characteristic 2. 


Theorem 7.1.47 Let R be aring with 1. Then R has characteristic n >0 if and only if n is the least positive 
integer such that nl = 0. 


Proof. Suppose that R has characteristic n > 0. Then na = 0 for alla € R, so in particular, nl =0. 
Suppose that m1 =0 for some m such that 0 <m <n. Then 


ma=m(la) =(m1)a= 0a=0 


for all a € R. However, this contradicts the minimality of n. Hence, n is the smallest positive integer such that 
nl =O. 
Conversely, suppose n is the smallest positive integer such that n1 =0. Then for alla € R, 


na = n(la) = (n1)a = 0a = 0. 


By the minimality of n for 1, n must be the characteristic of R. ™ 


Theorem 7.1.48 The characteristic of an integral domain R is either zero or a prime. 
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Proof. If there does not exist a positive integer n such that na = 0 for alla € R, then R is of characteristic 
Zero. 

Suppose there exists a positive integer n such that na = 0 for all a € R. Let m be the smallest positive 
integer such that ma = 0 for alla € R. That is, the characteristic of R is m. Then 


ml =O. 


Suppose m is not prime. Then there exist integers m1, m2 such that 1 < m1, < m,1< m2< m,and m= m,mz2. 


Hence, 
0= (mim2)1 => (m11)(mal). 


Because R has no zero divisors, either m1 = 0 or m21 = 0. This contradicts the minimality of m. Hence, m is 
prime. Hf 


Worked-Out Exercises 
& Exercise 1 Let R be aring. 


(a) Let R be with 1. Let a € R be such that a has an inverse. Show that a cannot be a zero divisor. 
Anelement a € R is called idempotent if a? = a and nilpotent if a” =0 for some positive integer 
n. 


(b) Leta R bea nonzero idempotent. Show that a is not nilpotent. 


(c) Let Re with 1 and suppose R has no zero divisors. Show that the only idempotents in R are 0 and 
1. 


Solution: (a) There existsb € R such that ab = 1 = ba. Suppose that a is a zero divisor. Then there exists c € R, 
c #0, such that ac = 0. Thus, 0 = b0 = b(ac) = (ba)c = c, which is a contradiction. Hence, a is not 
a zero divisor. 


(b) From the hypothesis, a? =a. By induction, a” =a for all positive integers n. Suppose a is nilpotent. 
Then a” = 0 for some positive integer m, so a = a” = 0, which is a contradiction, so a is not 
nilpotent. 


(c) Clearly 0 and 1 are idempotent elements. Let e € R be an idempotent. Then e? = e, so e(e—1) = 0. 
Because R has no zero divisors, either e = 0 or e— 1 = 0, i.e., either e = 0 or e = 1. Therefore, the 
only idempotents of R are 0 and 1. 


© Exercise 2 Determine Pe integers % such that Z” has no nonzero nilpotent elements. 
Solution: We claim that n is a square free integer, i.e., n = pip2--: pk, where the p,’s are distinct primes. 


Suppose that n = pip2--- pr, pi’s are distinct primes. Let [a] € Z, be nilpotent. Then [a] = [0] for 


some integer m. Hence, n divides a”, so pip2-++p, divides a™. Then p; | a” for all « = 1,2,...,k. 
Because the p,’s are prime, p; | a for all i = 1,2,...,k. Because pi, po,...,pk are distinct primes, we 
must have pip2---px | a, ie., n | a, so [a] = [0]. This implies that Zn has no nonzero nilpotent elements. 
Conversely, suppose that Z, has no nonzero nilpotent elements. Let n = py"'ps’? ---p;’*, where the p,’s 
are distinct primes and m; > 1. Let m = max{m1, m2,..., mx}. Now [pipe --+ pe] = [pir ps’ --- pz] = [0] 
because n | (p{"ps"--- pz’). Also, because Z, has no nonzero nilpotent elements, [p1p2--- px] = [0]. Hence, 
n| (pi-+:pr), So (pps? ---p,*) | (pi +++ pe). Thus, m; < 1 for all i= 1,2,...,k4. Hence, m; = 1 for all 
t= 1,2,...,k,so n is a square free integer. 


& Exercise 3 Show that the number of idempotent elements in Zmn, where m >1,n>1, and mand n are relatively 
prime, is at least 4. 


Solution: Clearly, [0] and [1] are idempotent elements. Because ™ and ” are relatively prime, there exist integers @ 
and b such that am + bn = 1. We now show that n does not divide a and m does not divide b. Suppose 


that n| a. Then a = mr for some integer r. Thus, n(rm+ 6) = nrm+ nb = am+nb = 1. This implies 
that n = 1, which is a contradiction. Therefore, n does not divide a and similarly m does not divide b. 
Now m?a = m(1— nb). This implies that [m?a] = [m]. Hence, [ma]? = [ma]. If [ma] = [0], then mn | ma, 
so n | a, which is a contradiction. Consequently, [ma] ¥ [0]. If [ma] = [1], then mn | (ma — 1). Hence, 
ma-+mnt = 1 for some integer t. Thus, m(a+ nt) = 1. This implies m = 1, which is a contradiction. 
Hence, [ma] 4 [1]. Thus, [ma] is an idempotent such that [ma] 4 [0] and [ma] ¥ [1]. Similarly, [nbd] is an 
idempotent such that [nb] A [0] and [nb] A [1]. Clearly [ma] A [nb]. Thus, we find that [0], [1], [ma], and 
[nb] are idempotent elements of Zmn. 
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© Exercise 4 Determine the positive integers n such that Zn has no idempotent elements other than [0] and [1]. 


Solution: We show that n = p” for some prime p and some integer r > 0. 


First assume that n = p” for some prime p and some positive integer r and [a] € Z, be an idempotent. Then 
[x]? = [a]. Thus, p” | (x? — x) or p” | x(x — 1). Because x and x — 1 are relatively prime, p” | x or p” | (a — 1). If 
p’ |a, then [x] = [0] and if p” | (2 — 1), then [a] = [1]. Thus, [0] and [1] are the only two idempotent elements. 
Conversely, suppose that [0] and [1] are the only two idempotent elements. Let n = p7"!p;'? ---p;’", where the 
p;’s are distinct primes, m; 1,and k>1. Lett =p™! and s=p"™?---p”*. Thent and s are relatively prime 
and n = ts. By Worked-Out2Exercise 3, Zn = Zits must have at least four idempotents, which is a contradiction. 
Therefore, k = 1. Thus, n = p” for some prime p and some positive integer r. 
Exercise 5 Let R be aring. Show that the following conditions are equivalent. 
(i) R has no nonzero nilpotent elements. 
(ii) For alla € R, if a? =0, then a= 0. 
Solution: (i)>(ii) Let a € Rand a? =0. Ifa £0, thena is a nonzero nilpotent element of R, a contradiction. Thus, 
a= 0. 
(ii)=>(i) Let a € R be such that a” = 0 for some positive integer n. Suppose a #0. Let n be the smallest 
positive integer such that a” = 0. Suppose n is even, say, n = 2m for some positive integer m. Then 
(a™)? =a?” =0,s0 a™ =0, contradicting the minimality of n. Suppose n is odd. Ifn = 1, then a= 0, a 
contradiction. Therefore, n > 1. Suppose n = 2m+1. Thenm+1 <n. Thus, a??? = a?"™*1a=a"a=0. 
This implies that at! = 0, which is a contradiction of the minimality of n. Hence, R has no nonzero 
® Exercise 6 Rialto seisring R is called a left (right) identity, if ea = a (ae = a) for alla € R. Show that ifa 
ring R has a unique left identity e, then e is also the right identity of R and hence the identity of R. 
Solution: Let e be the unique left identity of R. Then ex = x forall « € R. Let x € R. Now (te-a+ e)x = 
vex —xux+ex=xxe —xx+x2=2. This implies that re -—x-+ e isa left identity. Because e is the unique 
left identity, re -x +e =e, so re= wz. Thus, e is a right identity. 
Exercise 7 Let R be a commutative ring with 1 and a,b € R. Suppose that a is invertible and b is nilpotent. Show 
that a + 6 is invertible. Also, show that if R is not commutative, then the result may not be true. 


Solution: There exists c € R such that ac = 1 = ca and there exists a positive integer n such that 6b” = 0. Let 


d=c—b+c3b? +---+(—1)"t1c"b"—". Now (a+ b)d = ac — ac*b+ ac®b? +--+ +(—1)"t*ac"b" + + be — 
be?b+ beFb? +--+ (-1)"t be") = 1 — cht c7b? +--+ (-1)" 1c"? "1+ bc — FU? + CHF +---4 
(—1)"t1c"b" =1. Similarly, d(a + b) = 1. Hence, a +) is invertible. 

0 1 0 1 


Consider the ring M?(Z). Let a = | -1 4 ie b= 0 0 . Then @ is invertible and 0 is nilpotent. 


Nowa+b= | = . Clearly a + § is a nonzerp nilpotent] element. Hence, a + 0 is not invertible. 


1 0 


Exercises 


1. In the rings Zg and Ze, find the following elements: 
(i) the units, (ii) the nilpotent elements, and (iii) the zero divisors. 


2. Let R be the set of all 2 x 2 matrices over the field of complex numbers of the form = a , where 
22 21 


% denotes the complex conjugate of the complex number z. Show that (R,+,-) is a division ring, where + 
and - are the usual matrix addition and matrix multiplication, respectively. Is R a field? 


3. Let R be a ring with 1. Prove that 


lja= = 1 —1)(-—1)=1 
fi) if re a unit in ,t and (: wh ae in’R and (—a)~' = —(a7?). 


. Prove that a ring R is commutative if and only if (a +b)? =a? + 2ab +d? for all a,b € R. 
. Prove that a ring R is commutative if and only if a? — b? =(a+b)(a—b) for all a,b € R. 


. Let R be aring. If a? =a for all a € R, prove that R is commutative. 


NOD OF 


. Let R be a commutative ring and a, b € R. Prove that for all n EN, 


(a +b)” =a”+ (Fema @tacean (," ,)ae eo" 
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16. 


17. 


18. 
19. 
20. 
21. 
22. 
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. Ifa and 6 are elements of a ring and m and n are integers, prove that 


(i) (na)(mb) = (nm) (ab), 
(ii) n(ab) = (na)b = a(nb), 
(iii) n(—a) = (—n)a. 


. If R is an integral domain of prime characteristic p, prove that (a +b)? =a? + D? for alla, bE R. 

. Let R be a ring with 1 and without zero divisors. Prove that for alla,b R,ab=1 implies ba= 1. 

. Let R be a ring with 1. If a is a nilpotent element of R, prove that 1 — @and 1+ @ are units. 

. Let R be a division ring and a,b € R. Show that if ab = 0, then either a = 0 or b= 0. 

. Let a € R be an idempotent element. Show that (1 — a)ba is nilpotent for all b € R. 

. Find all idempotent elements of the ring M2(R). 

. Let R be aring with 1. Let 0 4a € R. If there exist two distinct elements 6 and c in R such that ab = ac = 1, 


show that there are infinitely many elements x in R such that az = 1. (American Mathematical Monthly 
70(1961) 315). 


Let R be an integral domain and a, b € R. Let m,n € Z be such that m and n are relatively prime. Prove 
that a™” = b™ and a” = b” imply that a = b. 


Let R and R’ be rings. Define + and - on R x R’ by for all (a,b), (c,d) € Rx R’ 
(a,b) + (c,d) = (a+c,b+d) and (a,b): (c,d) =(a-c,b-d). 
(i) Prove that (R x R’,+,-) is a ring. This ring is called the direct sum of Rand R’ and is denoted by 
ROR. 
(ii) If Rand R’ are commutative with identity, prove that R @ R’ is commutative with identity. 
Extend the notion of direct sum in Exercise 17 to any finite number of rings. 
Prove that the characteristic of a finite ring R divides | RI. 
Let R be a ring with 1. Prove that the characteristic of the matrix ring M2(R) is the same as that of R. 
If p is a prime integer, prove that (p — 1)! =, —1. 
In the following exercises, write the proof if the statement is true; otherwise, give a counterexample. 


(i) In a ring R, if a and b are idempotent elements, then a + b is an idempotent element. 
ii) In aring R, if a and 6 are nilpotent elements, then a + b is a nilpotent element. 


iii) Every finite ring with 1 is an integral domain. 
iv) There exists a field with seven elements. 


v) The characteristic of an infinite ring is always 0. 


vii) Ifa and b are two zero divisors, then a + 6 is also a zero divisor in a ring R. 
viii) In a finite field F, a? +b? =0 implies a = 0 and b = 0 forall a,b¢€ F. 
ix) Ina field F, (a+ 6)~t =a~' + b** for all nonzero elements a, b such that a + b 40. 


( 
( 
(vi) An element of a ring R which is idempotent, but not a zero divisor, is the identity element of R. 
( 
( 
( 
(x) There exists a field with six elements. 


7.2 Some Important Rings 


In this section, we introduce two important rings and study some of their basic properties. 


Boolean Rings 


We recall that in Worked-Out Exercise 1 (page 138), an element x of a ring R is called an idempotent element 
if 2? = x. The zero element and identity element of a ring are idempotent elements. In the ring Z, the only 
idempotent elements are 0 and 1. There exist rings, which contain idempotent elements different from 0 and 1. 


For example, in M2(Z), | : 


9 ; is an idempotent element. 


Definition 7.2.1 A ring R with 1 is called a Boolean ring if every element of R is an idempotent. 
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Example 7.2.2 (i) Zz is a Boolean ring. 
(ti) The ring P(X) of Example 7.1.46 is a Boolean ring because for all AE P(X), ANA=A. 


Theorem 7.2.3 Let R be a Boolean ring. Then the characteristic of R is 2 and R is commutative. 


Proof. First we show that R is of characteristic 2. Let x € R. Now x+a = (+2)? =(4+2)(x4+2) = 
a(a@+a2)ta(e@ta) =a? tae? +e? +2? =xe+24+2+4+2. This implies that 2x = 42, so 0 = 2x. Hence, 


2-1=0 hecay se © was rhifrary. It a th th characteristic of 2 i is 2 by Theoyem 7.1.47. To show £ is 
commutative, Tet <r, ye ena +y=(“@t+y “ety)(aty) =a +aytycoty? =x+aytyrt+y. This 


implies that 0 = xy + yx. Hence, ry = ry ii 0=ay+ cyt yx or cy = 2xy+ yx = yx because 2xy = 0. Thus, R 
is commutative. Hi 


Regular Rings 


An element x of a ring R is called a regular element if there exists y € R such that x = xyz. 


Definition 7.2.4 A ring R is called a regular ring if every element of R is regular. 


In the ring Z, the only regular elements are 0,1, and —1. Thus, Z is not a regular ring. 


Example 7.2.5 Let R bea division ring anda € R. Ifa = 0, then x = xxx. Supposex £0. Thenxza 1 =1, 80 
uae if 1s a regular ring. 


From the definition of a Boolean ring, it follows that every Boolean ring is a regular ring. The field Ris a 
regular ring, but not a Boolean ring. 


Example 7.2.6 Consider R, the field of real numbers and 
RxR={(z, y) | x,y € R}. 


Define + and - on RxR by 
(x,y) +(z,w) = (+z, yt+w) 
(x,y): (zw) = (wz,yw) 


foro Pris sibs Bak RAR XPrtaneoerrutativesr ius RERidentoia Mer.) Aik) HAP Rds (eM Pr Leet 
(x,y) € RxR. Ifa =0=y, then (a,y)(a,y)(a,y) = (a, y). Ife £0 andy £0, then (a,y)(x*,y~*)(a,y) = (a,y). 
If x = 0, but y # 0, then (x,y)(x,y~*)(a,y) = (a, y). Similarly, if « # 0 and y = 0, then (2, y)(@, y)(a,y) = 
(x,y). Thus, in any case, (x,y) is a regular element. Hence, RxR is a regular ring. 


Example 7.2.7 Let M2(R) be the set of all 2 x 2 matrices over R. Now M2(R) is a noncommutative ring with 
1, where + and- are the usual matriz addition and multiplication, respectively. We show that M2(R) is a regular 
x 


ring. Let A= | 7 : € M2(R). 


— 
Case 1: cw — zy £0. Then B= ee og € M2(R) and A= ABA. 
Case 2: xw— zy=0. 
0 0 
0 07, 80 forany Be M?(R), ABA=A. 


a 
Subcase 2b: x,y,z,w are not all zero. Suppose x solend let IB = | 0 : . Then 


IL: «| 


Subcase 2a: x,y,z,w are all zero. In this case, A= 


ABA = 


x 8 osk 


XR Reker XB 
abe cogs 
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because xw — zy =O and « £0 implies w= *4. If y A0, then let B= | : |. Then 
y 
ana = [Tals olf? ao 
z w 5 «OO Zz w 
- Is o}[2 a 
a 0 Zz w 
Similarly, if z #40 or w 40, then we can find B such Stell A : ee M2(R) is a regular ring. 


Because M2(R) is not a division ring, it follows that a regular ring need not be a division ring. However, a 
division ring is a regular ring as shown in Example 7.2.5. In the next theorem, we show that a regular ring under 
a suitable condition becomes a division ring. 


Theorem 7.2.8 Let R be a regular ring with more than one element. Suppose for alla € R, there exists a 
unique y © R such that x = xyx. Then 

(i) R has no zero divisors, 

(ti) if x #0 and x= xyz, then y= yry forall x,y € R, 

(itt) R has an identity, 

(iv) R is a division ring. 


Proof. (i) Let x be a nonzero element of R and xz = 0 for some z € R. Now by the hypothesis, there exists 
a unique y € R such that zyx = x. Thus, 


L(y — 2)@ = Lye — Vzx = Lyx. 


Hence, by the uniqueness of y, y — z = y, so z = 0. This proves that R has no zero divisors. 
(ii) Let « £0 and xyx = x. Then 


a(y — yey) = xy — cyxy = xy — zy= 0. 


Because FR has no zero divisors and x #0, y — yxy = 0, so yxy = y. 
(iii) Let 0 A x € R. Then there exists a unique y € R such that ryx = x. Let e = yx. If e = 0, then 
x = xyx = 0, which is a contradiction. Therefore, e #0. Also, 


2 
e = yxyt = y(xyx) = yt =e. 
Let z € R. Then 
(ze — z)e = ze” — ze = ze— ze = 0. 


Thus, by (i), either ze — z = 0 or ze = z. Similarly, e(ez — z) = 0 implies that ez = z. Hence, e is the identity of 
R. 

(iv) By (iii), R contains an identity element e. To show R is a division ring, it remains to be shown that every 
nonzero element of R has an inverse in R. Let x be a nonzero element in R. Then there exists a unique y € R 
such that xyz = x. Thus, ryx = xe, i.e., x(yx — e) = 0. Because R has no zero divisors and x 4 0, yx —e = 0, 
so yx =e. Similarly, ryx = ex implies ry = e. Therefore, ry = e = yx. Hence, R isa division ring. 


Exercises 


1. Prove that a Boolean ring R is a field if and only if R contains only 0 and 1. 


; Paeyg Haat alga Mat idk a Bookan, ang Hand onset for all do divans of 
. Let T = {f ‘ f : RZ}. Define + and - on T by for all f,g € T, (f +g)(x) = f(x) +9(ax) and 
ae (x) = f(x)g(x) for all x € R. Show that (7, +,-) is a Boolean ring. 
5. Prove that a nonzero element of a regular ring with 1 is either a unit or a zero divisor. 
6. Prove that the center of a regular ring is regular. 


7. Let R be a ring in which each element is oe Let R= R x Zz. Define + and - on R by (a, [n]) + 
(6, [m]) = (a + b, [n + m]) and (a,[n}) - (6, [m]) = (na + mb + ab, [nm]) for all (a, [n]), (b,[m]) € R. Show 
that + and - are well defined on R and R is a Boolean ring. 
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8. Let R be a regular ring with 1. 
(i) Prove that for any a € R, there exists an idempotent e € R such that Ra = Re. 
(ii) Prove that for any two idempotents e, f € R, there exists an idempotent g € Rsuch that Re+Rf = Rg. 
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Chapter 8 


Subrings, Ideals, and 
Homomorphisms 


The most important substructure of a ring is a particular subset called an “ideal.” The term ideal was coined 
by Dedekind in honor of Kummer’s work on ideal numbers. This notion of Kummer and Dedekind was used to 


phierinanriane fangs omoeP wtiEs SHB dno yesdithe denotneddeakuusaber Bohie wereen deapMees 
inspired by the work not only of Dedekind, but also of Kronecker and Lasker. 


8.1 Subrings and Subfields 


In this section, we introduce the idea of a subring of a ring. This concept is analogous to the concept of a 
subgroup of a group. 


Definition 8.1.1 Let(R,+,-) bearing. Let R' bea subset of R. Then(R’,+,-) is called a subring of (R, +, 
Di 

(i) (R', +) is a subgroup of (R, +) and 

(ii) for allz,yE R',x-ye R’. 


Let (R’,+,-) be a ae of the rin (R, +, -). Because R’ C R and because the associativity for - and the 
distributive laws are inherited, (R’, +, iy is itself a ring. We will usually suppress the operations + and - and 


call R’ a subring of R. When R’ and R are fields, R’ is called a subfield of R. 
The following theorem gives a necessary and sufficient condition for a subset to be a subring. With these 
conditions it is easy to verify whether a nonempty subset of a ring is a subring or not. 


Theorem 8.1.2 Let R bearing. A nonempty subset R’ of R is a subring of R if and only if x—y € R' and 
xy € R' for all x,y € R’. 


Proof. First suppose that R’ is a subring of R. Then R’ is a ring. Hence, for all z,y € R, r—y, ry € R’. 

Conversely, suppose x — y € R’ and zy € R’ for all x,y € R’. Because x — y € R’ for all x,y € R’, (R’, +) is 
a subgroup of (R,+) by Theorem 4.1.6. By the hypothesis, ry € R’ for all x, y € R’. Hence, R’ is a subring of 
R. i 


E le 8.1.3 (i) The ring E ven int bri Z. E is without 1, 
“tit Consider (He subset lis oF Pe AES ‘of Zs. Then’ 8 1s ‘a subring of Zs. Hence, Eg is commutative. 
However, Eg has no identity and Eg does have zero divisors, namely, [2], [4], and [6]. 


Example 8.1.4 Let Qz = {(a1, G2, a3, a4) | a; € Z, 1 = 1,2,3, 4}. Define + and - on Qz as in Example 7.1.26. 
Because the difference and product of integers is an integer, we have 


(a1, @2, a3, a4) — (b1, ba, b3, ba) € Qz 


and 
(a1, a2, a3, a4) - (b1, b2, bs, ba) € Qz 


145 


146 8. Subrings, Ideals, and Homomorphisms 


for all (a1, a2, a3, a4), (b1, be, b3, bs) € Qz. Hence, Qz is a subring of Qr. 
We note that Qz is noncommutative, has an identity, and is without zero divisors. Now (0,2,0,0) € Qz and 
as in Example (0, 2,0,0)~* = (0,—4,0,0). However, (0,—4,0,0) ¢ Qz. Thus, Qz is not a division ring. 


Example 8.1.5 Set Qg = {(a1, 42, a3, a4) | a; € E, i= 1,2,3,4}. Define + and - on Qp as in Example 7.1.26. 
Because the difference and product of even integers is an even integer, 


(al, a’, a’, a*) — (bl, b?, b, b+) € Q= 
and 

(a1, a2, a3, a4) - (b1, b2, bs, ba) € Qe 
for all (a1, a2, a3, a4), (b1, ba, bs, ba) € Qu. It follows that Qm is a subring of Qz. In fact, Qz is a noncommutative 
ring without identity and without zero divisors. 


Example 8.1.6 Consider the ring M2(Z) of Example 7.1.9. Let M2(E) denote the set of all2 x 2 matrices with 
entries from EB. Because the sum, difference, and product of even integers is an even integer, it follows that M2(E) 
is a subring of M2(Z). Also, M2(E) is a noncommutative ring without identity and with zero divisors. 


Following along the lines of Theorem 8.1.2, we can prove the next theorem. We leave its proof as an exercise. 
Theorem 8.1.7 Let F be a field. A nonempty subset S of F is a subfield of F if and only if 


(i2) S containensp re thanwneelsment, 
(ii) a €S forallxe S,xA40. & 


Example 8.1.8 Q and Q[Vv2] = {a+ b/2 | a,b € Q} are subfields of R (see Worked-Out Exercise 4 below). 


Theorem 8.1.9 Let R be aring (field) and{R; | 1 € A} be anonempty family of subrings (subfields) of R. Then 
MeaR; is a subring (subfield) of R. 


Proof. Suppose that {R; |i € A} be a nonempty family of subrings of R. Then 0 € R; for all i € A. This 
implies that 0 € Mica Ri, s0 NicaR:; 4 0. Let x,y € Nica Ri. Then x,y € R; for all i € A. Because each R; is a 
subring, x — y,vy € R; for all i € A. Hence, x — y,ry € Nien R;. Hence, by Theorem 8.1.2, Nica R; is a subring 
of R. 

Similarly, we can show that if each R; is a subfield of the field R, then Nica R; is a subfield of R. 


Remark 8.1.10 It is interesting to note that the intersection of all subfields of R is Q. 


Worked-Out Exercises 
© Exercise 1 Let X be an infinite set. Then (P(X), A,/) is a ring with 1. Let 


R= {AE P(X) | Ais finite}. 
Prove the following assertions. 


(a) Ris a subring of P(X). 
(b) R is without identity. 
(c) For all A € R, A#9, A isa zero divisor in R. 


(d) For all A € P(X), AA X, AFD, A is a zero divisor in P(X). 

Solution: (a) Because @ is finite, 0 € R,so R is nonempty. Let A,B € R. Then A and B are finite,so ANB is 
finite Now AAB = (AU B)\(AN B), so AAB is finite. Therefore, AAB, AN Be R. Thus, R is 
closed under the operations A and . Now it is easy to verify that (R, A,NM) is a subring. 

(b) Suppose R has an identity, say, #. Then E is finite. Because X is infinite, there exists a € X such 
that a ¢ E. Now {a} € R. Thus, {a} = EN {a} = 9, which is a contradiction. Hence, R has no 
identity. 

(c) Let A€ Rand A #9. Because A is finite and X is infinite, there exists x € X such that « ¢ A. Now 
{x} € R. Because AN {x} = 0, A is a zero divisor. 
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Exercise 2 


Solution: 


© Exercise 3 


Solution: 


} Exercise 4 


(d) Let A € P(X) be such that A #4 X and A # @. Then there exists z € X such that « ¢ A. Hence, 
An {x} =, so A is a zero divisor. 


Let R be a ring such that a? +a is in the center of R for alla € R. Show that R is commutative. 

Let x,y € R. Then (z+y)*+2+y € C(R), ie., 27+ cytyrt y?+a+ y € C(R). Because x?+2, y?+y € C(R) 
and C(R) is a subring (Exercise 14, page 148), y+ yx € C(R). Therefore, «(xy + yx) = (xy + yx)x, so 
x’y+ aye = cyx+ yx?. Thus, x2y = yr?. Now 2? +2 € C(R), so y(xz? +2) = (2? +2)y. Hence, 
yx? + yx = x*y+ xy, so ry = yx, proving that R is commutative. 


Find all subrings of the ring Z of integers. Find those subrings which do not contain the identity element. 


Let n be a nonnegative integer and T, = nZ = {nt | t € Z}. Because 0 € Tn, Tn € O. Let a = nt, b= ns be 
two elements in T,. Then a — b= nt —ns=n(t — s) € T, and ab= (nt)(ns) = n(t(ns)) € Tr. Hence, Ty 
is a subring of Z. We now show that if A is any subring of Z, then A = T,, for some nonnegative integer n. 
Let A be a subring of Z. If A = {0}, then A = OZ. Suppose A 4 {0}. Then there exists m € A such 
that m #0. Now —m€ A,so A contains a positive integer. By the well-ordering principle, A contains a 
smallest positive integer. Let n be the smallest positive integer in A. Then nZCA. Let m € A. By the 
division algorithm, there exist integers g and r such that m= nq+r,0 <r<n. Because n € A, ng € A. 
Hence, r = m-—ngq € A. The minimality of n implies that r = 0,so m = nq € nZ. Thus, A = nZ. Ifn £1, 
then nZ does not contain identity. 


Show that Q[V2] = {a+ bV2 € R | a,b € Q} is a subfield of the field R. 


Solution: Because 0=0+0V2 Q[V2], Q[V2| 4 . Let a+bV2,c+dV/2 Q[V2]. Then 
i) € 
(a + bV2) — (c+ dV2) = (a—c) + (b—d) V2 € Q[VQ] 
and 
(a +bV2) (c+ dV2) = (ac + 2bd) + (ad + be) V2 € Q[V3]. 
Now 0+ 0/72 and 1+ 0/2 are distinct elements of Q[V2]. Therefore, Ql V2] contains more than one 
element. Let a+ by2 be a nonzero clement of Q 2]. Then a and 6 cannot both be zero simultaneously. 
We now show that a — b/2 # 0. Suppose a — b\/2 = 0. Then a = bV/2. If b= 0, then a = 0. Therefore, 
both a and 6 are zero, a contradiction. If b £ 0, then f2 =7¢€Q acontradiction. Hence, a — bV/2 #0. 
Similarly, a + b/2 #0. Thus, a? — 2b? =(a+ bV/2)(a = b/2) #0. Now 
1 (a= b/2) a b 
_—— — SS 2 2 . 
atby2 a@2—2  a?—2b? a?— mp? € Olv2 
Because (@+6 2)(7t73) =1, (a+b 2)? exists in Q| 2]. Thus, we find that Q[ 2] is a subfield of R 
by Theorem 8.¥.7. Vv JV JV 
Exercises 
1. Prove the following the statements. 
(i) T1 = { | ; : |a,b,c€ 2} is a subring of M2(Z). 
(ii) T2 = { | ns i |a,beE 2} is a subring of M2(Z). 
oe a 0 : : 
(iii) T3 = i < |a € Z> isa subring of M2(Z). 
a b 
(iv) T4# = 0 a7|a,b€Z) isasubring of T'. 
2. In the singh of le find a of the following subsets of Z are subrings. 
(i) The set of integers of the form 4k + 2, k € Z. 
(ii) The set of integers of the form 4k +1, k € Z. 
(iii) The set of integers of the form 4k, k € Z. 
3. Show that T = {[0], [5]} is a subring of the ring Zio. 
4. Let R be a ring with 1. Show that the subset T = {nl | n € Z} is a subring of R. 
5. Let R be a ring and n be a positive integer. Show that the subset T = {a € R | na = 0} is a subring of R. 


148 


12. 


13. 


14. 
15. 


16. 
17. 
18. 
19. 
20. 


21. 


22. 


23. 


. Let w be a root 
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a 


bV/3 ; ; 
. Show that T = {| ye Jaber} is a subring of M2(R). 


. Show that Q[,/3] and Q[V5] are subfields of the field R, but Z[v2] = {a + bv | a,b € Z} is not a subfield 


of R. 


. Show that Q(i) = {a+ bi | a,b € Q} is a subfield of C, where i? = —1. 


a b 


x? +a2+ {1 =0. Prové that T = {a+ bw | a,b € Q} is a subfield of the field of complex 


fi 
. Show eee b -«a | meee is a subring of M?(Z>).Is F a eld? 


numbers. 


. Let F' be a field of characteristic p > 0. Show that T = {a € F' | a? =a} is a subfield of F. 


Prove that T = a |rz,ye 2} is a subring of M2(Z). Also, show that every nonzero element 


of T is a unit in M2(R). 


Let R be a commutative ring. Show that the set 
T={reR|r” =0 for some integer n} 
is a subring of R. 


Prove that C(R) is a subring of 8 and that C(R) is commutative. 
Let e be an idempotent of a ring R. Prove that the set 


eRe = {ere| re R} 


is a subring of R with e as the identity element. 

Find the center of the ring M2(R). 

Prove that the characteristic of a subfield is the same as the characteristic of the field. 
Find all subrings with identity of the ring Zi6. 

Find all subfields of the field Z,, p a prime integer. 


Let R be a ring without any nonzero nilpotent elements. Show that (ara — ra)? = 0 for all r € R and for 
i aéR. C(R i i } 
Bed demre Pree PIAS continsus on a! Betine SasaMainee py demporent elements 


(f+g)(x) = fx) + g(a), 
(f-g)(t) = f(z)g(x) 
for all f,g € C and for alla ER. 
(i) Show that C is a ring. 
(ii) Let D= {f € C | f is differentiable on R}. Show that D is a subring of C. 


Let R bearing and f : R > [0,1] be such that 


f(a—b) 2 min{f(a), f(b)}, 
flab) = min{f(a), f()} 


for all a,b € R. Prove that for allt € Z(f), Ri= {2 € R| f(x) = t} is a subring of R. 

In the following exercises, write the proof if the statement is true; otherwise, give a counterexample. 
(i) The union of two subrings of a ring is a subring. 

(ii) The identity element of a subring is always the identity element of the ring. 

(iii) Q is the only subfield of the field R. 

(iv) Q[v3] = = {a+ bV3 | a, b € Q} is the intersection of all subfields of R which contain «73. 

(v) The set Z of integers is a subring of the field of real numbers. 

(vi) Every additive subgroup of Z is a subring of Z. 
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8.2 Ideals and Quotient Rings 


In this section, we introduce the notions of ideals and quotient rings. These concepts are analogous to normal 
subgroups and quotient groups. 

The very famous problem called “Fermat’s last theorem” led to the invention of ideals. Fermat (1601-1665) 
jotted many of his results in the margin of Diophantus’ Arithmetica. For this particular “theorem,” Fermat wrote 
that he discovered a remarkable theorem whose proof was too long to put in the margin. The theorem is state 


n nm 


Holodlexsn Gnis wadaiiseerepratker thanresihemthere axistynepostivelindeeersWilds Tous shetobf aftr many 
years of work. 

In 1843, Kummer (1810-1893) thought that he had found a proof of Fermat’s last theorem. However, Kummer 
had incorrectly assumed uniqueness of the factorization of complex numbers of the form «+ Ay, where A? = 1 for p 
an odd prime. Dirichlet (1805-1859) had made an incorrect assumption about factorization of numbers. Kummer 
continued his efforts to solve Fermat’s last theorem. He was partially successful by introducing the concept of 
“ideal number.” Dedekind (1831-1916) used Kummer’s ideas to invent the notion of an ideal. Kronecker (1823- 
1891) also played an important part in the development of ring theory. 


Definition 8.2.1 Let R be aring. Let I be a nonempty subset of R. 
(i) I is called a left ideal of R if for alla, b€ I and forallre R,a-be Tl, rae l. 
(it) I is called a right ideal of R if for alla, be I and forallre R,a-—beTl,arel. 
(iti) I is called a (two-sided) ideal of R if I is both a left and a right ideal of R. 


From the definition of a left (right) ideal, it follows that if J is a left (right) ideal of R, then J is a subring of 
R. Also, if R isa commutative ring, then every left ideal is also a right ideal and every right ideal is a left ideal. 
Thus, for commutative rings every left or right ideal is an ideal. 

By Theorem 8.1.2, it follows that a nonempty subset J of a ring R is an ideal if and only if (J,+) isa 
subgroup of (R,+) and for all a € J and for allr € R, ar and rae I. 


Example 8.2.2 Let R be a ring. The subsets {0} and R of R are (left, right) ideals. These ideals are called 
trivial ideals. All other (left, right) ideals are called nontrivial. 


An ideal J of aring R is called a proper ideal if J 4 R. 


Example 8.2.3 Letn € Zand I = {nk| k € Z}. Asin Worked-Out Exercise 3 (page 147), I is a subring. Also, 
for all r € Z, (nk)r = n(kr) € I and r(nk) = n(rk) € I. Hence, I is an ideal of Z. 


Next, we give an example of a ring in which there exists a left ideal which is not a right ideal, a right ideal 
which is not a left ideal, and a subring which is not a left (right) ideal. 


Example 8.2.4 Consider the ring M2(Z). Let 


a O 

ne{[2 2Jiavea}, 
a Ob 

ne{[% S]iavea} 


I3 = {| ; : | a,b,c and d are even integers} ; 


and 
[i= [° ae : 

0 0 a 0 0 ie y 

Because | 9 [eh HAO. ket h a d > [eh an i | €2@. Then 

a O0|] |c O}]_|a-c 0 et 

b 0 d 0| |b-d 0 , 


nu sy aU) 2 | earg 0) eG 
Zz w b O} 6 | zat+twb 0 1) 


-_— 
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proving that I; is a left ideal of Mo2(Z). Now | € M2(Z), but 


1 
0 
1 0 0 0 1 
[i ole of=[o i]ea 
Hence, I; is not a right ideal of M2(Z). Similarly, Iz is a right ideal of M2(Z), but not a left ideal, Iz is an ideal 
of Mz(Z), and I, is a subring, but not an ideal of M2(Z). 


ao 
SS 
or 
MM 
— 
fay 
a 
3 
Q 
| ee | 
oo 


We remind the reader to notice the similarity of the next few results with corresponding results in linear 
algebra and group theory. 


Theorem 8.2.5 Let R be a ring and {Ia | a € A} be a nonempty collection of left (right) ideals of R. Then 
Nacrla is a left (right) ideal of R. 


Proof. Suppose {Ja | a € A} is nonempty a collection of left ideals of R. Because 0 € Iq for all a, 0 € Nala. 
Thus, Nala # @. Let a, b € Nala. Then a, b € I, for all a. Because each I, is a left ideal, a — b € Iq for all 
a. Hence, a— b € Nala. Let r € R. Because each I, is a left ideal of R, ra € I, for all a. This implies that ra 
€ Nala. Thus, Nala is a left ideal of R. 

Similarly, if {Za | a € A} is a nonempty collection of right ideals of R, then Malo is a right ideal of R. i 


Notation 8.2.6 Let aj,a2,...,adn R. Then by the notation aan ai, we mean the sum ay + ag+---+4n. 
. » 
Definition 8.2.7 Let S be anonempty subset of aring R. 
(i) Define (S), to be the intersection of all left ideals of R which contain S. 
(ii) Define (S),. to be the intersection of all right ideals of R which contain S. 
(tii) Define (S') to be the intersection of all right ideals of R which contain S. 


Using Theorem 8.2.5, the following theorem is immediate. 


Theorem 8.2.8 Let S be anonempty subset of aring R. 
(i) (S), is a left ideal. The left ideal (S), is called the left ideal generated by S. 
(ii) (S),, is a right ideal of R. The right ideal (S),, is called the right ideal generated by S. 
(itt) (S) is an ideal of R. The ideal (S) is called the ideal generated by S. 


Note that (S), is the smallest left ideal of R which contains S. 


Theorem 8.2.9 Let R be aring and S be a nonempty subset of R. Then 


(i) 
(S), = es Msi ~ nyt; | r% € R, 5 = Z, 53, ¢; © S, 
1<i<k,1l<j<l1,k,leEN}. 
(ii) 
(S),. = ae Sinit ye nt; |r; € Rin; € Z, 8;,t; € S, 


1<i<k1l<j<Uk,leEN}. 


Proof. (i) Let 
A = oa ri8i + ae ngty | ri ER, nj & Z, 8i, tj ES, 
1<i<k,1<j <I,k,leN}. 


Because (S) is the intersection of all left ideals of R which contain S, it follows that (S) S.Let * ris; + 
yy _, nyt; © A, where 7; € R,nj € Z,si,t3 CS, 1 <i <k,1 <j <1, k1 EN. Now 5i,t) 2S C (SS! Because 
(Ss, is a left ideal, ris;, njt; € (S),, 1<i< k,l <j <1. Once again using the fact that (), is a left ideal, we 
can conclude that - rie + es njt; € (S),. Hence, A C (S),. 

We now show that A is a left ideal of R such that S C A. We can then conclude that (S), C A because (S), 
is the smallest left ideal of R containing S. 

Let s € S. Then s = 0:s+1s € A. Hence, S C A. Let ae TiSi +1 nt; and ) 92,1; 8; + njt; € A. 
Then 

ee nisi t ym njt)) — ( jai M184 + Poi nijt}) 


= (Chi nsit DR (Crist) + (Dhaamits + DE (Cnj)h) € A 
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Let r € R. Then r (es risit any njt)) a ee _(rri)si + er (hey € A. Thus, A is a left ideal of R. It 
now follows that (S), C A. 

Consequently, (5), = A 

(ii) The proof is similar to (i). 


Corollary 8.2.10 Let R bearing and S be a nonempty subset of R. If R is with 1, then 


(i) 
k 
(S), = alba — 


i=1 

(i) 
k 
(S),. = {Seam in ERs €S,1<i<k, nen}. 

i=l 
Proof. (i) Let A = poe rsil|ri€ Rs, CS, 1<i<ck, ne nh . Observe that A C (S),. 
Let ae risitdoja1 njtj € (S),. Because R has an identity 1, njt; = (njl)t; and nj1 € R. Thus, es risit 

a nyt) = 4 risi + yale € A. Hence, (5), C A. Consequently, 


k 
(S),= risi|Ti R,si S,1 i k 


s € = =. = = 
(ii) The proof is similar to (i). x 


Let us note the following: 


1. If S = {a1, a2,...,an}, then the left ideal (5), generated by S is denoted by (a1, a2,...,@n),- In this case, 
we call (S), a finitely generated left ideal. Similar terminology is used for (S), and (S). 


2. If S = {a}, then 


(a) (a), is called the principal left ideal generated by a, 
(b) (a), is called the principal right ideal generated by a, and 
(c) (a) is called the principal ideal generated by a. 


Corollary 8.2.11 Let R bearinganda R. 
(i) Then € 


(ii) If R is with 1, then 
(a), = {ra|r € R}. 


Proof. (i) This assertion follows from the equality 


k m k m 
So riat > nja = (S- rij)at - n;)a. 
i=1 j=l i=1 j=l 


(ii) This follows from (i) and Corollary 8.2.10. 

Similarly, we can prove that (a), = {ar+na|r € R,n € Z} and (a) = {ratas+nat+>o*_, ras; | T,8,7i, $4 € 
R,n€Z1<i<k, k € N}. 

Consider the subsets Ra= {ra|r R}andaR={ar|r  Rh}of R. If R is without identity, then Ra (aR) 


is still a left (right) ideal of R (Exercise 4, page 157). It is ft necessarily the case that a € Ra (a € aR) as 
illustrated by the next example. 


Example 8.2.12 Consider the ring E of even integers. E does not have an identity. Now 


(2) = {r2+n2|reE,ne€ Z} = {0,+2,+4,...} 


and 2 € (2). However, 


R2= {r2 | Te E+ = {0, +4, +8,.. }, 


which does not contain 2. 


152 8. Subrings, Ideals, and Homomorphisms 


In the next theorem, we obtain a necessary and sufficient condition for a ring with 1 to be a division ring. 


Theorem 8.2.13 LetR bearing with1. Then R is a division ring if and only if R has no nontrivial left ideals. 


Proof. Suppose R is a division ring. Let I be a left ideal of R such that J > {0}. Then there exists a € I 
such that a 4 0. Now a £0,so a7! € R. Thus, because J is a left ideal, 1 = a~'a € I. This implies that for all 
ré€R,r=rl1€T. This shows that R CI. Because, J C R, we can now conlude that R = I. Consequently, R 


has GomeartelyjaddpfiosteMsias no nontrivial left ideals. Let a € Rand a 40. We show that a is a unit. 
Because R has no nontrivial left ideals and a ¢ 0, we must have (a), = R. This implies that 1 € (a), . By 
Corollary 8.2.11(ii), (a), = {ra |r € R}. Thus, there exists r € R such that 1 =ra. This implies that r 40. 
Now r # 0, so proceeding as in the case of the nonzero element a, we can show that tr = 1 for some t € R. 
Thus, we have 


t=tl=t(ra) = (tr)a= la=a. 


This, implies that ar = 1. Hence, 
ra = 1=ar, 


i.e., a is a unit. Consequently, every nonzero element of R is a unit. Hence, R is a division ring. Ml 

Following along the lines of the above theorem, we can prove that a ring R with 1 is a division ring if and 
only if R has no nontrivial right ideals. 

The following corollary is immediate from Theorem 8.2.13. 


Corollary 8.2.14 Let R be a commutative ring with 1. Then R is a field if and only if R has no nontrivial 
ideals. 


Definition 8.2.15 A ring R is called a simple ring if R? 4 {0} and {0} and R are the only ideals of R. 
Example 8.2.16 Every division ring is a simple ring. 


Example 8.2.17 In this example, we show that M2(R) is a simple ring. Let A be a nonzero ideal of M2(R). 


Then there exists a nonzero element és : € A. Now at least one of a,b,c,d is nonzero. Because A is an 
: 0 0 0 1 
ideal and | 1 0 ' | 0 0 € M2(R), we have 


0 1 a bj) fed ne 
0 0 ce d| |0 0 ‘ 
and 
0 1 a b 0 0; |d 0 24 
0 0 c d 1 0; | 0 O ; 
Therefore, we find that A contains a matrix | : : such that a #0. Now a~' € R and 


eS] SIS 31-18 gle s)-(3 Sle 


Thus, 

1 0 0 1 0 1 

Lo o|fo 0|=[0 o |e 
Finally, 

0 0 Oo 1] {0 O ay 

1 0 00} |0 1 
Hence, 


fo t}=[o o]+lo o]ea 


This implies that A= M2(R). Also note that M2(R) is not a division ring. 
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Example 8.2.17 shows that there are simple rings, which are not division rings. 


Notation 8.2.18 Fora é R,aRa denotes the set {ara |r € R}. 


We now consider the sum and product of left (right) ideals. 
Let A and B be two nonempty subsets of a ring R. Define the sum and product of A and B as follows: 


A+B={a+bla A,b B} 


AB = {aibi + azbo +--+ + anbn| a: € AS bi € B, i= 1,2,...,n, NEN}. 


Thus, AB denotes the set of all finite sums of the form )> aibi, ai € A, bi € B. 
Let n € N. Inductively, we define 


Al = 
Av = AA"! ifn >. 


Example 8.2.19 Consider Z, the ring of integers. Let A = (2), the ideal generated by 2, and B = (3), the ideal 
generated by 3. Note that A= {2n|n € Z} and B= {3n|n € Z}. Let me Z. Now m= 2(—m) + 3me€ A+B. 
This implies that A+ B= Z. 

Next we dsetermine AB. Let m € Z. Now 6n = 2- (3n) € AB. This implies that (6) = {6n | n € Z} C AB. 
Let x € AB. Then 


x = a,b; + agbe+---+anbn, 


for some n € N, where ai A, bi B, i = 1,2,...,n. Now ai = 2ti and bi = 35:, for some ti, si € Z, 
i= 1,2,...,n. Hence 


x ayby + agb2 +--+ + anbn 

=  (2t1)(381) + (2t2) (382) + +++ + (2tn)(38n) 
= 6(t1S1) + 6(t2S2) foeee Hb 6(tn Sn) 
= 6(t151 + teso +--+ +tnSn) 

= 6k€E (6), where k= t151 + tose 


Thus, AB C (6). Hence, AB= (6). 


-+tn8n € Z. 


We now list some interesting properties of the sum and product of left (right) ideals. 


Theorem 8.2.20 Let A,B, and C be left (right) ideals of a ring R. Then the following assertions hold. 
(i) AC A+B. 
(i) A+ B=B-+A isa left (right) ideal of R. 
(ti) AF A=A. 
(iv) (A+ B)+C=A4+(B+4+C). 
(v) AB is a left (right) ideal of R. 
(vi) (AB)C = A(BC). 
(vii) If A,B and C are ideals, then A(B+ C) = AB+ AC, (B+ C)A= BA+CA. 
(viii) If A is a right ideal and B is a left ideal, then AB C ANB. 
(iz) Ris aregular ring if and only if for any right ideal A and for any left ideal B, AB= AN B. 


Proof. We only prove (ix) and (x) and leave the other properties as exercises. 

(ix) Suppose R is a regular ring. Let a € AN B. There exists b € R such that a = aba. Because B is a left 
ideal and a € B, ba € B. Thus, a= a(ba) € AB, whence AN B C AB. By (vii), AB C AN B. Consequently, 
AB = AN B. Conversely, assume that AB = AN B for any right ideal A and left ideal B of R. Let ae R 
and consider (a),., the right ideal generated by a. Because (a),. is a right ideal, (a),,.R C (a),,. Also, by our 
assumption (a), R= (a), R. Hence, 

n a€ (a), R= (a), R. 
Therefore, a = )>"_, aibi for some a; € (a),., bi € R, i = 1,2,...,n. From the statements following Corollary 
8.2.11, a; = at; + nia for some t; € R, ni € Z,1=1,2,...,n. Thus, 


r 


ka 


a= S> aibj = So (ati + njia)bj = a(S > (tabi + nibi)) € aR. 
i=1 i=1 i=l 


This implies that (a), = aR. Because aR C (a),., (a), = aR. Similarly, (a), = Ra. It now follows that a € 
aR Ra= (aR)(Ra) C aRa. Hence, there exists b € R such that a= aba, i.e., a is regular. Consequently, R is 
regular. 
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Quotient Rings 


We now give the analogue of quotient groups for rings. Let R be a ring and I an ideal of R. Let x € R. Let x+TI 
denote the set 
x+I={#+a |aeEl}. 


The set x + I is called a coset of I. For x,y € R, we leave it as exercise for the reader to verify that 


e+Il=y+TJifandonlyifae y I. 
= 1 
This property of cosets is, in fact, analogous to property of cosets for a group, (see Theorem 4.3.3). Moreover 
notice that 
0O+J=I. 
Let R/I denote the set 
R/I={x+I| ae R}. 

Because J = 0+/ € R/I, R/I is a nonempty set. Define the operations + and - on R/T as follows: for all x + J, 
y+IeR/I 

(e+ D+y+D=(@+yt+h 
and 

(e+1)-(yt1)=ay+ I. 

We leave it as an exercise for the reader to verify that + and - are binary operations on R/T. 


prone ler these binary operations (R/J,+,-) satiesfies the properties of a ring. Let us verify some of these 


Letx+J,y+2, 2+1€ R/I.Now 


(P+ DH(Yt+D+($D) = @+D+(Y+34D 
= (+(yt2))41 


= ((a+y)+2z)+/, because + is assocaitive in R 
= (@+y)+D+(z+1) 
= ((@+1)+t+D))++D. 


This shows that + is associative in R/J. Similarly, + is commutative. Next, note that 0+ J =I is the additive 
identity and for x + I € R/I, (—x) + I is the additive inverse of x + J. As in the case of the associativity for +, 
we can show that - is associative. 

Next, let us verify one of the distributive law. Now 


(@+N)-(y+tHD+(+D) = 


(@+1)- (y+ z) +2) 

(2(y + z)) +1 

= («y+ 2«z)+ 1, because distributivity holds in R 
( 
( 


fu ta) Ge) 
a+TI)-(y+D)+ (e+): (2+2). 


In a similar manner, we can verify the right distributive property. 


Remark 8.2.21 The quotient ring R/I can also be realised by oberving the (I, +) is anormal subgroup of (R, +) 
because the latter group is commutative. Hence, if R/I denotes the set of all cosets r+I={x+a | a€ I} for 
all x € R, then (R/I, +) is a commutative group, where 


(c+D+(y+D=(a@+y)4+I 


cB € R/I. Now define multiplication on R/I by (a+1)-(y+1) = ay4tI for alla+I, y+Ie R/L. 
: a ring. 


Definition 8.2.22 If R is aring and I is an ideal of R, then the ring (R/I,+,-) is called the quotient ring of 
R by I. 


Theorem 8.2.23 Letn € Z be a fixed positive integer. Then the following conditions are equivalent. 
(i) n is prime. 
(it) Z/ (n) is an integral domain. 
(itt) Z/ (n) is a field. 
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Proof. Note that (n) is the ideal of Z generated by n and (n) = {nt| t € Z}. 
(i) =(ii): Suppose n is prime. Let a + (n),b + (n) € Z/ (n) . Suppose 


(a+ (n))(6+ (n)) =04 (n). 


Now 
(a+ (n))(b+ (n)) =0 + (n) 
ab + (n) =0 + (n) 
=> abe (n) 
=> ab=rn for somer € Z 
=> nab. 
=> eithern|aorn|b because n is prime 
=> either a € (n) or bE (n) 
=> eithera + (n) =0+ (n) or b+ (n) = 04 (n) 


We can now conclude that Z/ (n) has no zero divisors, proving that Z/ (n) is an integral domain. 

(ii)=(iii): Because Z/ (n) is a finite integral domain, the result follows from Theorem 7.1.40. 

(iii)=>(i): Suppose n is not prime. Then n = ninz2 for some 1 < ni < nand1 < n2< n. Because 1 < ni < n, 
we have nj ¢< n>. Similarly, ng €< n>. Hence ni + (n) and nz + (n) are nonzero elements of Z/ (n) and 


(ni + (n))(n2 + (n)) = nine + (n) =n + (n) = 0+ (n). 


Beravse,Zd a is afield A/ (ry hanarcere Fnineerd hss ghthes.Umgt (2) = 0+ (nr) or n? + (n) = 0+ (n), ice., 


We close this section by introducing the notions of nil and nilpotent ideals. 


Definition 8.2.24 Let I be an ideal of a ring R. 
(i) I is called a nil ideal if each element of I is a nilpotent element. 
(it) I is called a nilpotent ideal if I” = {0} for some positive integer n. 


Example 8.2.25 In the ring Zs, the ideal I = {[0], [4]} is a nil ideal and also a nilpotent ideal. 


P= {Seto | [ai], [bi] € Lk € nt = {0} 


i=1 


because 16 | a*b*. 


From the definition, it follows that every nilpotent ideal is a nil ideal. The following example shows that the 
converse is not true. In this example, we construct a ring R from the rings Zpr, n= 1,2,..., i-e., from the rings 
Lp, Liy2, Z ., where p is a fixed prime. 


ipB y+ 
Example 8.2.26 Letp be a fixed prime. Let R. be the collection of all sequences {a,,} such that ay € Zpn (n > 1) 
and there exists a positive integer m (dependent on {an}) such that a, = [0] for alln > m. Define addition and 
multiplication on R by 
{an} + {on} = {an + bn}, 

{an }{bn } {anbn} 


for all {an}, {bn} € R. We ask the reader to verify that R is a commutative ring under these two operations, where 
the zero element is the sequence {an} such that an = [0] for all n and the additive inverse of the sequence {an} 


isthe sempannseatitpiore oaneinRe, Tip soreneteracnmced de eteie lel of AZ =ad0 nAboterte tienselel € Ze, 
Let 


I= {{[plai, [plaa,..., [plan, [0], [0],...J}e R| NEN, a €Z,:,i=1,...,n}. 


Then I is an ideal of R. Also, every element of I is nilpotent. Let us now show that I is not nilpotent. Suppose 
I is nilpotent. Then there exists a positive integer m such that I™ = {0}. Now the sequence {an} such that 
an = [p| forn = 1,2,..., m+1 and an =0 for alln > m-+2 is an element of I. Then {an}™ = {[0], [0], ..., [0], 
[p”’], [0], [0],...}, where the (m+ 1)th term of this sequence is [p™] and all other terms are 0. Because [p™| is 
not zero in Zym4i, we find that {an} #0 and {an}” € I™ = {0}, a contradiction. This implies that I is not 
nilpotent. 
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Theorem 8.2.27 Let R be a commutative ring with 1 andI denote the set of all nilpotent elements of R. Then 
(i) I is a nil ideal of R, 
(ii) the quotient ring R/I has no nonzero nilpotent elements. 


Proof. (i) Because 0 € J, I 4 9. Let a,b € I. There exist positive integers m and n such that a” = 0 and 
b™ =0. Because R is commutative, we can write 


(a —b)r+m —gntmy...4(-1)" yn (ie 


The general term of the above expression is (-1)"("""”) a"t™—"b", where 0 < r < m+n. If r < m, then 
n+m—r>nand hence a"t™” =a"a™ =0. Again, if r > m, then 


pS pmt(r—m) =—pmpr-™ — 0. 


Therefore, we find that 


‘any ("2") a?” = 0,7 =0,1,2,...,.n+m. 


This implies that (a — b)"*™” =0, ie., a — b is nilpotent, soa —b€ I. Let r € R. Then (ra)” =r"a”" =r"0 =0. 
Because R is commutative, (ar)” =(ra)” =0. Thus, ar,ra I. Consequently, I is an ideal of R. Because every 
element, of J is nilpotent, J is nil. 

fi) L Let a+ be a nilpotent element of R/I. Then (ein = = I for some positive integer n. But a"+I =(a+I)”. 
Thus, a” + I = J, which implies that a” € I. Because every element of J is nilpotent, there exists a positive 
integer m such that (a”)™ = 0, ie., a”” = 0, which shows that a is nilpotent, soa € J. Thisimpliesa +] =I. 
Hence, R/I has no nonzero nilpotent elements. Mi 


Theorem 8.2.28 Let A and B be two nil ideals of a commutative ring R with 1. Then A+ B is a nil ideal. 


Proof. By Theorem 8.2.20, we know that A+ B is an ideal of R. Let I be the set of all nilpotent elements of 
R. Then A CJ, B CI and by Theorem 8.2.27, J is an ideal. Hence, A+ B CI. Because J is nil, A+ Bis nil. 


Worked-Out Exercises 


® Exercise 1 Find all ideals of Z. 
Solution: From Worked-Out Exercise 3 (page 147), we know that the subrings of Z are the subsets nZ, n = 0,1, 2, 


Let us now show that these subrings are precisely the ideals of Z. If I is an ideal of Z, then I is a subring 
of Z, so I = nZ for some nonnegative integer n. Now, let J = nZ (n is a nonnegative integer). Then J is a 
subring. Ifr € Z, then rf =r(nZ) =n(rZ) C nZ =I. Similarly, Ir C I. Hence, I is an ideal of Z. 


Exercise 2 Let R be aring such that R has no zero divisors. Show that if every subring of R is an ideal of R, then R 
is commutative. 


Solution: Let 0 4a € R. Then C(a) = {x € R | ca = az} is a subring of R and hence an ideal of R. Thus, ra € C(a) 
for allr € R. Let r € R. Now ara= ra? implies that (ar — ra)a = 0. Because R has no zero divisors and 
a #0, ar—ra=0,so ar=ra. Hence, a is in the center of R. Because a is arbitrary, R is commutative. 


Exercise 3 Give an example of a ring R and ideals A;,7 € I, such that A;NA; = {0} ift #7, but A;N(d7 4, Aj) F {0}. 
Solution: Let R = {0,a,b,c}. Define + and - on R by 


2a = 2b= 2c=0, xy= 0, for allz,y € Rand 
a+b=b+a=c, a+c=c+a=b), andb+c=c+b=a. 


Then (R,+,-) is a ring. Let Ai = {0,a}, Ao = {0,6}, and A3 = {0,c}. Then A, + Ag = Ai + Az = 
Az + A3 = Rand Ai N Ag = Ai N A3 = A2M Az = {O}. 


& Exercise 4 Give an example of a ring R and ideals A and B such that AB C ANB. 
Solution: Let R be the ring of Worked-Out Exercise 3. Let A= B= {0,a}. Then AB = {0} c {0,a} =ANB. 


® Exercise 5 Characterize all commutative rings R such that R has only two ideals R and {0}. 
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Solution: Let R be a commutative ring such that the only ideals of R are R and {0}. Now R? is an ideal of R. Thus, 
RF? ={0} or R? = Rh. 
Case 1. R? = {0}. Then ab = 0 for all a, b € R. In this case, every subgroup of (R,+) is an ideal. Hence, 
(R, +) has no nontrivial subgroups, so (R,+) is a cyclic group of prime order by Exercise 22 (page 94). 
Case 2. R? =R. Let 04a € R. Then aR is an ideal of R. Hence, either aR = {0} or aR= R. Suppose 
aR = {0}. Let T = (a). Then T is an ideal of Randa € T. Thus, T = R. Now aR= {0} implies that 
TR = {0} and hence R? = {0}, which is a contradiction. Therefore, aR = R. Thus, for allO 4a _ R, 
aR = R. We now show that # has no zero divisors. Let @, 6 be two nonzero elements of 2 such that abe 0. 
Let T = {ce R | ac= 0}. It is easy to see that T is a nonzero ideal of R. Hence, by the hypothesis, T = R. 
This implies that R = aR = aT = {0}, a contradiction to the fact that R= R? 4 {0}. Consequently, R 
has no zero divisors. Next, for0 4a € R, aR= R, so we find that ae = a for some e € R. Because a 40, 
we must have e £0. Also, because R has no zero divisors, a(e” — e) = 0 implies that e? = e. Now for any 
be R, eb =e" implies that e(b — eb) =0 and hence b = eb = be. This shows that e is the identity element 
of R. Also, aR = R implies that e = ab for some b € R. Hence, a~! exists in R. Consequently, R is a field. 
So from the above two cases we conclude that either R is the zero ring with a prime number of elements 
or R is a field. 
Exercises 
1. Let T2(Z) = ° |a,b,c€Z_ be the ring of all upper triangular matrices over Z. 
0 b . : : F ; 
(a) Prove that I = 0 ¢ |b, € Z > is an ideal of T2(Z). Find the quotient ring T2(Z)/T. 
(b) Prove that J = { | 4 |ae 2} is an ideal of T2(Z). Find the quotient ring T2(Z)/T. 
2. In the ring Za, show that I = {[0], [8], [16]} is an ideal. Find all elements of the quotient ring Z24/T. 
3. Show that the set I = {a + biv5 | a,b € Z and a—b is even} is an ideal of the ring Z[ivV5]. 
4. Let R bearing anda € R. Show that aR is a right ideal of R and Ra is a left ideal of R. 
5. Let R bearing. Let A be a left ideal of R and B be aright ideal of R. Show that AB is an ideal of R and 
BACANB. 
6. Let R be a ring such that R? 4 {0}. Prove that R is a division ring if and only if R has no nontrivial left 
ideals. 
7. Let R bearing with 1. Prove that R has no nontrivial left ideals if and only if R has no nontrivial right 
ideals. 
8. Let 1, I2 be ideals of a ring R. Prove that [1 U Ig is an ideal of R if and only if either J; C Jo or Jz Ch. 
9. Let I and J be ideals of a ring R. Prove that J + J is an ideal of R and that 1+ J = (IU J), the ideal of 
R generated by I U J. 
10. Let I be an ideal of a commutative ring R and a € R. Prove that (IU {a}) = {i+rat+nalielreR, 
n€ Zh. 
11. Let m and n be positive integers in Z. Prove that 
(a) (m,n) = (m) + (n) = (d), where d is the greatest common divisor of m and n; 
(b) (m)  (n) = (q), where q is the least common multiple of m and n. 
12. Find all ideais of the Cartesian product Fy x F2 of two fields Fy and Fo. 
13. Consider the Cartesian product ring Ri x Re of the rings Ri and Re. 
(a) If J; is an ideal of R; and Ig is an ideal of Ro, prove that I, x Iz is an ideal of Ri x Ro. 
(b) Suppose Ri and R2 are with 1 and J is an ideal of Ri x Re. Does there exist ideals I; of Ri and Iz 
of Re such that J = 11 x In? 
14. Let R be an ideal of a ring R. Prove that the quotient ring R/I is a commutative ring if and only if 


ab — ba € I for alla, be R. 
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16. 


17. 


18. 
19. 
20. 


21. 
22) 
23. 
24. 


25. 


26. 
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. Let T = {4 | 4 €Q, aand b are relatively prime and 5 does not divide b}. Show that T is a ring under 
the usual addition and multiplication. Also, prove that J= {4 € T |5 divides a} is an ideal of T and the 
quotient ring T/T is a field. 

Let I be an ideal of a ring R. Prove that if R is a commutative ring with identity, then R/J is a commutative 
ring with identity. If R has no zero divisors, is the same necessarily true for R/I? 


Let I be an ideal of a commutative ring R. Define the annihilator of I to be the set 


annl = {r € R| ra=0 for alla € J}. 
Prove that annJ is an ideal of R. 
In the ring Zao, prove that I = {[n] | n is even} is an ideal. Find annJ. 
In the ring Zt], show that I = {a + bi | a,b € Z and a, b are even} is an ideal. Find annl. 
In a commutative regular ring R with 1, prove that every principal ideal I is generated by an idempotent 
and for every principal ideal J, there exists a principal ideal J such that R= J+ J and IN J = {0}. 
Prove that every ideal of a regular ring is regular. 
Prove that a ring R is regular if and only if every principal left ideal of R is generated by an idempotent. 
Prove that in a commutative regular ring with 1 every finitely generated ideal is a principal ideal. 


In aring R, prove that {0} is the only nilpotent ideal if and only if for all ideals A and B of R, AB= {0} 
implies AM B= {0}. 


Let R be aring and f : R — [0,1] be such that 
f(a) 


> min{f(a), f(b}, 
f(rb) > f(b) 


for all a,b,r € R. Prove the following: 

(i) f(0) > f(a) for alla € R; 

(ii) f(a) = f(—a) for alla € R; 

(iii) for allt € Z(f), Ri= {x € R| f(x) > t} is a left ideal of R; 

(iv) Ro= {ae R| f(a) = f(0)} is a left ideal of R. 

Let R bearing. A relation p on R is called a congruence relation on the ring R if p is an equivalence 
relation on R and for all a,b,c € R, apb implies that acpbc, capcb, and (a+ c)p(b+c). Let I be an ideal of 
Rand p be the relation on R defined by apb if and only if a — b € I. Show that p is a congruence relation 
on R. 


In each of the following exercises, write the proof if the statement is true; otherwise, give a counterexample. 
(i) If {£: | 7 € N} is a collection of ideals of R, then UxenJ; is an ideal of R. 

(ii) Z is a subring of R, but not an ideal of R. 

(iii) If I is a nontrivial ideal of an integral domain R, then the quotient ring R/J is an integral domain. 


8.3  Homomorphisms and Isomorphisms 


In this section, we introduce the ideas of homomorphisms and isomorphisms of rings. These concepts are the 
analogs of homomorphisms and isomorphisms for groups. 


Definition 8.3.1 Let (R,+,-) and (R’,+',-’) be rings and f a function from R into R'. Then f is called a 
homomorphism of R into R' if 


f(at+b)= f(a) +’ f0), 
f(a-b) = f(a)” f(b) 


for alla,be R. 


A homomorphism f of a ring R into a ring R’ is called 

(i) amonomorphism if f is one-one, 

(ii) an epimorphism if f is onto R’, and 

(iii) an isomorphism if f is one-one and maps R onto R’. 


If f is an isomorphism of a ring R onto aring R’, then f~+ is an isomorphism of R’ onto R. 
An isomorphism of a ring R onto R is called an automorphism. 


8.3. Homomorphisms and Isomorphisms 159 


Definition 8.3.2 Two rings R and R’ are said to be isomorphic if there exists an isomorphism of R onto R’. 


We write R ~ R’ when R and R’ are isomorphic. 

When speaking of two rings R and R’, from now on we usually use the operations + and - for both rings. 
Let f : R — R’ be a homomorphism of rings. Because f preserves +, f is a also a homomorphism of the 
groups (R,+) and (R’,+). Hence, we can immediately apply Theorem 5.1.2 to conclude that f maps 0 to 0’, 
i.e., f(0) = 0’, and for all a € R, —f(a) = f(—a). We list some properties of homomorphisms in the following 


theorem. The proofs are similar to the proof of Theorem 5.1.2, so we leave them as an exercise for the reader. 


Theorem 8.3.3 Let f be ahomomorphism of aring R into aring R’. Then the following assertions hold. 
(i) f(0) =0', where 0’ is the zero of R’. 
(i) f(—a) = —f(a) forallae R. 
(iit) f(R) = {f(@) | a € R} is a subring of R’. 
(iv) If R is commutative, then f(R) is commutative. 
Suppose R has an identity and f(R)= R’, 1.e., f is onto R’. Then 
(v) R’ has an identity, namely, f(1). 
(vi) Ifae Ris aunit, then f(a) is a unit in R’ and 


f(a) = f(a"). 1 


if RWeapainti dettibypst tine(idealiPhedr@mBal3ndt Mispnottonte tHentlty mayer Weyilhetthate tis @oitityaféren 
Example 8.3.7. 


Definition 8.3.4 Let f be a homomorphism of a ring R into a ring R’. Then the kernel of f, written Ker f, is 
defined to be the set 
Ker f ={a€ R| f(a)=0'}, 


where 0’ denote the additive identity of R’. 


From Theorem 8.3.3, we know that 0 € Ker f. Hence, Ker f 4 0. 


Example 8.3.5 (i) The identity map of a ring R is a homomorphism (in fact, an isomorphism). Its kernel is 
{0}. 


ii) Let R and_R' be rings and f :R— R' be defined b vent Por diese. Then t aae hamiemoruninn 
of ito Re and Reef = t y f(a) f ; D 


Example 8.3.6 Let f be the mapping from Z onto Z, defined by f(a) =[a] for alla € Z. From Example 5.1.4, 
f(a+b) = f(a) +n f(b) for all a,b € Z. Also, f(a-b) = [ab] = [a] -n [b] = f(a) -n f(b) for all a,b € Z. Thus, f is 
a homomorphism of Z onto Zn. As in Example 5.1.4, Ker f = {qn |q € Z}. 


In the following example, we show that if f is a homomorphism from a ring R with 1 into a ring R’ with 1 
and f is not onto, then the identity of R need not map onto the identity of R’. 


Example 8.3.7 Consider the direct sum Z @®Z of Z with itself (see Exercise 17, page 140). Define f : Z> ZOZ 
by f(a) = (a,0) for alla € Z. From the definition of f, f is well defined. Now for all a,b € Z, 


f(a + b) = (a+b, 0) = (a,0) + (6,0) = f(a) + f(0) 
and 
f (ab) = (ab, 0) = (a,0)(b,0) = f(a) (6). 


Thus, f is a homomorphism. Also, Ker f = {0}. Now f (1) = (1,0), but (1,1) is the identity of Z@Z. Therefore, 
the identity of Z does not map onto the identity of Z@ Z. 


Consider the rings Z and Q. Suppose Z ~ Q. Then the groups (Z,+) and (Q, +) are isomorphic. However, 
this is not possible because (Z,+) is a cyclic group and (Q,+) is not a cyclic group. In the following example, 
we give another argument to show that Z is not isomorphic to Q. 
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Example 8.3.8 Suppose Z ~ Q. Let f : Z-Q be an isomorphism. Then f(1) =1 and f(0) = 0. Let n be a 
positive integer. Then 


f(n)=ft---4+1)=f4+fQ)+---+f@) =f) =nl=n. 


Now suppose that n is a negative integer. Letn = —m, wherem is positive. Then f(n) = f(—m) = f(-1-—1- 


Let ea et Q\z. Henaise’ jf is bh Onde Lists WED) such" Wat : ™ F(R) a Ah Dis Tb Hh fol: 


Hence, Q is not isomorphic to Z. 


In the following example, we consider two rings which look similar, but which are not isomorphic. 


Example 8.3.9 In this example, we show that the ring Z(V3] = {a+ bV/3 | a,b © Z} and the ring VANES = 
{a+ b/5 | a,b € Z} are not isomorphic. 
Suppose there exists an isomorphism f : Z[V3] > Z[V5]. Now 3 = (0+ /3)?. Thus, 


#(3) = F((V3)?) = (FV). 
Because f is an isomorphism, we have f(1) =1. This implies that f(3) = 3. Hence, 
a) 
3= £03) = C9) 
Because f (3) € Z[V5], f (V3) = a + bV5 for some at by5 € Z[V5]. Therefore, 
3= (a+bVv5)?. 


This implies that 
3 =a? +50? + 2abV5. 
If ab = 0, then 3 = a? +.5b?. But there do not exist integers a and b such that ab = 0 and 3 =a? +5b?. 


If ab £0, then V5 = S205’ EQ, which is a contradiction. Hence, Z V3 and Z V5 are not isomorphic. 
2ab 


The next example shows that the ring Z» and the ring Z/ (n) are isomorphic. 


Px ample §. 3740 Gone id r eine id Pu Bla genenated buy a fined pagiting integer HE Kay af By Corollary 8.2.11, (n) = 
Z/(n) = {a+ (n)| ae Z}. 


Define f : Zn = Z/(n) by f([a]) = at (n) for all [a] € Z,. We recall that f is an isomorphism of ( Zn, +n) 
onto (Z/ (n) , +) (Example 5.1.15). Now 


Ff (lal -n [6]) = f([ab]) = ab + (n) = (a+ (n))(6 + (n)) = Fal) F([2). 


Thus, f is a ring isomorphism of Zp, onto Z/ (n). 


Theorem 8.3.11 Let f be ahomomorphism of a ring R into a ring R'. Then Ker f is an ideal of R. 


/ 7 / 
a- Brot. Begapse & R. Hetorl : fea) LA &. Let gre Fi (if cry fhey, fle=p) Sn ly, ds Ker f. Heme Ke 
f is an ideal of R. 
| 
In the remainder of the section, we consider isomorphism theorems which are parallel to those for groups 
(Section 5.2). 


Theorem 8.3.12 Let R bearing and I be an ideal of R. Define the mappingg: R — R/I by g(a)=a+TI for 
alla € R. Then g is a homomorphism, called the natural homomorphism, of R onto R/I. Furthermore, Ker 
g=l. 
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Proof. Now for all a,b € R, 


g(a+b) =(a+b) +I =(a+1)+ (64+ 2 =g(a) + g(d) 


and 


g(ab) = ab+ I =(a+1)(b +1) = g(a)g(b). 
That Ker g = J follows from Theorem 5.1.12 in group theory. Mf 


Theorem 8.3.13 Let f be a homomorphism of a ring R onto a ring R! andI be an ideal of R. contained in Ker 
f. Let g be the natural homomorphism of R onto R/I. Then there exists a unique homomorphism h of R/I onto 
R’ such that f =hog. Furthermore, h is one-one if and only if I= Ker f. 


Proof. Once again, we use the work already done for groups. Define h: R/I — R' by h(a+ 1) = f(a) for 
alla € R. We have the desired results by Theorem 5.2.1, once we verify that h preserves multiplication. Now 


A((a + 1)(b+1)) = h(ab + 1) = f (ab) = f(a) f(b) = h(a + Dh(b+ D. 


| 
The proof of the following theorem is similar to that of the first isomorphism theorem for groups. We omit 
the proof. This theorem is also known as the fundamental theorem of homomorphisms for rings. 


Theorem 8.3.14 (First Isomorphism Theorem) Let f be a homomorphism of aring R into a ring R’. Then 
f(R) is an ideal of R’ and 
R/Ker f ~ f(R). a 


We state the following theorem without proof. Its proof is a direct translation of the proof of the corresponding 
theorem for groups. 


Theorem 8.3.15 (Correspondence Theorem) Let f be a homomorphism of a ring R onto aring R'. Then 
f induces a one-one inclusion preserving correspondence between the ideals of R containing Ker f and the ideals 
of R’ in such a way that if I is an ideal of R containing Ker f, then f(1) is the corresponding ideal of R’, and 
if I’ is an ideal of R', then f~1(I') is the corresponding ideal of R. 


An example similar to Example 5.2.13 can be developed to illustrate Theorem 8.3.15 
The next two isomorphism theorems for rings correspond to Theorems 5.2.8 and 5.2.6, respectively. 
Theorem 8.3.16 Let f be a homomorphism of a ring R onto a ring R’, I be an ideal of R. such that I D Ker 


f,g, and g’ be the natural homomorphisms of R onto R/I and R' onto R'/f(1), respectively. Then there exists 
a unique isomorphism h of R/I onto R'/f(1) such that g' of =hog. & 


Corollary 8.3.17 Let I;, Iz be ideals of a ring R such that I, C Ig. Then 


Theorem 8.3.18 If I and J are ideals of the ring R, then I/(IN J) ~ (I+ J)/J. @ 


Worked-Out Exercises 
© Exercise 1 Show that the function f : Ze — Zio defined by f([a]) = 5[a] for all [a] € Ze is a ring homomorphism of 
Ze into Z10- 


Solution: We first show that f is well defined. Let [a] = [b] in Ze. Then a — 6 is divisible by 6. Thus, a = 6k + b for 
some k € Z. Now 5a = 30k +56 shows that 5[a] = [5a] = [30k + 5b] = [30k] +10 [5] = [0] +10 5[6] = 5[6] in 
Zyo. Therefore, f ([a]) = f([b]). Thus, we find that f is well defined. Let [a], [b] € Ze. Then f([a] +6 [b]) = 
f(a+0)) = 5le-+ bo] 8 (lal ie (6) = 514] Pio bl] =F la)-sa0 70) and fale (el) — (abl) = bla) — 
25[ab] (because Zio is of characteristic 10) = (5[a]) -10 (5[b]) = f (a) -10 f(b). Hence, f is a homomorphism. 


© Exercise 2 Let R be the field of real numbers. Let a be an automorphism of R. Show that a(x) =~ for alla ER. 
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Solution: 


Exercise 3 


Solution: 


Exercise 4 
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Because @ is an automorphism of R, a(0) =0, and a(1) = 1. Let n EN. Then a(n) = a(1+1+---+1)= 
a(1)+a(1)+---+a(1)=14+1+---+1=n. Now let me Zand m < 0. Let n = —m > 0. Then 
a(m) = a(—n) = —a(n) = —n = m. This shows that a(z) = x for all c € Z. Let # € Q Then 
a(2) =a(pq*) = a(p)a(q7*) = pa(q)* = pq7* = &. This shows that a(x) = x for alla €Q.Letz eR 
be such that x >0. Then x = y” for some y € R. Thus, a(x) =a(y?) =a(yy) = a(y)a(y) =a(y)? > 0. 
Now let a,b € R be such that a > b. Then a—b > 0. Hence, a(a — b) > 0, so a(a) — a(b) > 0, ie, 
a(a) a(b). Therefore, a is order preserving. We now show that a is continuous. Lete Rande>0. 


Becawe © is onto R, there exists 5 > 0 such that a(5) = €. Now let 2,y € R be such that |* — y| < 6. 
us, 


—6<a-y<o. 
Because a is order preserving, 
a(—d) < a(x — y) < a(d). 

Therefore, 

—e<a(u—y) <e, 
so 

—e< a(x) — aly) <e. 

This implies that 

|a(x) — a(y)| <e. 
Hence, a is continuous. Now let « R. Because Q is dense in R, there exists a sequence {an} of rational 


numbers such that € : 
lim adn = x. 


n—oo 


Because q@ is continuous, 
a(z)=a(lim a,) = lim a(a,) = lim an = 2, 
n— oo noo M— Co 


proving the result. 


Let R be aring with 1. If the characteristic of R is 0, then show that R contains a subring isomorphic to 
Z. 


Let T = {nl |n € Z}. Because 0 = 01 €T, T #0. Let a= nl and b= m1 be two elements of T. Then 
a—b=nl—ml1 = (n—m)1and ab= (n1)(m1) = (nm)1. Hence, a — b,ab € T. Thus, T is a subring of 
R. Suppose n,m are two integers such that nl = m1. If n > m, then (n — m)1 = 0. This contradicts the 
assumption that R is of characteristic 0. Similarly, m > n also leads to a contradiction. Hence, n = m. 


Thus, we find that for each @ € T, there exists a unique integer ” such that @ = "1. Hence, the mapping 
f:Z—T defined by f(n) = 71 is an isomorphism. 


Let p be a prime integer. Show that there are only two nonisomorphic rings of p elements. 


Solution: It is known that (Z,,+,) is the only group of order p (up to isomorphism). Define © and ©2 on Zp by 


[a] ©1 [b] = [0] and [a] ©2 [b] = [ab] for all [a], [b] € Zp. Now ©1 and ©g2 are well defined and (Zp, +p, ©1) and 
(Zp, +p, ©2) are rings. Let R be a ring with p elements. Then (R,+) ~ (Zp, +,). If R X (Zp, +p, ©1), then 
the multiplication of R is not ©}. Let [a] be a generator of (Zp, +p). Now [a]? = n[a] for some nonzero integer 
n. There exists an integer m such that mn =p 1. Let [b] = ma]. Then [}b]? = m?[a]? = m?n[a] = m[a] = 
[b]. Let g be an isomorphism from (Zp,+p)) onto (R,+). Define f : Z, — R by f([u]) = ug([b]) for 
all [ul € Zp.Then f([u] +p [v]) = f(lut+ v]) = (wt v)g([b)) = ug([b]) + vg([b]) = f([u]) + f([v]) and 
f([u] ©2 [v]) = f([ue]) = (wo) g((b]) = weg([6]?) = wvg([b})9([6]) = ug ([b])eg([8]) = Ff (ful) f({v]). Hence, f is 
a ring homomorphism. Let c € R. Then there exists [u] € Z, such that g([u]) = c. Now [u] = t[a] for some 
t Z. Thus, f ([tn]) = tng([b]) = tn g(mfa]) = tg(mnfa]) = tg([a]) = g(t[a]) = g([u]) = c. Hence, f is onto 


RE Because |Z?| = |R], it follows that f is one-one. Thus, f is an isomorphism. 


Exercises 


1. Let R denote the set of all 2 x 2 matrices of the form | : , where a and 6 are real numbers. Prove 


2: 


a 
—b 
Define the binary operations 6 and © on Zby a@b=a+b—landa®b=a+b—<ab for all a,b eZ. 
Show that (Z,, ©) is a ring isomorphic to the ring (Z,-+,-). 


that R is a ring and the function a+ bi > | : is an isomorphism of C onto R. 
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3. 


16. 


(i) Show that the rings R and Q are not isomorphic. 
(ii) Show that the rings R and C are not isomorphic. 
(iii) Are the rings Zg and Zs x Zz isomorphic? 


. Let T2(Z) = {( e-8 ) |a,b,ceE 2} be the ring of all upper triangular matrices over Z. Define f : 


Oc 
a b 
T2(Z) Z by for all T2(Z), 


- (*)° (Go =a 


i) Show that f is a homomorphism. 
ii) Is f an epimorphism? 


iii) Is f an isomorphism? 


iv) Find Ker f. 


~~ aN 


. Does there exist an epimorphism from the ring Z24 onto the ring Z7? 

. Show that there does not exist a monomorphism from the ring Ze into the ring Zi. 

. Show that the ring 2Z is not isomorphic to the ring 3Z. 

. Let & be a Boolean ring. If {0} and F are the only ideals of 8, prove that R ~ Z?. 

. Show that the ring Z is not isomorphic to any proper subring of Z. 

_ Is the ring Q[,/2] isomorphic to the ring Q[/3]? 

. Let f : R — S bea nontrivial homomorphism from a field R onto a ring S. Prove that S' is a field. 


. Let R be aring with 1. If R is of characteristic n > 0, show that R contains a subring isomorphic to the 


ring Zn. 


. Show that there exist only two homomorphisms from R into R. 
. Prove that every ring R is isomorphic to a subring of M,,(R), the ring of n x n matrices over R. 


. Let f be a homomorphism of a ring R onto a ring R’. Prove that 


(i) if J is an ideal of R, then f (J) is an ideal of R’; 

(ii) if I’ is an ideal of R’, then f~'(J’) is an ideal of R and f~'(I') Ker f; 

(iii) if R is commutative and J and J are two ideals of R, then fU+J = fU)+f(J) and fUJ) = f(D FV). 
In each of the following exercises, write the proof if the statement is true; otherwise, give a counterexample. 
(i) There exist only two homomorphisms from the ring of integers into itself. 

(ii) The mapping f : Z > Z defined by f(n) = 3n is a group homomorphism, but not a ring homomorphism. 
(iii) The only isomorphism of a ring R onto itself is the identity mapping of R. 


(iv) Let R be a ring with 1. Let f : R > S be aring homomorphism. Then f (1) is the identity element of 
8. 


( 
( 


v) A nonzero homomorphism from a field into a ring with more than one element is a monomorphism. 


vi) Every nontrivial homomorphic image of an integral domain is an integral domain. 
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Chapter 9 
Ring Embeddings 


9.1 Embedding of Rings 


Sometimes it is worthwhile to study the properties of a ring by considering it as a subring of some ring with 
more ring properties than itself. A ring without identity lacks important arithmetic properties, in particular, a 
fundamental theorem of arithmetic. As another example, in the ring E of even integers, we cannot say that 2 
divides 2 because 1 ¢ E. Now E is a subring of Zand 1 € Z. In Z, it is true that 2 divides 2. The main aim of 
this section is to embed a ring into a suitable ring with additional properties. The main feature of this section is 
that any integral domain can be embedded in a field. The proof of this result yields a rigorous construction of 
the rational numbers from the integers. 


Definition 9.1.1 A ring R is said to be embedded ina ring S if there exists a monomorphism of R into S. 


From the above definition, it follows that a ring R can be embedded in aring S$ if there exists a subring T 
of S such that R ~ T. 
In the next theorem, we show that any ring R can be embedded in a ring with identity. 


Theorem 9.1.2 Any ring R can be embedded in aring S with1 such that R is an ideal of S. If R is commutative, 
then S is commutative. 


Proof. Set S = R x Z. Define addition and multiplication as follows: 


(a,m)+(b,n) = (a+b,m-+n), 
(a,m) - (b,n) (ab+na+mb,mn) 


for alla,b € Rand m,n € Z. (Here na means a adds to itself n times if n is positive, —a adds to itself |n| times 
ifn is negative, and 0a = 0.) Then S forms a ring under these definitions of addition and multiplication, a fact 
we ask the reader to prove in the exercises. We do note that (0,0) is the additive identity and that (0,1) is the 
multiplicative identity of S. 

Consider the subset R x {0} of S. Because (0,0) € R x {0}, R x {0} 40. Also, for all (a, 0), (b,0) € Rx {0}, 


(a, 0) — (b,0) = (a— 8,0) € R x {0}, 


and 


(a,0) - (6,0) = (ab,0) € R x {0}. 
Thus, R x {0} is a subring of S. Now for all (a,0) € R x {0} and (c,n) € S, 


(a, 0) - (e,n) =(ac+na,0) € Rx {0} 


and 
(c,n) - (a, 0) = (ca+na,0) € R x {0}. 


This proves that R x {0} is an ideal of S. 
Now define f : R > Rx {0} by f(a) = (a,0) for alla € R. Then f is an isomorphism of R onto R x {0}, so 
R~ Rx {0}. Therefore, R can be embedded in S. By identifying a € R with (a,0) € R x {0}, we can regard 


165 


166 9. Ring Embeddings 


R to be an ideal of S. To show that the commutativity of R implies that of S, let (a,m),(b,n) € S and Rbe 
commutative. Then 


(a,m)-(b,n) = (ab+na+mb,mn) 
= (ba+mb+na,nm) (because R iscommutative, ab = ba) 
- (0, n) : (a, m). 


Hence, S is commutative. li 

Our main objective in this section is to embed a ring ina field. By Theorem 9.1.2, every ring can be embedded 
in a ring with identity. If S were a field, then S is commutative and has no zero divisors. T This 1 in turn implies 
that R is commutative and has no zero divisors. Thus, if we were to embed a ring Rin a field S, then R must 
have at least these two properties, i.e., R must be commutative and have no zero divisors. In the next theorem, 
we embed a commutative ring with no zero divisors into an integral domain and then we will embed an integral 
domain in a field. 


Theorem 9.1.3 Let R be a commutative ring with no zero divisors. Then R can be embedded in an integral 
domain. 


Proof. Let S be the ring as defined in Theorem 9.1.2. Let A be the annihilator of Rin S. Then A is an 
ideal of S by Exercise 17 (page 158). If RM A= {0}, then the natural homomorphism of R onto the quotient 
ring S/A must map R one-one into S/A, i.e., R can be embedded in S/A. We now show that RM A= {0} and 
that S/A is an integral domain. Leta R A.Thenar=Oforallr R. Because R has no zero divisors, a = 0. 
Therefore, 2A = {0}. Let b+ A, c4eA AS/A. If (b+ A)(c+ A) =0+A, then be € A. Thus, (be)r = 0 for all 
r € R. Suppose c+ A40+A4,ie.,c ¢ A. Then there exists r € R such that cr £0. Because R is an ideal of S, 
cr € R, and for all s € R, bs € R. Now 


(cer)(bs) = (bcer)s = Os = 0. 


Also, R has no zero divisors and cr £0. Therefore, we must have bs = 0. This implies that b € A,sob+A=0+A. 
Hence, $/A is an integral domain. 

Suppose we are given the ring of integers Z and we are asked to construct the rational numbers from Z. We 
can think of any integer as n/1, i.e., n divided by 1. However, we must somehow pick up the fractions which 
cannot be reduced to having a 1 for a denominator. One idea that suggests itself is to consider the Cartesian 
product Z x Z and consider the first component of the elements of Z x Z as the numerator and the second 
component as the denominator. However, the ordered pairs (3,2) and (6,4) are distinct. A common technique 
used in mathematics suggests putting these elements in the same equivalence class so that they become “equal.” 


This is precisely what we shall do. Let’s also remember not to have 0 in the denominator. 
Theorem 9.1.4 Any integral domain R can be embedded in a field. 


Proof. Let S = R x (R\{0}). Define the relation ~ on S by for all (a, b), (c,d) € S, (a,b) ~ (c,d) if and only 
if ad = bc. Then ~ is an equivalence relation. The reflexive and symmetric properties are immediate. Suppose 
that (a,b) ~ (c, d) and (c,d) ~ (e, f). Then ad = be and cf = de. This implies that adf = bcf and bcf = bde, so 
adf = bde. Canceling d, we obtain af = be, i.e., (a,b) ~ (e, f). Hence, ~ is transitive. Now ~ partitions S into 
equivalence classes. Denote the equivalence class {(c,d) € S| (c,d) ~ (a,b)} by a/b. Set 


F = {a/b | (a,b) € S}. 
Define + and - on F as follows: 
a/b+c/d = (ad + bc) /bd, 
a/b-c/d =  ac/bd 


for all a/b,c/d € F. We show that + is well defined. Let a/b,c/d,a’/b’,c'/d’ € F. Suppose a/b = a’/b’ and 
c/d=c'/d'. Then ab’ = ba’ and cd’ = dc’. Therefore, ab'dd’ = ba’dd’ and cd'bb! = dc'bb’. Hence, 


ab’ dd’ + ed'bb’ = ba'dd' + de’ bb’. 
This implies that 
(ad + bc)b'd' = bd(a'd' + 0'c! 


Thus, 
(ad + be,bd) ~ (a'd' +0'c',b'd’). 
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This implies that 
(ad + bc)/bd = (a'd' + b'c’)/b'd’. 
A similar proof shows that - is well defined. 


The reader is asked to verify the associative, commutative, and distributive laws for F’. The additive identity 
of F is0/b and the multiplicative identity of F' is b/b, where b 40. For a/b € F, the additive inverse is 


(—a)/b = a/(—b) 


and the multiplicative inverse is b/a (when a £0). Thus, F is a field. 
We now show that R can be embedded in F’. Let 


R={a/l|aceR}CFr. 
Then R’ is a subring of F. Define f : R — R’ by f(a) =a/1 for alla € R. Then a= 6 if and only ifa-1=1-b 
if and only if a/1 = 6/1 if and only if f(a) = f(b). Hence, f is a one-one function. Now 
f(a+b)= (a+ b)/1= (a-141-b)/1-1=a/1+4 6/1 = f(a) + fd) 
and 
f (ab) = ab/1= ab/1-1=a/1-b/1=f(a)- fe). 
From the definition of f, f is onto R’. Thus, f isan isomorphism of R onto R’ C F. & 


The above theorem gives another instance of the power of the concept of an equivalence relation. We have 


once again used the notion of an ordered pair in a fundamental manner. 


Definition 9.1.5 Let R be an integral domain. A field F is called a quotient field of R or a field of quotients 
of R if there exists a subring Ry of F such that 

(i) R~ Ry and 

(ii) for all x € F, there exists a,b € Ry with b #0 such that x = ab". 


Let us now show that for the given integral domain R, the field constructed in Theorem 9.1.4 is a quotient 
field of R. Let x € F. Then x = a/b, where (a,b) € S. Now (a,1) € S and (b,1) € S. Thus, a/1, 6/1 € R’ and 


a/b = a/1-1/b= (a/1)- (b/1)* 


Hence, F' is a quotient field of R. We call F' the quotient field or the field of quotients or R. 


Theorem 9.1.6 Let R be an integral domain and F its field of quotients. Let R' be an integral domain contained 
f. 

in a field K and set Pe {a'(B')7? |a',b’ € R’,b £0}. 

Then F" is the smallest subfield of K' which contains R! and any isomorphism of R onto R’ has a unique 

extension to an isomorphism of F onto F’. 


Proof. By Exercise 2 (page 168), F’’ is the smallest subfield of K’ which contains R’. Let f be an isomorphism 
of R onto R’. Let a/b € F. If f(a) =a’ and f(b) = 0’, define g: F > F” by 


g(a/b) = a'(b')* = f(a) f(b). 


Identifying the ring R with the set {a/1|a€ R}, it is clear that f =g|r. Now a/b = c/d if and only if ad = be 
if and only if f (ad) = f(bc) if and only if f (a) f(d) = f(b) f(c) if and only if f (a) f(b)~' = f(c)f(d)~* if and only 
if g(a/b) = g(c/d). Therefore, g is a one-one function. From the definition of g, it follows that g is onto F'’. Now 


g(a/b+c/d) = g((ad + bc)/bd) 


HONIG) SOMO 


F(a) f(b) + HKD” 
g(a/b) + g(c/d) 


and 
gla/b-c/d) = g(ac/bd) 
= f(ac)(f(bd))~* 
= [f@fOFO fa] 
= f(a)f(b)*fOf(d)* 
= g(a/b)g(c/d) 
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for all a/b,c/d € F. Thus, g is an isomorphism of F' onto F’. 
Let g’ be any other isomorphism of F' onto F’ such that f = g’ |r. Then 


g' (a/b) = g'(a/1- (b/1)~*) 
= g'(a/1)g'((b/1) *) 
= g'(a/1)g'(b/1)~ 
= fla)fe) 


= g(a/b) 


for alla/b € F, so g' =g. Thus, there is a unique extension of f. 

We can conclude from this result that the field of quotients F' of an integral domain R is “the” smallest field 
containing R in the sense that there does not exist a field K suchthat R CK CF. 

The field F’ in Theorem 9.1.6 is called the quotient field of R’ in K. In view of Theorem 9.1.6 and the 
comments preceding it, we do not differentiate between the notation a/b and ab~+ for the elements of F. 


Worked-Out Exercises 


© Exercise 1 


Solution: 


Exercise 2 


Let D = {# € Q|5 does not divide b}. Show that D is a subring of Q with 1. Find the quotient field of D. 


Let a/b,c/d € D. Because 5 does not divide b and 5 does not divide d, 5 does not divide bd. Thus, 
(ad — bc)/bd € D and ac/bd € D. Hence, D is a subring of Q. Also, 1 =1/1 € D. Because Z C D C Qand 
Q is the quotient field of Z, Q is the quotient field of D. 


Let S be aring and f a one-one function of S onto a set T. Show that suitable addition and multiplication 
can be defined on T so that T becomes a ring isomorphic to S under f. 


Solution: Define binary operations + and - on T' as follows: Let t1,t2 € T. Because f maps S onto T, there exist 
$1, 52 € S such that f(s1) =t1 and f(s2) = te. Define 
ti + to => f(s1 + $2) and 
ti . to => f (8182). 
First we show that both these binary operations are well defined. Let t1, t2,t3,ta € T be such that t1 = ts 
and t2 = t4. Because f maps S' onto J, there exist 1, $2,83,84 € S such that f(s1) = ti, f(s2) = te, 
f(s3) =t3, and f(s4) =t4. Therefore, f(s1) = f(s3) and f(s2) = f(s4). Because f is one-one, $1 = 83 and 
82 = 84. Hence, ti +t2= f(si +82) = f (s3 + Sa) =t3+t4and t,-te= f (8182) = f (8384) =t3-t4. Thus, + 
and - are well defined. It is now a routine verification to show that (T, +,-) isa ring. We verify some of the 
nnaperties ang deaveovhanas anexergiggy Lint wa show thetic pig assogigtive Newdnsb & i dscittive 
for S) = (ti + ta) + ts. Hence, + is associative for T. Also, f(0) +t: = f(0+ s1) = f(s1) = f(s1 +0) = 
t; + f(0). This implies that (0) is the additive identity. Similarly, we can verify the other properties of 
aring. It is immediate that f is a homomorphism and because f is one-one and f maps S onto T, S' is 
isomorphic to T. 
Exercises 

1. Prove the associative, commutative, and distributive laws in Theorem 9.1.4. 

2. Let R be an integral domain, which is a subring of a field F. Let F’ = {ab~' | a,b € R, b £0}. Show that 
F’ isa subfield of F. Furthermore, show that F’ is the smallest subfield of F which contains R. 

3. Let R and R’ be integral domains contained in fields. Set F = {ab~! | a, b€ R, b 40} and F’ = {a’b’“* | 

/ / / / / / 

ay bomdiptisih Och SPH qe. f is an isomorphism of R onto R. Prove that f has a unique extension to 

4. Prove that any field R is equal to its field of quotients F in the sense that f(R) = F, where f is the 
isomorphism defined in Theorem 9.1.4. 

5. Prove that isomorphic integral domains have isomorphic fields of quotients. 

6. Find the field of quotients of the integral domains Z[i] and Z [V2]. 

7. Let R be aring of characteristic n > 0 and 


Rx Z, = {(r,[m]) |r € Rand [m] € Z,}. 
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Define + and - on R x Z, by 


(a +b, [m+ ¢]), 


(a, [mJ) + (6, [é]) 
( (ab, [met]) 


(a, [m]) - (6, [é]) 


for all a,b € R, [m], [t] © Zn. Prove that 
(i) the above two operations are well defined, 


Ci) SG te) ROPER Mie Ahstic n, 
(iv) there exists a monomorphism from R into (R x Z,,+,-). 


8. Let S and R’ be disjoint rings with the property that S contains a subring S’ such that there is an 
isomorphism f’ of S’ onto R’. Prove that there is a ring R containing R’ and an isomorphism f of S onto 
R such that f’ =f |g: . 
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Chapter 10 
Direct Sum of Rings 


In this chapter, we construct some new rings from a given family {R; | i € I} of rings. For this purpose, we 
introduce the complete direct sum, the direct sum, and the subdirect sum of this family. The results developed 
in this chapter also help us to obtain structure results of rings. 


10.1 Complete Direct Sum and Direct Sum 
Let {R; |2 € I} be a family of rings indexed by a nonempty set J. The Cartesian product II{R; |2 € I} of the 
sets R; is the set of all functions f : 1 —+ U{R: | i € I} such that f(z) € R; for alli € I. Let f,g € II{R: | i € Tf. 
Define f+ 9, fg by 

(f+9%) = fa+9%) 

(f9@ = fs) 

for alli € I. Then f +g, fg € H{R; | i € I}. It can be easily verified that II{.R; | i € I} together with the above 
two operations is a ring. This ring is called the complete direct sum of the family of rings {R; |i € I} and 
is denoted by Hier Ri. The zero element of Tier Ri is the function 0: J —+ U{R; | i € I} defined by 0(¢) = 04, 
the zero element of R;, for alli € J. The additive inverse of f € Hie, R; is the function —f : 1 —+U{R; | ie I} 
defined by (—f)(i) = —f(¢) € R; for allie I. Let f € Wier R; and let f(t) =a; € R; for alli € I. Usually f is 
identified with the image set {a; | i € I}. Using this notation, the above two operations can be defined by 


{gal f Gb St {Bi 


fe = thot bid net 


for all a;,b; € R; for all i € I. 
Suppose now that J is a finite set, say, J = {1,2,...,n}. In this case, the complete direct sum is denoted by 
GicerRi = Ri 6 Ro G---@ Ry and an element {a; | i € J} is usually written as an n-tuple (a1, @2,...,@n) . 


Definition 10.1.1 The direct sum of a family of rings {R; | 1 © I}, denoted by ®ier Ri, is the set 


GerR = {{a:|i el} elie: Ri | a; 40 for at most finitely many ie¢ I}. 


Theorem 10.1.2 Let {Ri | 1 € I} be a family of rings. Then 
(i) SierR; is a subring of the complete direct sum of rings Wier Ri; 
(ii) for all k € I, the function ip: Ry > ®ierR; defined by 


ik(a) = {{a’ | 7 eI} | at*=0 for alli Ak and ak =a} 
for alla € Rx, is a monomorphism of rings; 
(iit) for all kk € I, ix( Rx) is an ideal of Bier Ri. 


Proof. (i) Let {a; | i € I} and {b; | i © I} be two elements of @;¢;R;. Because a; # 0 for at most 
finitely many 7 € I and b; # 0 for at most finitely many 7 € J, it follows that a; — b; ~ 0 for at most finitely 
many 7 € I and a,b; # 0 for at most finitely many 7 € J. Hence, {a; | i € I} — {b; | 1 © IT} © Bier R; and 
{ai | 7 I}{bi | ie I} € Pier Ri. Thus, Gier Ri is a subring. 

(ii) Let a,b € Ry. Then i,(a+b) = {{a; |i € I} |a;=0 for alli 4k and a, = a+b} = {{aj|ieI}|a, =0 
for all i # k and aj = a}+ {{b} | 7 © I} | bf = 0 forall i A k and bi, = b} = ix(a) + 2x (0). Similarly, 
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ix(ab) = ix(a)ix(b). Thus, i, is a homomorphism. By the definition of 7%, we find that i, is one-one. Hence, iz 
is a monomorphism. 

(iii) Because 7; is a monomorphism, i; (R,) is a subring of @ie7 Ri. Let {bi | i € I} € Bier Ri and {ai | ic I} e€ 
ix(R,). Because a; = 0 for alli #k, bia; = 0 for allt #k. Also, fori =k, be, ax € Ry. Therefore, b,ax, € Ry. Thus, 
{bi |4 € I}{as |i € I} € ix( Re), proving that i,( Rx) is a left ideal. Similarly, {a; |i € I}{bi | 4 © I} © ix( Re). 
Hence, i,(R,) is an ideal. 

a 


in (BBY, RhCeRRRAd Ma we fad chatty As isompradi¢ to the subring @*(R*) of O°" R'. Identifying R* with 
Let J = {1,2, ...,n} and {R; | i € I} be a finite family of rings. From the definition of direct sum, it follows 
that the complete direct sum and the direct sum of this family is the same. Hence, by Theorem 10.1.2, we can 
say that the direct sum, Ri 6 Ro @---@ Rn, contains each of R1, Re, ..., Rn as an ideal. 
We now investigate the conditions under which a ring R is isomorphic to a direct sum of a family of ideals 
(considering each ideal as a ring) of R. 


Definition 10.1.3 Let I be a finite nonempty set, say, {1,2, ..., n}, and {A; | ie I} be a family of ideals of a 
ring R. Then the sum of this finite family, denoted by >), Ai, is the set 

S 0 A= {a1 +a2++:-+an| ai € Ai, i= 1,2, ..., nh. 

ier 


If I is empty, then let us take yxi<! At = {0}. 
If I = {1,2, ..., n}, then we p>) use the notation A; + Az +---+ An to denote the sum }°,-; Ai. 
We leave the proof of the following theorem as an exercise. 


Theorem 10.1.4 Let {A;| 7 € I} be a finite family of ideals of a ring R. Then 
(i) Voier Ai is an ideal of R, 
(ti) Ai C Wye, A; for allie I, 
(iti) if A is an ideal of R such that A; CA for alli € I, then S),., Ai C A. 


Definition 10.1.5 Let {A;| 7 © I} be a family of ideals of aring R, where I is finite or infinite. Then the sum 
of this family, denoted by 7) ,<, Ai, is the set 


Ai={aeRl|ae A; for some finite subset Io of I}. 


ir i Io 


Theorem 10.1.6 Let me € I} be a family Dae ofaring R. Then ¥),.,Ai ts an ideal of R. 


Proof. Because 0 € Yijc,Ai, Dic Ai F# O. Let a,b € D0,-,Ai and r € R. Then a € 5),.;, Ai and 

be Vier, Ai for some finite subsets [1 and Iz of I. Let I3 = J1 U Iz. Then a, b € 0,7, Ai. By Theorem 10.1.4, 

vigts A; is an ideal of R. Hence, a — 6, ar, ra € Lee A;. Thus, a — 6, ar, ra € }),-, Ai, 80 }D;<, Ai is an ideal 
ot R. 


Definition 10.1.7 Let {A; |i € I} be a finite family of ideals of aring R. A sum ),-, Ai of {Ai | 7 € I} is 
called a direct sum if for all k € J, 


Ann S> A:= {0}. 
i€l, i¢k 
Lemma 10.1.8 Let {Ai |i I} be a finite family of ideals of a ring R. If A; is a direct sum, then for all 
acAp, bE A, kKAl,ab=E Sis 


Proof. Let a € Ax, b € Ai, and k #1. Because A, and A; are ideals, ab € Ax and ab € A;. Because 
A, C ee ik Aj, abe La ith A;. Therefore, ab € Ann Lee itk A;. Because Ser A; is a direct sum, 
ARN Seger ith A; = {0}. Hence, ab= 0. @ 


Theorem 10.1.9 Let {A; | i € I} be a family of ideals of a ring R, I = {1,2,...,n}. Then the following 
conditions are equivalent. 

(i) je, Ai ts a direct sum. 

(tt) ay tag+-+-+an= 0, a; € Ai, 1 EI, implies that a; = 0 for alli € I. 
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(iii) Each element a € >) ,<,; Ai is uniquely expressible in the form 
a=a,+aq+°::+4n, 
where a, € Aj, i € I. 


Proof. (i)=(ii) Let aj + a2+---+an=0, a: € Ai, ie I. Let k € I. Now 


—an = a1 t+ agt+-+++ax-1tGeqit:::+tan€ An YS” As= {0}. 


i€l, iXxk 


Hence, az, = 0. 

(ii) (iii) Let a = ay + ag +--+: +an =b1 + b2+-+-+bn, where a;,b; € A; for all i € J. Then (a; — b1) + 
(aq — bg) +--+ + (an — by) = 0. Hence, by (ii), a; — b; = 0 for alli € J, ie., a; = b; for alli € I. 

(iii) (i) Leta € Ak Doser, ip Ai. Then there exist a; € Ai, i= 1,2, ...,n, such that 


A=Ap=—a,+ a9+--++aGp-1+ Gepit-++ +n. 


This implies 


ay t+ ag+--++ap—-14+ (—ax) + aeq41 +++: tan = 0. 


Also,0+0+---+0=0. Therefore, by (iii), aj = 0 for alli J because 0 is uniquely expressible as a sum of 
elements of Ai. Thus, Ak Sicr, ivn Ai = {0}, 80 Soc, Ai is € direct sum. H 


Definition 10.1.10 A ring R is said to be an internal direct sum of a finite family of ideals { A1, A2,..., An} 
if 
(ti) Ai + Aot--++An is a direct sum. 


Theorem 10.1.11 Let R be aring and {A; |i € I} be a finite family of ideals of R. If R is an internal direct 
sum of {A;|7€ I}, then 
RY @ierAi. 

Proof. Let J = {1,2, ...,n}. Suppose R is an internal direct sum of ideals Aj, Ag, ..., An. Let a € R. Then 
HigHBigueky expressiplq,in the form @ = a! + a?+--++a”, where a* € At, i € I. Now (a1, a?,...,a") € GT At. 
f(a) = (a1, a2,...,@n). 

Let a,b € R. Then there exist a;,b; € Ai, i € J such that a = aj + a24+--++an and b= 6) + b2+---+ bn. 
Now a= 0b if and only if a4; + ag2+---+an =b1+ b24+---+ by if and only if a; = 6; for alli € I if and only if 
(@1,@2, ..., Gn) = (b1, be, ..., bn) if and only if f(a) = f(b). This shows that f is a one-one function. Let (a1, a2, 
-+) An) © Bier Aj. Then a= a1 + a2+---+@n € D),-,4i = R and f(a) = (a1, a2, .-., Gn). Hence, f is onto 
@ierAi. Finally, we show that f is a homomorphism. Because a + b = (a1 + 61) + (a2 + b2) +--+ + (an 4+ bn), 


we have f(a +b) = ((a1 + b1), (a2 + b2), -.., (@n + bn)) = (G1, G2, --., Gn) + (b1, be, ..., bn) = f (a) + f (0). By 
Lemma 10.1.8, for all 1,7 € 1, i AJ, acbj = 0. From this, it follows that ab = a 1b, + agb2 + ---+anbn. Thus, 


f(ab) = (aibi, dab2, ..., nbn) = (41,2, ..., Gn)(b1, be, ..., bn) = f(a) f(b). Hence, f is an isomorphism of R 
onto @ierA;, proving that R ~ @icer Ai. HH 
If R is an internal direct sum of ideals Ai, Ao,..., An, then we identify R with @;¢, A; and we usually write 


R=A,@Ao2@::-@An. 


Let us now characterize the direct sum of ideals of a ring R with 1 with the help of idempotent elements. 


Theorem 10.1.12 Let R be a ring with 1 and {Aj, Ao, ..., An} be a finite family of ideals of R. Then R = 
Ai ® Ao ®:::PAn if and only if there exist idempotents e; € Ai, i= 1,2, ..., n, such that 

(i) lL=eyteot-:-+en, 

(ti) Re; = A; for alli= 1,2, ..., n, and 

(itt) exe; =ej;e; = 0 fori Fj. 
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Proof. Let R = Ai ®A2 @---P® An. Now 1 € R. Thus, there exist e; € Ai, i = 1,2, ..., n, such that 
l=e,teo+---+en. Then e; = e1e; + ese; + --- +e? +--- +ene;. By Lemma 10.1.8, eje; = 0 for all 7 Fi. 
Hence, e; = e?, i.e., e; is an idempotent for all i= 1,2, ..., m. Because e; € A; and A; is an ideal, Re; C Aj. 
Let a € A;. Then 


a=al=ae,+ aeg+-::+den = ae; € Re; 


because by Lemma 10.1.8, ae; =0 for all 7 Ai. Thus, A; C Re;. Therefore, we find that Re; = Aj. 

Conversely, assume that there exist idempotentse; A;,i=1,2,...,, satisfying the given conditions. Let 
a € R. Then a = al = a(el+e2+---+en) = ael+ae2+--€taen € Reit+ Re2+---+Ren C Al+A2+---+An. Hence, 
R= A,+Ae2+--:+An. Let us now show that this sum is direct. Let a € Aj;N(A1+Ae2t+:--+Ai-1 + Aiqit-:-+An). 
Then there exist a1,a2,...,@n € R such that ae; =a = aie1 + +--+ ai_-1e;-1 + Gig1e;41t+ +++ +Gnen. Thus, 
a= a,e; implies that ae; = aye? =aie; =aand a=aje1+ +--+ ai-16:-1 + Gi41€:41 +°+:+Gnen implies that 
ae, = aie1es + +--+ ai—16i-1ei + Gig1ei41e1 + +++ + Gnenei = a0+---+a0 = 0 (because by (iii), exe; = 0 for 
i #7). Hence, a = 0, proving that R= A16 A26---@An. 

Let us now consider another type of subring of the complete direct sum Ic; R; of a family of rings {R; | 7 € I}. 
For this, let us note that the mapping 7» : lier Ri —> Rx defined by 


({a; | 4 € I}) = an 


is an epimorphism of the ring Iie; Ri onto the ring Ry. 7, is called the kth canonical projection. 


Definition 10.1.13 A subringT of ier R; is called a subdirect sum of the family of rings {Ri |i TD} ifail|r 
(the restriction of m* to T) is an epimorphism of T onto R'. We denote T by @*<! R'. E 


Theorem 10.1.14 A ring S is isomorphic to a subdirect sum of a family {R; |i € I} of rings if and only if S 
contains a family of ideals {A; | i € I} such that Nicer Ai = {0}. 


Proof. Suppose S is isomorphic to a subdirect sum of a family {R; | ¢ € J} of rings. Then there exists a 
subring T of I,e7R; such that S ~ TandT = @j_-,R;. Let a be the isomorphism of S onto T. Then 7;a: S — R; 
is an epimorphism. Let A; = Ker m;a. Then A; is an ideal of S. Let a € NierA;. Then (7;a)(a) = 0 for alli € I. 
Thus, 7;(a(a)) = 0, i-e., the ith component of a(a) is 0 for all i € I. Hence, a(a) = 0. Because a is one-one, 
a = 0. This proves that MicrAi = {0}. 

Conversely, suppose S' contains a family of ideals {A; |7 € I} such that Nic;A; = {0}. Consider the family 
{5/A; | 4 © I} of quotient rings. Let R = Iie, S/A;. Define 8: S —> R by 


B(a) = {a + Ai Jie I} 


for all a € S. Then 8 is a homomorphism. Let a € S. Now a € Ker @ if and only if 8(a) = 0 if and only if 
a+ A; = 0 forall 7 € Jifand only if a € A; for all 7 € I if and only if a € NierA; if and only if a = 0. 
Therefore, Ker 3 = {0}. Thus, 8 is a monomorphism. Let 8(S) =T. Then T is a subring of R and also 7; |r is 
an epimorphism. @ 


Worked-Out Exercises 


® Exercise 1 An idempotent e of a ring R is called a central idempotent if e € C(R). 


Let R be aring with 1 and e be acentral idempotent in R. Show that 


(a) 1—e isacentral idempotent in R; 
(b) eR and (1 — e)R are ideals of R; 
(c) R=eR (1 e)R. 


@ _ 
Solution: (a) (1—e)(l—e)=1—e—e+e? =1—e—-e+e=1-e. Also, for alla € R, a(l1—e)=a—ae=a—ea 


(1 —e)a. Hence, 1 — e is acentral idempotent. 


(b) Now eR is a right ideal of R. Let a € R. Then a(eR) = (ae)R = (ea)R (because e € C(R)) = e(aR) C 
eR. Hence, eR is also a left ideal. Thus, eR is an ideal of R. Similarly, (1 — e)R is an ideal of R. 


(c) Leta € R. Then a = ea+a—ea=ea+(l—e)a€ eR+(1—e)R. Hence, R = eR+(1—e)R. Suppose 
b €eRM(1—e)R. Then there exist c,d € R such that b= ec = (1 — e)d. Hence, eb = e?c = ec =b 
and eb = e(1—e)d = (e — e?)d = (e —e)d= 0. Thus, b= 0. As aresult, R=eR@ (1—e)R. 


© Exercise 2 Let A and B be two ideals of a ring R such that R= A@ B. Show that R/A ~ Band R/B~ A. 


© 


° 
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Solution: 


Exercise 3 


Solution: 


Exercise 4 


Solution: 


Exercise 5 


Solution: 
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Let « € R. Then x can be uniquely expressed as x = a+b, wherea € A and b€ B. Define f: R-B 
by f(a) =0. Clearly f is well defined. Let b € B. Thenb=0+b¢€A+B. Hence, f(b) = b, which shows 
that f is onto B. Let x,y € R. Then there exist a1,a2 € A and bi,b2 € B such that x = a, + by and 
y= a2+ bo. Now e+ y= a1 +614 a+ be = (a1 + a2)+ (61+ bo) € A+ Band wry = (a1 + b1)(a2 + b2) = 
a1a2+ a1b2+ b1a2+ bib2. Because aibe, biazg € AN Band AN B= {0}, aib2 = 0 and bia2 = 0. Therefore, 
xy = a1a2+ bib € A+ B. Hence, f(x + y) =b1 + b2 = f(x) + f(y) and f(xy) = bibe = f(x) f(y). Thus, 
f is an epimorphism. Therefore, by the first isomorphism theorem (Theorem 8.3.14), R/Kerf ~ B. Let 


RSwKery hand is mAiBecause PS Kerb Solis, thezeexish 2.6 Kean’ 4 Dsvehetbate? hata be 
a€A.Thena=a+0¢€A+B. Therefore, f(a) = 0,s0 a € Ker f. Thus, A C Ker f. Hence, A = Ker f, 
so R/A~ B. Similarly, R/B~ A. 


Let R= Ri® Ro ®---@ Rn be the direct of sum of rings Ri, Re,..., Rn and1 € R. Show that an element 


a= (a1, 42, ...,dn) € Risa unit if and only ifa; isa unit in R; for allt = 1,2,...,n. 

Because 1 € R= Ri@R2G---PORny, 1 = (€1, €2,...,€n), where e; is the identity of R; for alli = 1,2,...,n. 
Suppose a = (a1, d2,..., Qn) € Risa unit. Then there exists b = (b1, b2,...,bn) € Rsuch that ab = 1 = ba. 
Thus, (a1, @2, ...,@n)(b1, b2,...,0n) = (e1,€2, ---, Cn) = (bi, b2, ..., bn)(G1, a2, ..., Gn). From this, it 
follows that aibi = e; = bia; for all i = 1,2,...,n. Hence, a; is a unit in R; for all i = 1,2,...,n. 
Conversely, assume that a; is a unit in R; for all i = 1,2,...,n. Thus, there exists 6; € R; such that 
aibj = es = bia; for all i= 1,2, ..., n. Let b = (61, bo,...,bn). Then ab = 1 = ba, proving that a is a unit. 
Let R be a direct of sum of rings Ri, Ro,..., Rn with identity. Let A be an ideal of R. Show that there 
exist ideals A‘ in Ri, t= 1,2,...,n, such that A= Al } A2 D--* An, 


For alk, 1<k<n, define ay: @R; — Ry by 
an ((a1, @2,.--,@n)) = ak 


for all (ai, a2, ...,@n) € @R;. It can be easily verified that a; is an epimorphism. Let a;,(A) = Ax. Then 
A, is an ideal of R,. We now show that A = Ai @ A2 @--: @® An. Let a = (a1, a2, ...,an) € A. Now 
an(a) = ax € Ax. Therefore, a € Ai 6 A2 @:--P An, so A C Ai G Ao @--: @ An. Suppose now that 
b= (b1, b2,...,bn) € Ai 8 Ao ®-:-@® An. Then by € Ax =ay,(A). Therefore, there exists an element a = 
(1, @2,---,@k—1, bk, @k41,---; @n) € A. Now (0,0,...,0,b%,0,...,0) = (0,0,...,1,...,0)(a1, @2,...,@x—1, 
be, Gk+1;+-+, Gn) € A for all k= 1,2,...,n. Hence, (b1, b2,...,bn) = (b1,0,..., O)+ (0, b2,...,0)F ++ + 
(0,0,...,6n) € A showing that Ai @ A2 ®---@® An CA. Thus, A= Ai @ Ao @--- PAn. 


Let R be aring with 1. Suppose that A and B are ideals of R such that R = A+ B. Show that 


R/(ANB) ~ R/A@ R/B. 


(This result is known as the Chinese remainder theorem for rings.) 


Define f : R — R/A® R/B by 
f(x) = («+ A,a+ B) 
for alla € R. Let x,y € R. Then 


fia@+y) = ((+y)+A,(et+y)+B) 
= ((@+A)+(y+ A), (e+ B)+(yt+ B)) 
= («+A,x+B)4+(y+A,y+B) 
= flx)+fy) 


Similarle, A cad) o-eliee Ihud, EenBe=/(is-abbe wom diphiBin+ New By—A1+ B boplies thatelB=Shitilarlgr 
b+A=1+4+A. Let (a+ A, y+ B) € R/AG R/B. Now xb + ya € R. Therefore, 


f(xb+ ya) = ((ab+ya)+ A, (xb+ ya) + B) 
ab + A) + (ya + A), (xb + B) + (ya + B)) 
xb + A)+(0+4+ A), (0+ B)+(ya + B)) (because a € A, bE B) 


( 
( 
( 
e +A), (ya+ B)) 
( 


a+ A)(b+ A), (y+ B)(a + B)) 
«+ A)(1+ A), (y+ B)+ B)) 
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Hence, f is an epimorphism. By the first isomorphism theorem (Theorem 8.3.14), 
R/Ker f ~ R/A® R/B. 
We now show that Ker f =AN B. 
Ke f = {©€R| f(e) =0} 
= {« R|(«#+A,x+B) =(A,B)} 
= eRe 4 awe by” 


= {teER|xe ANB} 
= ANB. 


Consequently, R/(AN B) ~ R/A® R/B. 


Exercises 
1. Let R= Ri @R.G---@R, be a direct sum of rings. If A; is an ideal of Ri, (1 < i < n), prove that 
A= Ai ® Ao @--:@ An is an ideal of R. 
2. Let R be a direct of sum of rings Ri, Ro, ..., Rn with 1. Let A be an ideal of R. Show that there exist 


ideals A; of R;, i= 1,2,...,n, such that A = A; @ Ao @---@ Ay, and 


R/Awx R1/A! @ R?2/A2 @---@ RA”. 


. Show that the ring Z cannot be expressed as a direct sum of a finite family of proper ideals of Z. 


. Ifm and n are two positive integers such that ged(m,n) =1, prove that Zmn ~ Zm ® Zn. 


Chapter 11 
Polynomial Rings 


The study of polynomials dates back to 1650 B.C., when Egyptians were solving certain linear polynomial 
equations. In 600 B.C., Hindus had learned how to solve quadratic equations. However, polynomials, as we 
know them today, i.e., polynomials written in our notation, did not exist until approximately 1700 A.D. 

About 400 A.D., the use of symbolic algebra began to appear in India and Arabia. Some mark the use of 
symbols in algebra as the first level of abstraction in mathematics. 


11.1 Polynomial Rings 


An important class of rings is the so-called class of polynomial rings. We are all familiar with polynomials. We 
may be used to thinking of a polynomial as an expression of the form a9 + a1%+--- +a,2”, where x is a symbol 
and the a; are possibly real numbers, or as a function f(#) =ao0+ aia +---+a@n2”". However, does one really 
know what a polynomial is? What really is the symbol x? Why are two polynomials ap + aia +--+: +a,2” and 
bo + bya+---+by2x”™ equal if and only ifn =m and a; =b;,1= 1,2, ..., n? In this section, we answer these 
questions and give some basic properties of polynomials. 


Definition 11.1.1 For any ring R, let R[x] denote the set of all infinite sequences (ao, ai, G2, ...), wherea; € R, 
i= 0,1,2,..., and where there is a nonnegative integer n (dependent on (ao, a1, a2, ...)) such that for all integers 
kn, ax =0. The elements of R[x] are called polynomials over R. 


> 
—We now define addition and multiplication on R[z] as follows: 


(ao, @1, @2,..-) + (bo, b1, b2,...) = (ao t bo, a1 { bi, a2 t bg,...) 
(ao, @1, @2,...) + (bo, b1, be, .. -) = (Co, C1; C2,--+); 


where 


j 
Cj => ie for y= 0,0. 2 yi 
i=0 


We leave it to the reader to verify that (R[z],+,-) is a ring. We do note that (0,0,...) is the additive 
identity of R[x] and that the additive inverse of (ao, a@1,...) is (—a@o, —ai,...). The ring R[z] is called a ring of 
polynomials or a polynomial ring over R. It is clear that R[a] is commutative when R is commutative. Also, 
if R has an identity 1, then R[z] has an identity, namely, (1,0,0,0,...). 

The mapping a — (a,0,0,...) is a monomorphism of R into R[x]. Thus, R is embedded in R[x]. Therefore, 
we can consider R as a subring of R[x] and we no longer distinguish between a and (a,0,0,...). 

We now convert our notation of polynomials into a notation which is more familiar to the reader. 

Let 

a=azx° denote (a,0,0,...) 
ax = ax'denote (0,a,0,...) 
aa” denote (0,0,a,...) 


Then 
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(ao, a1, 42,...,4n,0,...) = (ao,0,0,...) + (0,a1,0,0,...) +--+» +(0, ..., 0, an, 0, ...) =@o + aie 4+ aga? + 
eet Anxw” 
The symbol zx is called an indeterminate over R and the elements ao, ai, ..., Gn of R are called the 
coefficients of ap + aix + aga? +--+ + ana”. 
The reason two polynomials agp + aia+--+ +anx” and bo + bit+--- +bmx™ are equal if and only ifn =m 
and a; = bi, = 1,2, ..., n, is that the two sequences (do, a1, ...) and (bo, bi, ...) are equal if and only if a; = bi, 
t= 1,2,.... (One must recall that an infinite sequence of elements of R is a function from the set of nonnegative 


integers into Ay Seopagqupntly, the concept of an ordered pair is again being used to give a rigorous definition of 


If R has an identity 1, then we can consider x an element of R[x]. We do this by identifying 1x with a, i-e., 
(0,1,0, ...) is called x. 

The reader can check that the definitions of addition and multiplication of two polynomials are the familiar 
ones. Thus, when R# has an identity, ax = (a,0,0,...)(0,1,0,...) = (0, a,0,...) = (0,1,0, ...)(a,0,0, ...) = aa. 


Theorem 11.1.2 (i) If R is a commutative ring with 1, then Rix] is a commutative ring with 1. 
(ii) If R is an integral domain, then R{a] is also an integral domain. 


Proof. (i) Let f(%) = ao+aia+---+ +anx” and g(x) = bo + bia+--+ +bn2™ be two elements in R{a]. Let 
f(z)g(x) = cotera+---+ex' and g(x) f(x) = dotdirz+---+dsx*. Now cj = S~/_, aibj—i and dj = S7)_, biaj—i. 
Because R is commutative, c; = aobj + a1bj_1 + --- + ajbo = boa; + b1aj-1 +--+: +bjao =d,; for all 7 = 0,1, 2, 

. Thus, R[z] is a commutative ring. Becausel R,1 Ria] and 1f(x) =f(x)l1=f(«) forall f(x) Ria). 
Hence 2 ] is a commutative ring. with 1 € € € 

(ii) Let R be an integral domain. Then by (i), R[x] isa commutative ring with 1. Let f(a) =ao+ai¢+--- 
+anx” and g(x) = bo + biv+ +--+ +bmx™ be two nonzero polynomials in R[x]. Then there exist a; and b; such 
that a; £0, b; £0, ait = O, oF bj44 = 0 for all t > 1. Consider the polynomial 


f(x)g(x) = co + crt + +++ + entma™h™ 


Now 


Ci+5 = Gobit; + A1bigg—1 + +++ + aibj + +++ + aizgbo = aibj AO 


because R is an integral domain. This implies that f(«)g(x) #0. Thus, R[a] is an integral domain. ™ 


Definition 11.1.3 Let R bearing. If f(x) = ao + art +--+ an2”, Gn £0, is a polynomial in Ria], then n is 
called the degree of f(x), written deg f(x), and an is called the leading coefficient of f(x). If R has an identity 
and a” = 1, then f(a) is called a monic polynomial. 


The polynomials of degree 0 in R[z] are exactly those elements from R\{0}. 0 € Ria] has no degree. We call 
the elements of R scalar or constant polynomials. 


Theorem 11.1.4 Let R[x] be a polynomial ring and f(x), g(x) be two nonzero polynomials in R{z]. 
(i) If f(x)g(x) #0, then deg f(x)g(x) < deg f(a) + deg g(x). 
(ii) If f(@) + g(a) £0, then 


deg (f(x) + g(x)) < max{deg f(x), deg g(x)}. 
Proof. (i) If f(z) =ao + aiz+--+ +anx” and g(x) =bo + b1a+ +--+ bma™, then 
f(x)g(a) = aobo + (aobi + a1b0)2 + +++ + anbma”*™ 
If f(x)g(x) £0, then at least one of the coefficients of f (a)g(x) is nonzero. If dnbm #0, then 
deg(f(x)g(x)) = n + m = deg f(x) + deg g(x). 


If dnbm = 0 (which can hold if R has zero divisors), then deg(f(a)g(x)) < deg f(x)+ deg g(x). 

(ii) If deg f(x) > deg g(x), then deg( f(a) + g(x)) = max{deg f(x), deg g(x)}. If deg f(a) = deg g(x), then 
it is possible that f(x) + g(x) = 0 or deg(f(x) + g(x)) < max{deg f(x), deg g(x)}. We leave the details as an 
exercise. ll 

From the proof of Theorem 11.1.4(i), it is immediate that if R is an integral domain, then equality holds in 


(i). 
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Example 11.1.5 Consider the polynomial ring Ze|x]. Let f(x) = [1] + [2]a? and g(x) = [1] + [3]x. Then 
f(#)9(z) = [1] + Bla + 2a”. 
Hence, deg (f(x)g(a)) = 2 < 3=deg f(x) + deg g(x). Let h(x) = [5] + [4]x?. Then 


f(x) + h(x) = [6] + [6]x* = [0], 


so deg( f(x) + h(x)) is not defined. 


Theorem 11.1.6 (Division Algorithm) Let R be a commutative ring with 1 and f(a), g(x) be polynomials 
in R[x] with the leading coefficient of g(x) a unit in R. Then there exist unique polynomials q(x), r(x) € Ria] 
such that 


f(x) =4(a) g(x) + (2), 
where either r(x) =O or degr(a) < deg g(x). 


Proof. If f(x) = 0 or deg f(x) < degg(x), then we take q(x) = 0 and r(x) = f(x). We now assume that 
deg f(x) > deg g(x) and prove the result by induction on deg f(x) = n. If deg f(x) = deg g(x) =0, then we have 
q(x) = f(x)g(x)~* and r(x) = 0. Make the induction hypothesis that the theorem is true for all polynomials of 
degree less than n. Let f(x) =ao+ai1¢+--- +anx” have degree n and g(x) = bo tbit+---+bmx™ have degree 
m, where n > m. The polynomial 

fale) = f (2) — (anbz2)2"-" g(e) (11.1) 


has degree less than ” because the coefficient of 2” is an — (anbm!)bm = 0. Hence, by the induction hypothesis, 
there exist polynomials qi(x), ri(@) € R[x] such that 


fila) = 1 (2) g(x) + ri(@), (11.2) 


where 71(x) = 0 or degri(x) < deg g(x). Substituting the representation of fi1(x) in Eq. (11.2) into Eq. (11.1) 
and solving for f(x), we obtain 


f(x) = (q(x) + andra" ~")g(x) + r1(x) = a(a)g(2) + r(2), 


where q(x) = qi(a) + anby,'x"—™ and r(x) = ri(), the desired representation when f(x) has degree n. 
The uniqueness of g(x) and r(a) remains to be shown. Suppose there are polynomials q’(z) and r’(x) € Ria] 
such that 


f(x) = a(x) g(a) + r(x) = g'(a) g(x) + r'(x), 


where (x) = 0 or deg r(x) < deg g(x), r (x) =0 or deg r (x) < deg g(x). Then 
r(x) — r(x) = (q(x) — a(x) )g(@). 


Suppose r (a) — r’(x) £0. Because the leading coefficient of g(x) is a unit, 


deg((q' (x) — q(@))9(x)) = deg(q'(x) — q(«)) + deg g(x) = deg g(2). 


This implies that 
deg(r(x) — r'(x)) > deg g(x), 
which is impossible because deg r(x), deg r’(x) < deg g(x). Thus, 


r(x) — r(x) =0 or r(x) = r'(z). 


Therefore, 
0= (q(x)  4(x))g(z). (11.3) 
Because bm is a unit, deg(((q/(x) — ¢(x))g(a)) > 0 unless q(x) — q(x) = 0. Thus, from Eq. (11.3), we see that 
q' (x) — q(x) = 0 must be the case. Mf 
The polynomials g(a) and r(x) in Theorem 11.1.6 are called the quotient and remainder, respectively, on 
division of f(x) by g(z). 


Definition 11.1.7 Let R be a commutative ring with 1 and f(x) = ao+aiv+---+an2”" € Ria]. Forallr € R, 
define 


f(r) = ao tair+-++++anr”. 


When f(r) =0, we call r a root or zero of f(x). 
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In Definition 11.1.7, we think of substituting r for x in f(x). The student is used to doing this freely. 
However, certain difficulties arise when R is not commutative. For instance, let f(x) =a — x, g(x) =b — a. Set 
h(a) = f(x)g(x). Then 

h(x) = (a— x)(b— 2x) = ab—(a+b)x4 2”. 


Forc € R, 


h(c) = ab — (a+ b)e+ 2 =ab—ac—be+C? 
while 
f(e)g(c) = (a— 0) (b—c) = ab — ch—ac+’. 


Hence, we cannot draw the conclusion that h(c) = f(c)g(c). However, if R is commutative (with identity), then 
we can conclude that h(c) = f(c)g(c). Clearly if k(x) = f(a) + g(x), then k(c) = f(c) + g(c). 


Definition 11.1.8 Let R be a commutative ring with 1 and f(x), g(x) € Ria] be such that g(a) # 0. We say 
that g(x) divides f(x) or that g(x) is a factor of f(x), and write g(x) | f(x) if there exists q(x) € Rix] such 
that f(x) = a(a)g(2). 


Theorem 11.1.9 (Remainder Theorem) Let R be a commutative ring with identity. For f(x) € Ria] and 
a € R, there exists q(x) € Ria] such that 


f(x) = (a — a)q(x) + F(a). 


f(aP 29GF By aay ying the disision.aleoy thmuwsth A <4 =Wltde thers existomane WAAR B1t! sagh that 


By substituting a for x, we obtain f(a) = (a — a)q(a) + d= d, which yields the desired result. Hi 


Corollary 11.1.10 (Factorization Theorem) Let R be a commutative ring with identity. For f(x) € Ria] 
andaé R, x—a divides f(x) if and only if a is a root of f(x). 


Proof. Suppose (« — a) | f(x). Then there exists q(x) € R[x] such that f(x) = (a — a)q(x). Hence, f(a) = 
(a — a)q(a) = 0, so a is a root of f (x). Conversely, suppose a is a root of f(x). Then by the remainder theorem 
(Theorem 11.1.9) and the fact that f(a) =0, we have f(x) = (a — a)q(x). Consequently, (x — a) | f(a). 


Theorem 11.1.11 Let R be an integral domain and f(x) be a nonzero polynomial in Ria] of degree n. Then 
f(x) has at most n roots in R. 


in Preghimll dessa tieOrcthas io fix altqnstypmd pdlkmotlabreastess(Marr %, WRrCleaslo (thasimowensn 
hypothesis). Suppose deg f(x) = n. If f(x) has no roots in R, then the theorem is true. Suppose r € R is a root 
of f(a). Then by Corollary 11.1.10, f(x) = (a — r)q(x), where deg q(x) =n — 1. If there exists any other root 
r’ € Rof f(a), then 0 = f(r’) = (r’ —r)q(r’). Because r’ £r and R is an integral domain, g(r’) = 0, so r’ is a 
root of q(x). Therefore, any other root of f(x) is also a root of q(x). Because f(x) = (x—r)gq(x), any root of q(x) 
is also a root of f(x). By the induction hypothesis and the fact that deg q(x) =n — 1, there are at most n — 1 of 
these other roots r’. Hence, in all, f(a) has at most n rootsin R. Wf 
We now extend the definition of a polynomial ring from one indeterminate to several indeterminates. 


Definition 11.1.12 For any ring R, we define recursively 
Rix1, @2,...,¢n] = Rix, 22,...,¢n—1][Xn], 


where x1 is an indeterminate over R and &n is an indeterminate over Ri[x1, ©2, ...,Xn 1]. Ri[x1,x2,...,2n] is 
called a polynomial ring in n indeterminates. 


Before describing the ring R[xv1,22,...,2n], we introduce some notation. We write Dae i Tin in yt a 
for ye @9 Dog Jao Tia --in U1 ++ Er, where each ri,..i, € Rand ki,...,k, are nonnegative integers. 
The ring 


R[x, 22,...,£n] = { > iy in LE -- gin leek ae € R}. 
ener 
We have for n = 2 that 

R{x1, 22] = Rixil[e2] = {)_ sine? | si. € Rlxi]}. 


ig 
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Now each si, has the form )7,, Tizin di. 
Thus, 

R[xi,z2] = oe ome Vizigh vy )xy | Tixég € R} 
{Di, Li, Myer 2? | Piyig € R} 


is. ay rigig? ry | Pizig € Be}e 


it] ; ; 1 72 nm 1) — tpt 
Definition 111.13 Let R be a subring of the ring S. Let c!,c?2,...,c” be elements of S. Define Ric] is r 
Ric1, c2,--+, Cn] = Ricr, c2,.--, Cn—1] [cn]. 


We say that ci, C2,...,€n are algebraically independent over R if 
DS Tig cocin Ce tae ain =0 
in yest 
can occur only when each Tiz..4in =O, where Ti,.in € R. 
Rici,c2,.-+,;¢n] is a subring of S and equals the set of all finite sums of the form 
in 
oe? 


ER. oz 


where Pi1..-in 
Theorem 11.1.14 Let R be a subring of a commutative ring S such that R and S have the same identity. Let 


c€S. Then there exists a unique homomorphism a of R[x] onto R[c| such that a(x) =c and a(a)=a for alla 
ER. 


Proof. Define a : R[x] > R[c] by a(S¢ aia’) = Yo aic’ for all > ajax" € Riaz]. Now ap tarrz+:+:+an2”" = bo+ 
bya+---+bmax™ implies that n = m and a; = 0; for i = 1,2,...,n. Thus, ag taict+::-+anc” = bo tbict+:--+bne”, 
so a is well defined. By Definition 11.1.13, a clearly maps R[a] onto R[c]. Because for any two polynomials f (x), 
g(x) € Ria], k(x) = f(x) +(x) implies k(c) = f(c)+g9(c) and h(x) = f (x)g(x) implies h(c) = f(c)g(c), it follows 
that a@ preserves + and -. Therefore, a is a homomorphism of R[x] onto R[c]. Clearly a(x) = c and a(a) = a for 
alla € He Let 6 bea es of Riz] pate Ric] such that B(a) = cand ene) =a forall a € R. Then 


BaF 2) 5384 aR zn) is well aica= 4 (aie) ok Pid becuse i WUE rateally independent over R. We 
illustrate this in the following example. 


Example 11.1.15 Define a : Q(V2] > Q|z] by a(o aiV2) = Yaa". Thena: is not a function because a(2) = 2 
and a(2) = a((V/2)?) =2", but 2A’. 


Worked-Out Exercises 
& Exercise 1 Let R be a ring with 1. Show that 


Ria]/ (x) ~ R. 
Solution: Define f : R[x] — R by 
2 n 
f (a® -Lalg+ta2a +---+a"x )=a° 

for allag + a1” +agu? +---+a,2" Rx]. Suppose that a9 + aiz-4 ou? +--+ +a,0" =bo tbat box? + 
+> +bma2™. Then ao = bo, so f(ao+ aiz 4 aan? +--+ 4 Gnx”) = f(bo + bia 4 boa? +--+ 4 bmx”). Thus, 
f is well defined. Clearly f is an epimorphism. Now ao + ai1z + au? +--+: +anz” € Ker f if and only if 
f(ao + aiz 4 aon? +--+ + anu ”) =0 if and only if ag = 0 if and only if ag + aiz4 Gon? +--+ +anx” (x). 
Therefore, Ker f = (a). Thus, 

Ria]/ (a) ~ R. 


Exercise 2 Let F be a field and a: F'[x] — F[a] be an automorphism such that a(a) = a for all a € F. Show that 
a(x) = ax + b for some a, b € F. 
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By the division algorithm, a(x) = g(x)x+b for some g(x) € Flax] and b € F. Because a is onto Fz], 
there exist h(x),p(a) € Flax] such that g(#) = a(h(x)) and « = a(p(x)). Therefore, a(x) = g(x)x + 
b = a(h(x))a(p(a)) + a(b) = a(h(x)p(x) +b). Thus, « = h(x)p(x) + 6 because a is one-one. Now 
deg(x) = deg(h(x)p(x) + b) implies that deg(h(x)p(x)) = 1. Hence, either deg h(x) = 1 and deg p(x) = 0 
or deg h(x) = 0 and deg p(x) = 1. Suppose deg p(x) = 0. Then p(a#) = c for some c € F. This implies that 
x = a(p(x)) = a(c) =c, which is a contradiction. Therefore, deg h(a) =0 and deg p(x) = 1. Let h(x) =a 
for some a € F. Thus, a(x) = a(h(x))a#+b=a(a)a+b= ax +b. 


® Exercise 3 Let R be a commutative ring with 1 and f(#) = a9 + ala + a2x? +---+ ana” € Riz]. If 2° is a unit and 
@1,42,..-,@y are nilpotent elements, prove that f(x) is invertible. 

Solution: We prove this result by induction on n = deg f(x). If n = 0, then f(x) = ao. Hence, f(x) is invertible. 
Assume that the result is true for all polynomials of the above form and degree < n. Suppose now 
f(x) = aot+air4 au? +++ -+an2” Riz] such that ao is a unit and a1, a2,...,@n are nilpotent elements and 
deg f(x) = n. Let g(x) = ao +airz+azx? +---+an—12"~*. Note that deg g(x) < n. Hence, by the induction 
hypothesis, g(x) is invertible. Because a» is nilpotent there exists a positive integer m such that ay’ =0. 
Then (g(x) + an2”)(g(a)~* — ang(x)?2"+ ang(a) Pa” — --- + (-1)™ ay *g(x)—™ Val™ DY") = 1. 
It now follows that f(z) is invertible. 

Exercises 
1. If J is an ideal of a ring R, prove that I|z] is an ideal of the polynomial ring R{z]. 
2. Let R be an integral domain. Prove that 2 and R[2] have the same characteristic. 
3. Let R be a commutative ring with 1. Describe, (x), the ideal of R[x] generated by zx. 
4. (i) Let f(x) = 2* +323 +227 42 and g(x) = 2? +24+1 € Qla]. Find the unique polynomials q(x), 
r(x) € Q[x] such that f(a) = q(x)g(x) + r(x), where either r(~) = 0 or 0 < degr(x) < deg g(x). 
(ii) Let f (x) = x4 +[3]a? +[2]x? + [2] and g(x) = 2? +[2]x+[1] € Zs[2]. Find q(x), r(x) € Zs[2] such that 
f(x) = q(x)g(x) + r(x), where either r(x) =0 or 0 < degr(a) < deg g(a). 
5. Let f(x) =2°+-a44+ 22424 [3], g(x) = 2* +23 + [2]x? + [2]a € Zs[x]. Find q(x), r(x) € Zs[z] such that 
f(x) = q(x)g(x) + r(x), where either r(x) =0 or 0 < deg r(x) < deg g(z). 
6. Let R= Z@Z. Show that the polynomial (1,0)a in R[2] has infinitely many roots in R. 
7. Show that the polynomial ring Z,4[x] over the ring Za is infinite, but Z4[z] is of finite characteristic. 
8. In the ring Zg[x], show that [1] + [2]z is a unit. 
9. Let R be acommutative ring with 1 and f(z) =agp + aiv+---+anz” R[z]. If f(x) isa unit in R[z, 
prove that ao is a unit in R and a; is nilpotent for all 7 = 1,2,...,n. € 
10. Use the result of Exercise 9 to show that 1 + 5a is not a unit in Z[z]. 
11. Find all units of Z[a]. 
12. Find all units of Zg[z]. 
13. Let R be an integral domain. Prove that the units of R[x] are contained in R. 
14. In Zg[z], prove the following. 
(i) [4]x? + [2]x + [4] is a zero divisor. 
(ii) [2]a is nilpotent. 
(iii) [4]@ + [1] and [4]x + [3] are units. 
15. Let R be a subring of a commutative ring S such that R has an identity. 
(i) In the polynomial ring R[x1, 22,...,2n], prove that x1, 72,...,@n are algebraically independent over R. 
(ii) Prove that the mapping 
a: Rix, %2,...,¢%n] — Ri[ci,c2,..-, Cn] 
defined by a( ee Vig coin BY hee gir) = paar Ts cA ... @” is a homomorphism of Ri[wi,..., Ln] 
onto Rici,..., Cn], where c1,...,¢en € S. 
(iii) Prove that the homomorphism a in (ii) is an isomorphism if and only if ¢1, c2, ..., Cn are algebraically 
independent over R. 
16. Let f(x) be a polynomial of degree n > 0 in a polynomial ring K [a] over a field kK. Prove that any element 


of the quotient ring K [x]/ (f(x)) is of the form g(x) + (f(x)) , where g(x) is a polynomial of degree at most 
n—1. 
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17. For the following statements, write the proof if the statement is true; otherwise, give a counterexample. 
(i) If a polynomial ring R[x] has zero divisors, so does R. 
(ii) If Ris a field, then R[a] is a field. 
(iii) In Z7[zx], (x + [1])’ =27 + [1). 
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Chapter 12 
Euclidean Domains 


We have seen that both rings Z and F[z], F' a field, have a Euclidean or division algorithm. Because of the 
significance of these rings and the power of this common property, the concept of a division algorithm is worth 
abstracting. 


12.1 Euclidean Domains 
Definition 12.1.1 A Euclidean domain (E,+, -, v) is an integral domain (E,+, -) together with a function 
v: E\{0} > Z* such that 

(i) for alla, b€ E with b € 0, there exist q, r € E such that a= qb+r, where either r = 0 or v(r) < v(b) 
and 

(ii) for all a, b € E\ {0}, v(a) < v(ab). 


v is called a Euclidean valuation. 


The next two results show that the ring Z and the polynomial ring F'[x], F’ a field, are Euclidean domains. 
Example 12.1.2 The ring Z of integers can be considered a Euclidean domain with v(a) = |a|, a 40. 


Theorem 12.1.3 If F is a field, then the polynomial ring Fx] is a Euclidean domain. 
Proof. By Theorem 11.1.2(ii), F'[a] is an integral domain. Define 
F[x]\{0} — Z* 


by 

o(f(@)) = deg f(x) 
for all f (x) € F[x]\{O}. Since deg f(x) > 0, v(f(x)) € Z* for all f(x) € F[x]\{0}. Let f(x), g(x) € Flax], g(x) 40 
By Theorem 11.1.6, there exist q(x), r(x) € F'[a] such that 


f(x) = q(x)g(x) + r(x), where either r(x) = 0 or deg r(x) < deg g(x). 


Hence, 
f(z) = eo +r(«x), where either r(x) = 0 or v(r(x)) < v(g(a)). 
Leg Ay tabs ia aes a Se An be aah 7oP ang 9(@) && aid hae Oo. a7 %, i” aa Garnet @Dgans 


po ee ee er. 
Hence, F'[x] is a Euclidean domain. @ 


Example 12.1.4 Any field can be considered as a Euclidean domain with v(a) =1 for alla £0. (a= (ab~')b+ 
0.) 


Definition 12.1.5 The subset Z[i] = {a+ bi | a, b € Z} of the complex numbers is called the set of Gaussian 
integers. 
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In the next theorem, we show that Z[#] is a subring of C and determine the units of Z[2]. Gauss was the first 
to study Z[i] and hence in his honor Z[t] is called the ring of Gaussian integers. 


Theorem 12.1.6 The set Zi] of Gaussian integers is a subring of C. The units of Z[i] are +1 and +i. 


Proof. It is easily verified that Z[i] is a subring of C. Since C is a field, Z[i] is of course an integral domain. 
Suppose a + bi is a unit of Zi]. Then there exists c+ di € Z[i] such that (a + bi)(c + di) = 1. This implies that 
1=1=(a+bi)(e+di) =(a+ bi) (c+di)=(a_ bi)(c_ di), where the bar denotes complex conjugate. Thus, 
1 = (a? + b?)(c? + d?) and therefore 1 = a? + b?-Hence;a = 0,6 = +1, or a= +1,b= 0, proving that the only 
units of Z[2] are +1, +7. Mf 


Theorem 12.1.7 The ring Zit] of Gaussian integers becomes a Euclidean domain when we let the function, 
N : Z[i]\{0} > Z* 
defined by N(a+ bi) =(a+ bi)(a — bi) = a? +B? for all a,b € Z, serve as the function v. 


Proof. Clearly N(a+0i) is a positive integer for any nonzero element a+bi € Zi]. Let a+bi, c+di € Z[i]\{O}. 
Now N((a+bi)(c+di)) = N(ac—bd+(be+ad)i) = (ac—bd)? +(be+ad)? = (a? +b?) (c? +d?) = N(at+bi)N(c+di). 
From this, it follows that N(a+ bi) < N((a+ bt)(c+ di)). 

It remains to be shown that for a + bt and c+ di £0 in Zi], there exist go + qii,ro + rit € Zi] such that 


a+ bi = (got mi)(c+ dt) +(ro+ r1%), 


where ro +117 = O or N(ro+1rit) < N(c+di). We work backward in order to see how to choose go + qi. If such 
an element go + qii exists, then in C 


rotrmi = (at bt) — (c+ di)(qot+ uit) 
= (c+di)[(a+bi)(e+ di) — (@o + ai) 


Let (a+ bi)(c + di)~' =u + vi, where u and v are rational numbers. Then 


rotmi = (c+ dt)[(ut vi) — (got qi)] 
= (ct+di)[(u-—q)+(v-au)i] 
[c(u — qo) — d(v — m)] + [ev — m1) + d(u — go)]i. 


N(rot+ rit) = [e(w—go) — d(v—q)]? + [e(v— 1) + d(u — qo)]? 

(c? +.d*)[(u— qo)? + (v — 41)" 

Hence, N(ro +rit) < N(c+di) if (u—qo)?+(vu—q1)? < 1. We now find an element go+q1% € Z[#] so that the latter 
inequality holds. Take integers qo and qi such that (u—qo)* <+ and (v—q)? <4. Then (u—qo)?+(v—m)? <1. 
Let 


rot rit = (a+ bi) — (c+ di)(qo + q12). 
Then a + bt = (c+ di)(go + qt) + (ro + 11%), where ro + r1t = O or N(ro + 11i) < N(c+di). 
We now consider the ideals of a Euclidean domain. 
Recall that an ideal J of a ring R is called a principal ideal if J = (a) for some a € I. 


Definition 12.1.8 Let R be a commutative ring with 1. If every ideal of R is a principal ideal, then R is called a 
principal ideal ring. An integral domain which is also a principal ideal ring is called a principal ideal domain 


(PID). 
Theorem 12.1.9 Every Euclidean domain is a principal ideal domain. 


Proof. Let F be a Euclidean domain with Euclidean valuation 0- We want to show that every ideal of / 
is a principal ideal. Let J be an ideal of E. Since FE is a commutative ring with 1, it is enough to show that 


I = Ea for some a € E. If I is the zero ideal, then J = E0. Suppose now I # {0}. Then J contains some 
nonzero element. Let P = {v(x) | 0 4a € I}. This is a nonempty subset of the nonnegative integers. By the 
well-ordering principle, we find that P contains a least element. Therefore, there exists an element a € IJ, a #0 
such that v(a) > 0 and v(a) < v(b) for all b € I, b #0. We now show that J = Ea. Since I is an ideal anda € J, 
it follows that Ea C I. Let 6 € I. Since F is a Euclidean domain, there exist g, r € E such that b = aq +r, where 
r= 0Oor u(r) < v(a). Nowr=b-—qa€ I. If r £0, then v(r) € P. This is a contradiction of the minimality of 
vu(a) since v(r) < u(a). Therefore, r = 0 and so b = qa € Ea. This proves that J C Ea. Hence, / = Fa. SM 
By Theorem 12.1.9, Z, F' [2] (F a field), and Z[#] are principal ideal domains. 
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Theorem 12.1.10 Let R be a commutative ring with 1. The following conditions are equivalent. 
(i) R is a field. 
(ii) Ria] is a Euclidean domain. 
(itt) Ria] is a PID. 


Proof. (i)=(ii) Follows from Theorem 12.1.3. 
(ii)=>(iii) Follows from Theorem 12.1.9. 


PID(iibsebipstiets4f Gr aulaq mah Mensitler (peri Novthe ideal pécRleirgenetatedthyre exidt%y (Sinsadtit sia 
R{a] such that f (x)g(x) = a and f(x)h(x) = a. Since f(x)g(x) = a, we must have deg f(x) = 0 and so f(x) € R. 
Let f(x) =b. Now bh(x) =< implies that bc = 1 for some c € R. Thus, b is a unit and so I = (b) = Rx]. From 
this, we have 1 € I. Therefore, 1 = afi(a) + xf2(x) for some f1(x), fo(v) € R[x]. This implies that 1 = da for 
some d € R. Hence, a isa unit in Randso R is a field. Ht 


Corollary 12.1.11 Z[x] is not a PID. 


Proof. Now Z is a commutative ring with 1. Since Z is not a field, Z[a] is not a PID by Theorem 12.1.10. Mf 
We conclude this section with the following remark. 


Remark 12.1.12 Consider Z|[,/—19] = {a+ b/—19 | a,b € Z and a and b are either both even or both odd}. 
It is known that Z[/—19] is a principal ideal domain, but not a Euclidean domain. The proof of this result is 


havartihnenncers whe h te botieatl Hey” MUM EM GHEs Regan £18 ay SRre gpin, J.C. Wilson, “A principal 


Worked-Out Exercises 
® Exercise 1 Let (E£,+,-,v) be a Euclidean domain. 


(a) Show that v(a) = v(—a) for alla € E\{O}. 
(b) Show that for alla € E\{0}, v(a) > v(1), where equality holds if and only if a is a unit in E. 
(c) Let n be an integer such that v(1) +n > 0. Show that the function 


Un: E\{0} > Z* 
defined by vn(a) =v(a)+n for alla £\{0} isa Euclidean valuation. 
Solution: (a) For all a € E\{0}, v(a) = v((—1)(—&)) > v(—a) = v((—1)a) > v(a). Hence, v(a) = v(—a) for all 
a € E\{0}. 
(b) Let a € E\{0}. Now v(a) = v(1a) > v(1). Suppose a is a unit. Then there exists an element c € E 
such that ac = 1. Thus, v(1) = v(ac) > v(a). This implies that v(a) = v(1). Conversely, suppose that 
v(a) = v(1). Since a £0, there exist g,r € E such that 1 = qa +r, where r = Oor v(r) < v(1). Now 
u(r) < v(1) is impossible. Hence, r = 0, showing that 1= qa. Thus, a is a unit. 
(c) Let a € E\{0}. Then vp(a) = v(a) +n >v(1)+n >0. Hence, vn(a) € Z*. Suppose a,b € E with 
b #0. There exist g,r € F such that a = qb +r, where either r = 0 or v(r) < v(b). Now v(r) < v(b) 
implies that u(r) +n < v(b) +n. Thus, un(r) < un(b). Also, for a,b € E\{0}, un(ab) = v(ab) +n > 
v(a) +n = vp(a). Therefore, v, is a Euclidean valuation on E. 
® Exercise 2 Let n be a square free integer (an integer different from 0 and 1, which is not divisible by the square of 
any integer). Let Z[,/n] = {a+b/n|a,b Z}. Show that Z[,/7] is an integral domain. Define a function 


Nel pee by Niadtyn)= (a + by/n)(a — b/n) = a? — nb. 


(a) Let « € Z[/n]. Prove that N(x) = 0 if and only if x = 0. 
(b) Prove that N(ay) = N(a)N(y) for all x,y € Z[/n]. 
(c) Let z € Z[,/n]. Prove that N(x) = +1 if and only if z is a unit in Z[/n]. 


Solution: Let «= a+b /n and y= c+ d,/n be two elements in Z[/n]. Now « — y= (a—c) 4 
and zy = (ac+ nbd) + (ad + be) /n € Z[Yn]. We have 0 =0+0/n € Z[Yn] and 1 = 
Now it is easy to verify that Z[,/n] is an integral domain. 
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© Exercise 3 


Solution: 


Exercise 4 
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(a) Let e = a+b /n. Then N(x) = a? — nb?. Suppose N(x) = 0. If b = 0, then a = 0. If b 4 0, then 
n= a = (4 )?, which is a contradiction to the assumption that n is a square free integer. Therefore, 
a= Oand b= 0. Thus, « = 0. The converse is trivial. 


N(xy) = [(ac+nbd) + (ad + be)/n][(ac + nbd) — (ad + bc)./n] 
= (ac+ nbd)? — (ad + be)?n 
(b) Let 2 = a+b Jn and y = c+d,/n. Now = a’? +n7b?d? — a?d?n — 0 c?n 
= (@ nP)(e na’) 
N(@N(y). 


(c) Let 2 =a+b Jn. N(x) = +1 if and only if (a+ bV/n)(a — bn) = +1 if and only if a+b /n divides 
1, ie., if and only if a + bn is a unit in Z[ Vn]. 


Show that Z[,/n] is a Euclidean domain for n = —1, —2, 2,3. 


By Worked-Out Exercise 2 (page 187), Z[,/n] is an integral domain. Define v : Z[/n]\{0} > Z* by 
v(a + b/n) = |N(a+b/n)|, where N is defined as in Worked-Out Exercise 2. Let a+b/n,c+d/n € 


Z[/n|\{0}. Now 
v((atbyA(c+dYn)) = |N((a+bJR)(c+ dy) 
= |(a@—-nb?)(? - nd?)| 
(a? — nb’)! \(c? — nd’)! 
(a? — nb?) 
v((a-+ bYn)). 
Let at+bJ/n, ctdYn € Z[Vn] with c+ d/n F d. We een Lo show that there exist go + qin, 
rot riJn € Z[/n] such that 


a+b/n= (e+dJ/n)(got+ mVn) + (ro + rivVn), 


IV I 


where either ro + ri/n = 0 or \(r§ — nrf)| < |(c? — nd?)|. We work backward in order to see how to 
choose go + qin. If such an element qo + qiVn exists in Z[/n], then in Q[ Yn] 


rotrivn = (a+b Jn) —(c+dVn)(qo+ avn) 
= (c+dJn)[(at+bJ/n)(e+ dn) = (go+ avn). 


Let (a+b /n)(c+dJ/n)~! =u +vWn, where u and v are rational numbers. Then 


mar m = etd mit iy? eG ay”! 
= [e(u— qo) + d(v— q)n] + [e(v — 11) + d(u— go) Vn. 
Now 
v(rotrivn) = |[e(u— qo) +d(v—q)n]? le ae qo)]?n| 


= |(c? — nd*)[(u — go)? — n(v — 1)?] 
< |(c? —nd’)| 


if |(u — go)? — n(v — m)?| < 1. We now find an element go+q Jn € Z[,/n] such that |(u — qo)? — n(v — q1)?| < 
1. Take integers go and qi such that (u— qo)? <+ and (v—m)? < 4. For n = —lor —2, 


1 1 
I(u — qo)? —n(v—q)?! < a (—n)5 <1. 


For = 2 or 3, n 2 | 2 1 
= (u — qo)” — n(v — qu) <7 


Then |(u— qo)? — n(v — qi)?| < 1 for n = —1, —2, 2 or 3. Hence, there exist go tan, rotriVn € Z[/n] 
such that 


a+b/n= (ce+dVn)(got+ aVn) + (ro + rivVn), 


where either ro + r1./n = 0 or |(r6 — nr7)| < |(c? _ nd’)| : 


Let Z[iV3] = {a + biv3 | a, b € Z}. Show that Z[iv/3] is an integral domain. Define v : Z[iV/3]\{0} > Z* 
by v(a+ biv/3) = a? + 3b. Show that v is not a Euclidean valuation on Z liVv3]. 
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Solution: 


Proceeding as in Worked-Out Exercise 2 (page 187), we can show that Z[iv/3]_is an integral domain. 
Suppose v is a Euclidean valuation. Now 2 and 1+ ivV/3 are elements of Ziv]. Suppose there exist 
go + niv3, rot m1iV3 € Zliv3] such that 


2= (14 iv3)(qo + niv3) + (ro + rriv3), 


where either ro + riVv3 = Oor re +3r? <4. If rot riv3 = 0, then 


2=(1+ i 3)(a0 £ ni 3). 
This implies that 
4 = v(2) = o((1 + iV3) (qo + niv3)) = 4(a3 + 342). 
Then g@ + 3q? = 1, which shows that go = £1, q = 0. Asa result, 2 = 1 +iV3 or 2 = —(1+4+ iv), 


a contradiction. Suppose now r2 + 3r? < 4. Then rZ + 3r? = 1, 2, or 3. Since ro and rj are integers, 
ro + 3r? £2. Suppose r2 + 3r? =1. Then ro = +1, ri = 0. Thus, 


2=(1+ iv3)(qo + qniv3) + (to+ riv3), 


whence 

2=qo — 341+ To 
and 

O0=qitq+ri. 
Ifro= 1 andr, = 0, then go — 3q1 = land qi+ qo = 0. This implies that —2q: = 1, which is impossible. 
Similarly, for each remaining case we can show a contradiction. Also, from r2+ 3r? = 3, we can show a 
contradiction. Hence, v is not a Euclidean valuation on Zliv3]. 


Exercises 


1. 


Show that the mapping v : Z\{0} — N defined by v(a) = |a|” for some fixed positive integer n is a 
Euclidean valuation on Z. 


. In Z(V3], for 9+ 5/3 and 14+ 7¥3, find go + mvV3, ro + T1V3 € Z(V3] such that 


9+5V3 = (qo + vV3)(1+7V3) + ro + riv3, 


where either 709+ 71 3 =0 or |ré — 3r?2| < 146. 


. Consider the integral domain Z[?]. Find go + qt, ro + rit € Zit] such that 


3+ 7i = (eo+ qit)(14 2%) +70 + ri, 


where either ro + 112 = 0 or Irs + ri| <5. 


. Let a=34+ 81, b= —24 3% € Zi]. Find c,d= 2+ yi in Zi] such that a = bc + d, where either d= 0 or 


ety? <9, 


. Let f :R — S be an epimorphism of rings. If R is a principal ideal ring, prove that S is also a principal 


ideal ring. 


. Prove that the rmg Z, is a principal ideal ring for all n € N. 


. Which of the following statements are true? Justify. 


(i) (Z,+,-,v) is a Euclidean domain, where v(n) = n? for all n> 0. 
(ii) (Q, +, +, v) is a Euclidean domain, where v(#) = 2] for all # £0. 


(iii) Ifa ring R is a PID, then every subring of R with identity is a PID. 


12.2 Greatest Common Divisors 


Definition 12.2.1 Let R be a commutative ring anda, b € R be such that a #0. If there exists cE R such that 
b= ac, then a is said to divide b or a is said to be a divisor of b and we write a | b. 
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When we write a | b, we mean that a £0 and a divides b. The notation a { b will mean that a does not divide 


Let R be a commutative ring with 1. By Definition 12.2.1, the following results follow immediately. For all 
a,b,ce R, 

(i)a|a,1|aand a|0, 

(ii) a is a unit if and only if a| 1, 

(iii) ifa |b and b|c, thena | c. 


Definition 12.2.2 Let R be a commutative ring with 1. A nonzero element a € R is said to be an associate of 
a nonzero element b€ R if a= bu for some unit u € R. 


Example 12.2.3 (i) In Z,1 and —1 are the only units. For every 04a €Z, a and —a are associates. 
(ti) In Zi], 1, -1,1,-7 are the only units. Thus, 1+%, -1—i, -1+%, 1—i are all associates of 1+ 1. 


Example 12.2.4 In the polynomial ring F|a] over a field F, the units form the set F\{0}. A nonconstant 
polynomial f(x) has uf(x) for an associate, where u is a unit in F. 


Theorem 12.2.5 Let R be a commutative ring with 1 anda,b,ceé R. 
(i) If a is an associate of b, then b is an associate of a. 


) ha i a b and b 3 i as 
yh oe or he an Gate Fe re a (ond ole. 
(iv) Suppose R is an integral domain. Then a and b are associates of each other if and only if (a) = (b) . 


Proof. (i) This result follows from the fact that the inverse of a unit is also a unit. 

(ii) This result follows from the fact that the product of two units is also a unit. 

(iii) Suppose a is an associate of b. Then a = bu for some unit u € R. This implies that b = au~. Hence, 
a |b and b | a. Conversely, suppose that a | b and b | a. Then there exist qi,q2 € R such that a = qib and 
b= qg2a. Thus, b = q2qib and so 1 = q2qi by cancellation. This implies that q, and q2 are units and so a and b 
are associates. 

(iv) The result here follows from (iii) and the fact that (a) = {q2a|q2 € R} and (b) ={qb|qi € R}. 

We now introduce the notion of a greatest common divisor in a commutative ring. 


fi 
Denbitiore ¥2-2-6ahed dcbirtnton aiiser pag, G34. O42. if dpa, forlaments iD R, nok a HdiPzerh PREM 
dé R is called a greatest common divisor (gcd) of a1,42,..., Qn if 

(i) d is acommon divisor of a1,a2,...,@n and 

(ti) if ce R is a common divisor of a1,@2,...,Qn, then c | d. 


The greatest common divisor (gcd) of two elements need not be unique. In fact, the gcd of two elements may 
not even exist. 


Example 12.2.7 Consider the ring Zio. Then [4] = [4][6] and [6] = [4][4]. This shows that [4] and [6] are 
common divisors of each other. Hence, [4] and [6] must be greatest common divisors of [4] and [6]. Now [4] and 
[6] are associates since [9] is a unit and [6] = [9][4]. 


Example, tue. In the ring E of even integers, 2 has no divisor. Hence, 2 and no other even integer can have 


Example 12.2.9 In a field F,a|bandb|a for alla,b € F witha £0 andb £0. Thus, every nonzero element 
is a gcd of any pair of elements. 


The next result shows that in a principal ideal ring, every pair of elements not both zero has a gcd. 


Theorem 12.2.10 Let R be a principal ideal ring and a, b € R not both zero. Then a and b have a gcd d. For 
every gcd d of a and b, there exist s, t € R such that d= sa + tb. 
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Proof. The ideal (a,b) of R must be a principal ideal, whence there exists d € R such that (a,b) = (d). 
Thus, there exist u,v € R such that a = ud and b = vd. Therefore, d is a common divisor of a and b. Since 
d € (a,b), there exist s,t € R such that d = sa+ tb. Now suppose c is any common divisor of a and b. Then 
there exist u’,v’ € R such that a= u’cand b= v'c. Thus, d= (su’ + tv’)c and so c| d. Hence, d is a gcd of a 
and b. Let d’ be any gcd of a and b. Then d | d’ and d’ | d, whence (d’) = (d) = (a,b). Thus, there exist s’,t’€ R 
such that d’ = s’a+t’b. & 


C lary, 12.2.11 Euclid t both . Th d b ha dd. F 
every ged d Te and eT er t cop d oe pe a pene neers ene ie a 


Proof. Since every Euclidean domain is a principal ideal ring, the corollary follows by Theorem 12.2.10. @ 

Proceeding as in the proof of Theorem 12.2.10, we can prove a similar result for any finite set of elements 
@1,@2,..., Gm (not all zero) of a principal ideal ring. 

Let R be an integral domain and aj, d2,...,dn € R, not all zero. Suppose that a gcd of a1, a2,..., Gn exists. 
Let d and d’ be two greatest common divisors of a1, @2,...,@n. Then d | d’ and d’ | d. We ask the reader to verify 
in Exercise 6 (page 193) that d and d’ are associates. If d is a gcd of ai, a2,..., Qn, then any associate of d is also 
a gcd of a1,a2,..., Gn. Considering this, we can say that the gcd of a1, a2,..., Gn is unique in the sense that if 
dand d' are greatest common divisors of a1,@2, ..., Qn, then d and d’ are associates. Hence, from now on, the 
gcd of a1, d42,..., Gn is denoted by gced(ai, a2,..., Gn). This outcome motivates the definition of associates. We 
will further motivate this concept when we examine unique factorization in integral domains. 

In a Euclidean domain (F,+,-,v), we have seen that the gcd(a, b) of two elements a,b € E (a,b not both 


COD) GESESES in E. Next we give an algorithm similar to the algorithm of finding the ged of two integers given in 


Let a,b € E with b £0. 

Step 1: Find q@ and rj in E such that a= qib+1i, where ri = 0 or v(ri) < v(b). If r1 = 0, then 6 | a and 
so gcd(a, b) = b. If r1 £0, then gced(a, b) = gcd(b, r1). Thus, we need to find gcd(b,r1). 

Step 2: Find q and re in F such that 6 = qari + re, where re = 0 or v(re) < v(ri). If r2 = 0, then 
gcd(a, b) = gcd(b,r1) = 71. If r2 € 0, then proceed to find ged(ri1,r2). Since u(b) > v(r1) > v(re) > +++ isa 
strictly descending chain of nonnegative integers, the above process must stop after a finite number of steps. 
Therefore, there exists a positive integer n such that in the nth step there exist elements gq, and r, in E such 
that Tn—2 = dnTn-1 + Tn, where ry, = 0. Thus, 


ged(a,b) = ged(b,r1) (a=qb+r, v(r1) < vd) 
= gcd(ri,r2) (b= garit ra, v(r2) < v(r1)) 
=  gcd(re,rs3) (r1 = q3ar2 +13, U(T3) < v(r2)) 
= gcd(rn—a, T-1) (Tn 3 = Qn-1Tn-2 +Tn 1 
U(Tn—1) < V(Tn-2)) 
= gcd(rn-1,Tn) (Tn-2 = QnTn—-1 + Tn, Tn = O). 


Next we find x, yin F such that gcd(a, b) = ax + by. 


Tn-1 = Tn—3 — Qn-1Tn-2 
= Tn—-3 — dn (Tn 4 — Qn-2Tn 3) 
= rn—3(1 t ( dn—1)( dn-2)) t Tn—4( dn—-1) 


= by+az. 


Worked-Out Exercises 
& Exercise 1 Let E be a Euclidean domain. Let a,b,q,r € EF be such that b 4 0, a = qb+r, and r ¥ 0. Show that 
gcd(a, b) = gcd(b,r). 

Solution: Let gcd(a,b) =d and gcd(b,r) = d’. Now d| a and d | b. Thus, r =a — qb implies that d| r. Hence, we 
find that d is a common divisor of b and r and so d’ | d. Now d’ |b and d’ |r and so a= qb+r implies 
that d’ | a. Therefore, d’ is a common divisor of a and 6 and so d| d’. By Theorem 12.2.5(iii), it follows 
that d and d’ are associates and so gcd(a, b) = gcd(b,r). 


Exercise 2 Let a,b, and c be three nonzero elements of a PID R. Show that there exist x, y € R such that ax + by =c 
if and only if gcd(a, b) | ¢. 
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Solution: 
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Let gced(a,b) = d. Suppose there exist x,y € R such that ax + by = c. Since d| a and d| b, we find that 
d|c. Conversely, suppose that gcd(a, b) | c. Then c = dd’ for some d’ € R. Now there exist x’, y’ € R such 
that d = ax’ + by’. Then ax'd' + by'd' = dd’ =c. Let x = 2'd' and y = y'd’. Then az + by =c. 


Exercise 3 In the domain Zliv5], prove the following: 


Solution: 


(a) gcd(2,1+i/5) =1, 
(b) ged of 61 iV5) and 3(1+iV5)(1_ iv/5) does not exist. 


(a) In e iV], ‘the units are 1 and —1. Let a+ ib/5 = = gcd(2,1 + is/5). Then (a4 + ib,/5) | 2. Thus, 
2=(a+ iby) (c+ idV5) for some c + idy5 € Z[iV5]. This implies that 


4 =(a? +5b?)(c? + 5d’). 


Hence, 

a? +5b7=2, c?+5d?=2 (12.1) 
or 

a? +50? =4, ¢?+5d?=1 (129) 
or 

a?45b7=1, c? 45d? =4. (12.3) 


Now Eqs. (12.1) cannot hold for any c,d € Z. al only integral solutions of a? + 5b? =4 are a = +2 


eral) andl wad the oyly duteanalsoketions af 2 sy 5b a 2 Heed, +4 ang )-=o 9 nbhws, from Egy 
Hence, 1 + iVvd = 2(p+ iqv) for some p + a: € Ziiv/5]. This implies that 2p = 1 = 2q. But there 
do not exist integers p and q such that 2p = 1 = 2q. Lee gced(2,1+ iV5) = al i 


(b) Suppose a eee — iV), 3(1 + iV5)(1— iV5)) exists. Then gcd(6(1 — iV5),3(1 + iV5)(1 — i/5)) = 
3(1-4 cd(2, 1 + i/5) = 3(1 — id). Now (1 + iV5)(1 — iV5) = 6. Hence, 6 is a common divisor 
of 6(1 vege and 3(1+ iv5)(1— V5). Consequently, 6 | 3(1 — i75). This implies that 2 | (1 — iV5), 
which is not true in Z [iV]. Therefore, gcd(6(1 — iV), 3(1+ iv5) 5)(1 - iv) 5)) does not exist. 


® Exercise 4 In Z/i], find gcd(9 — 52, —9 + 132). 


Solution: 


} Exercise 5 


Solution: 


By Theorem 12.1.7, Z[i] is a Euclidean domain, where the valuation is defined by N(a+ bi) = a? +b?. 
Now N (9 — 5i) = 106 and N(—9 + 13) = 250. 

=2t1ai — (94 lai) Bi) _ = 814514117165 _ list72i _ =146 a 
Step 1: 106 06 toe +305 = (-1 
( 1+%) 106 
Fhus, 9+ 13i = (1+ é)(9 — 5i) — Adee (9 — 5) = (—1 + 4)(9 — 5i) — Aeteaieroniiza — (_1 + 4)(9 
5i) — SdaLOGs — (1+ 4)(9 — 5i) + (—5 — i). Note that N(—5 — i) < N(9 — 5i). 
Step 2: Sei, = Qetiobti — suoiezsies — mages — ame — 220 4 Wy— (1-4) + (1+ 4)i= 
Gis 
Thus, 9 5i— ( 1+ %)(—5—i)+—Se4 (—5-7) = (—1+7)(—5—7) + ead — (14 4) (—5 1) + Ss = 
(—1+ 2)(—5 — 2) + (3-7). Note that N(3 — 4) < N(— 5 — 2). 
Step 3: ied = sinidal — alietiedi) _ olde _ ted _ a i = (1 2) (1 - 4) = 


3-1 3-4 34% — 10 5 


te) + (1-H = 


Thus, —5 —i= (—1—1)(3 — 74) + =#44(3 — i) = (-1-4)(8 —7)+ =e = (-1- 1) (3-1) + = = 
(—1-—1)(3—2) + ( 1-44). Note that N(— 1412) < N(3—-%). 


Step 4: eb = Se = aieti — a 


Thus,3 i=( 2 12)( 14+7%)+4+0. 
Hence, ged(9 —-8i, —9 +4137) = —1 +7. 

In Z[a], find two polynomials f(a) and g(x) such that gcd( f(x), g(x)) = 1, but there do not exist fi(x) 
and gi(a) in Z[a] such that 1 = f(x) fi(x)+ g(x)gi (2). 


x+6 and «+4 are elements of Z[x]. The gcd(a+6, « +4) =1. Suppose there exist f;(x) and gi(a) in 
Z|z] such that 


1 = (+6) fila) +(e +4)gr(2). (12.4) 


The constant term of the right-hand side in Eq. (12.4) is an even integer, whereas in the left-hand side, 
the constant term is 1, a contradiction. Hence, there do not exist f;(x) and gi(x) in Z[z] such that 
1=(2+6)fi(a) + (a+ 4)oi (2). 
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® Exercise 6 Let R be a commutative ring with 1 and S denote the set of all infinite sequences {a,} of elements from 
R. Define + and - on S' by 
{an} + {bn} = {an + bn} and 
{an} {bn} = {en}, 
where 
Cn = Gobn + Gibn_1 +--+ +anbo for alln = 0,1,2,.... 


Show that 
(a) S isa commutative ring with 1; 
(b) An element {a,} is a unit if and only if ao is a unit in R; 
(c) If R is a field, then S$ is a PID. 
Solution: (a) It is easy to verify that S is a commutative ring with 1. The sequence {1,0,0,...} is the identity 
element of S. 


(b) Let {an} € S. Suppose {a,} is a unit. Then there exists a sequence {b,,} such that {an}{b,} = 1. 
Hence, aobo = 1 and so apo is a unit. Conversely, suppose that ao is a unit. We now consider the 


sequence {bn}, where bo = ag’, b1 = —ag‘(a1aq'), ..., be = —ag '(a1be-1 + +++ + anbo), k > 2. 
Now dobo = 1, aob1 + aibo = ao(—ag *(a1ag*))+ aiag' = 0, ..., apbo + ap_1b1 + --- + aod, = 
axbo +ap—1b1 +--+ + ao(—ag '(a1be—1 +--+ +axbo)) = 0. Therefore, {a, }{b,} =1, proving that {an} 
is a unit. 


(c) Suppose R is a field. Let J be an ideal of S. If J = {0}, then J is a principal ideal. Suppose I # {0}. 
Let {a,} be a nonzero element of J. We define the order of a nonzero sequence {an} as the first 
nonnegative integer n such that a, £0, i.e., n is a nonnegative integer such that a, 4 0 and a; = 0 
for i <n. There exists a sequence {a,,} such that order of {a,} < order of {b,} for all {b,} € I. 
Suppose order of {an} =k. Let {en} be a sequence such that ci =apz4; for all i > 0. Then {cn}7* 
exists and {cn}~*{an} = {dn} € I. Also, dy = 1 and d; = 0 for all i 4 k. We now show that 
I = ({d,}). Clearly ({d,}) C I. Suppose {un} € I. Let the order of {un} be m. Then m > k. Let 
{rn} € S be such that rm—e4i = Um+i for alli > 0 and r; = 0 for all i < m—k. It is easy to verify 
that {un} = {rn}{dn} € ({dn}). Hence, I = ({dn}). 


Exercises 

1. Find all associates of (i) 3 — 2i in Z[i], (ii) 1 + iV in Z[iv5], (iii) [6] in Zio, (iv) [4] in Zs, and (v) [2] +2 
in Z3 [2] , 

2. Find all the units of the integral domain ZliV3]. 

3. Find all the associates of 2 +2 — 32? in Z[z]. 

4. Show that [4] and [6] are associates in Zio. 

5. Find all units of the polynomial ring Z7|[z]. Find all associates of 2? + [2] in Z7[z]. 

6. Let R be an integral domain and ai, a2,...,a@n (n > 2) be elements of R not all zero. If di and dz are two 
greatest common divisors of a1,a2,...,@n, prove that d1 and dz are associates. 

7. Let (£,+,-,v) be a Euclidean domain. Let a,b € E be such that a and 6 are associates. Prove that 
v(a) = v(b). 

8. Let (£,+,-,v) be a Euclidean domain and a, b € E. If a | 6 and v(a) = v(b), prove that a and b are 
associates. 


9. Lety Bist ots bea Bucidean domain and @ and } be nonzero elements of E. Prove that v(ab) > v(a) if 
10. Let E be a Euclidean domain. Let a,a’,b,b’,d be nonzero elements of EF such that a= a’dand b= b'd. 
Prove that gcd(a’, b’) =1 if and only if gcd(a, b) = d. 
11. Ina PID R, prove that the congruence az = b(mod c), where a,b,c are nonzero elements of R has a 
solution in R if and only if gcd(a, c) | b. (Here az = b(mod c) means ax — b= cr for some r € R.) 
12. Let R be an integral domain. Let a,b, and c be nonzero elements of R such that gcd(a,b) and gced(ca,cb) 
exist. Prove that ged(ca,cb) = c gced(a, b). 


13. In Z[i], find ged(2—7i, 24112). Also, find and y in Z[2] such that ged(2—77, 2+117) = «(2—7i)+y(2+111). 
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14. Let R be an integral domain and ai, a2,...,an (n > 2) be nonzero elements of R. An element d € R is 
called a least common multiple (lcm) of aj, a2,...,@n if 


(i) a; | dt =1,2,...n and 
(ii) ife € Ris such that a; | c,i=1,2,...n, thend | c. 
Prove the following in R. 
(i) If di; and dg are two least common multiples of a1, a2,...,@n, then di and d2 are associates. 
(ii) Ifd is a least common multiple of a1, a2,...,@n, then rd is a least common multiple of rai, ra2,..., ran, 
forallr€ R,r 40. 

15. Let I be the set of all nonunits of Z[i]. Is I an ideal of Z[i]? Show that for any nontrivial ideal P of Z[i], 
the quotient ring Z[i]/P is a finite ring. 

16. Show that Z[V/2] has no unit between 1 and 1 + V2. 

17. In the domain Z[V2 , prove that an element a + bV2 4 +1 is a unit if and only if a + bV2 = (1+ V2)* or 
at b/2= —(1+ im for some positive integer k. 


18. An integral domain R is said to satisfy the gcd property if every finite nonempty subset of R has a gcd. 
Prove that every PID satisfies the gcd property. 


19. Prove that the integral domain Z[V2] satisfies the gcd property, where the gcd property is defined in 
Exercise 18. 


ible Elements . aaa 
is section, we introduce the concepts of prime elements and irreducible elements in a commutative ring with 
1. We show that in a PID and hence in a Euclidean domain these two concepts coincide. 


12.3 Prime and Irreduc 


Definition 12.3.1 Let R be a commutative ring with 1. 

(i) An element p of R is called irreducible if p is nonzero and a nonunit, and p= ab with a,b € R implies 
that either a or b is aunit. An element p of R is called reducible if p is not irreducible. 

(ti) An element p of R is called prime if p is nonzero and a nonunit, and if whenever p| ab, a,b € R, then 
either p divides a or p divides b. 

(tii) Two elements a and b of R are called relatively prime if their only common divisors are units. 


Remark 12.3.2 Letp € Z. Ifp is an ordinary prime, then both p and —p are irreducible and prime in the sense 
of Definition 12.3.1. 
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ring with 1. 


Example 12.3.3 The ring Ze is a commutative ring with 1. In this ring, the unit elements are [1] and [5]. Since 
[3] = [3][3] and [3] ts not a unit it follows that [3] is not irreducible. But [3] is an associate of [3]. Also, in Ze, 
it can be verified that [3] is divisible only by associates and the units of Ze. Next, we show that [3] is a prime 
element in Ze. Let [a], [b] € Ze and [3] | [a][b]. Then there exists [c] € Ze such that |a][b] = [3][c], 2.e., [ab] = [3c]. 
From this, it follows that 6 | (ab — 3c). This implies that 3| (ab— 3c). Since 3| 3c, we must have 3 | ab. Since 3 
is prime in Z, 3|a or 3|b. Thus, either [3] | [a] or [3] | [6]. Hence, [3] is a prime element in Ze. 


Theorem 12.3.4 Let R be an integral domain and p € R be such that p is nonzero anda nonunit. Then p is 
irreducible if and only if the only divisors of p are the associates of p and the unit elements of R. 


Proof. Suppose the only divisors of p are the associates of p and the unit elements of R. Let p = ab for 
some @, b € R. Suppose @ is not a unit. Then @ is an associate of p. Therefore, @ = pu for some unit u € R. Now 
p= pub. Since R is an integral domain, it follows that ub = 1. Hence, b is a unit and so p is irreducible. We leave 
the converse as an exercise. Hl 

We now consider several examples of prime elements and irreducible elements. 


Example 12.3.5 In Z,1 and —1 are the only units, and therefore 2 is divisible by +1 and +2. It follows that 2 
is not divisible by any other integer. Therefore, 2 is an irreducible element. Suppose now 2| ab and 2 does not 
divide a for some a,b € Z. Since 2 does not divide a, a is an odd integer and so gcd(2,a) = 1. Therefore, there 
exist c,d € Z such that 1 = 2c+ ad. Thus, b= 2cb+ abd. Since 2| ab and 2 | 2bc, it follows that 2| b. Hence, 2 
is prime. 
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Example 12.3.6 The polynomial x? +1 is irreducible in Ria], but is reducible in C[a]. If x? +1 were reducible 
in R[x], then there would exist real numbers a, b, c, d such that 


a? +1= (ax +b)(cx + d) = acx? + (ad + be)ax + bd. 


Then ac= 1 = bd and ad+ be = 0. Thus, 1 = (ac)(bd) = (ad)(bc) = (ad)(—ad). Hence, 1 = —(ad)?, which is 
impossible in R. However, x? + 1= (a +i)(x —%) in C[z]. 


Example 12.3.7 The polynomial x2 — 2 is irreducible in Q{a] and reducible in Ra]. If «2 — 2 were reducible in 
Q{x], then there would exist a,b,c,d € Q such that 


a? —2=(ax+b)(cx + d) = acx? + (ad + be)ax + bd. 


Then ac = 1,ad+ be = 0, and bd = —2. Thus, (ad)? = (ad)(ad) = —(ad)(bc) = (ac)(—bd) = 2. This implies 
that NE; = ad € Q. This is a contradiction since /2 ¢ Q. Therefore, x? — 2 is irreducible in Q|x]. However, 


a? —2=(2— /2)(2 + V2) in Riz] 


Example 12.3.8 The polynomial ax + b is irreducible in Fx], where F is a fieldanda #0. Suppose ax +b= 
f(«)g(x). Then deg(f(x)g(x)) = 1 = deg f(x) + deg g(x). We may assume that deg f(x) = 0 and deg g(a) = 1. 
Since deg f(x) =0, f(x) is a nonzero constant polynomial and thus a unit. Hence, ax + b is irreducible. 


Example 12.3.9 Consider the polynomial ring Z|x,y]. Then x and y are irreducible. 2x is not prime since 
2 2 
Beitl PeaeeHt 12% Pegs Ble Gra hed 2x does not divide x. Also, 2x is reducible. x andy are relatively prime, 


Theorem 12.3.10 Let R be an integral domain and p be a prime element in R. Then p is irreducible. 


Proof. Suppose p = bc for some b,c € R. To show p is irreducible, we must show that either b is a unit orc 
is a unit. Now p = bc implies that p | bc. Since p is prime, p | bor p | c. If p | b, then b = pq for some gq € R. Thus, 
p = bc = pgc and so p(1 — qc) = 0. Since R is an integral domain and p 4 0, p(1 — qc) = 0 and so 1 — qc = 0. 
Thus, gc = 1, which implies that c is a unit. Similarly, if p | c, then b is a unit. Hence, p isirreducible. Ml 

The following example shows that the converse of Theorem 12.3.10 is not true. 


Example 12.3.11 Consider the integral domain 


Zliv5] = {a + divs | a,b € Z}. 
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previous equality oe: that 


a” +50? =3 and c? + 5d? =3 (12.5) 
or 

a? +5b” =1 and c? +5d* =9 (12.6) 
or 

a? +50? =9 andc? + 5d? =1. (12.7) 


Clearly there do not exist integers a,b,c,d satisfying Eqs. (12.5). The first equation of Eqs. (12.6) implies that 
b=O0anda= +1. Thus, it follows that a+ ee a unit. Similarly, the second equation of Eqs. (12.7) implies 
that c+ div/5 is a unit. Hence, 3 is irreducible. Now 3| 6 and 6 = (1+ iV5)(1 —iV5). Suppose 3| (1 +iV5). 

Then 1+ inf = = 3(at+ biv/5) for some a,b € Z. This implies that 3a = 1, a contradiction, since the equation 
3a = 1 has no ae in Z. Hence, 3 does not divide (1 + iv’5). Similarly, 3 does not divide (1—iv/5). Thus, 3 


is not prime. 


The following theorem show that the converse of Theorem 12.3.10 holds in a principal ideal ring. 


Theorem 12.3.12 Let R be a principal ideal ring and p € R. If p is irreducible, then p is prime. 


Proof. Suppose p divides ab, where a,b € R. Then there exists r € R such that pr = ab. Now (p,b) = (d) 
for some d € R. Therefore, there exists q € R such that p= dg. Since p is irreducible, either d or q must be a 
unit. If d is a unit, then (p,b) = (d) = R. Hence, 1 = sp+tb for some s,t € R. Therefore, a = asp+atb = 
asp + tpr = (as +tr)p. This implies that p divides a. If, on the other hand, q is a unit, then d = pq" € (p). 
Thus, (d) C (p) C (p,b) = (d) so that (p) = (p,b) . Hence, b € (p) and so p divides b. & 
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Corollary 12.3.13 Let R be a principal ideal domain and p € R. Then p is irreducible if and only if p is prime. 
Proof. The result follows by Theorems 12.3.10 and 12.3.12. I 


Corollary 12.3.14 Let R be a Euclidean domain and p € R. Then p is irreducible if and only if p is prime. 


Proof. Since every Euclidean domain is a principal domain, the result follows from Corollary 12.3.13. 1 


Theorem 12.3.15 Let Ps bet a principal ideal ring anda, be R. Ifa andb are relatively prime, then there exist 
s,t€ R such that l1=s 


Proof. Since the common divisors are units, 1 is a gcd of a and b. The desired result follows from Theorem 


12.2.10. 
We conclude this section by proving the following theorem, which characterizes irreducible polynomials over 
a field. 


Theorem 12.3.16 Consider the polynomial ring F|a] over the field F and p(x) € Fa]. Then the following 
conditions are equivalent. 

(i) p(x) is irreducible. 

(it) F[a]/ (p(x)) is an integral domain. 

(itt) F'[x]/ (p(x)) is a field. 


Proof. (i) (iii). Let f(x) F'|x|/ (p(a)) be such that f(x) #0, where f (x) denotes the coset f(x) + (p(x)) . 


Now up(x) and, where u € FA {0}, are the only elements of F'[«] which divide p(%)- Since f(x) ¢ (p(x)), f(x) 
and p(x) are relatively prime and so there exist s(x), t(a) € F'[a] such that 1 = s(x) f(x) + t(x)p(a). Thus 


T= s(x) f(x) + t(x)p(a) (in F[z]/ (p(2)) ) 


and so 1 = s(x) f(z). Hence, F(z) has an inverse, namely, 3 (2), and so F{a]/ (p(x)) is a field. 

(iii)=> (ii): Immediate. 

(ii)>(i): If p(x) is a unit, then (p(x)) = Fla] and so F'[a]/ (p(a)) = {0}, a contradiction to the hypothesis 
that F[a]/(p(x)) is_an integral domain._Therefore, p(x) is not a unit. Suppose p(x) = f(x)g(a). Then 0= 
D(a) = f(x)g(x) = F(z) g(x). Therefore, f(a) = = or g(x) = 0. This implies that f(x) € (p(x)) or g(a) € (p(a)), 
say, f(x) € (p(a)). Thus, f(x) = Gp) for some q(x) € Fla]. Hence, p(x) = q(x)p(x)g(x) and so by a degree 
argument q(x), g(x) € F\{0} are units. Thus, the only factorization of p(n) is u-'(up(x)), where u is a unit in 
Fx]. Consequently, p(x) is irreducible. Mf 


Worked-Out Exercises 
© Exercise 1 Show that [2] is a prime element in Zo, but [2] is not irreducible in Zio. 
Solution: In Zjo, [1], [3], [7], and [9] are the only units. Now [2] = [2] - [6]. Since neither [2] nor [6] is a unit, [2] is 
reducible. Suppose [2] | [a][b]. Then [2] | [ab]. Therefore, [ab] = [k][2] for some [k] € Zio. This implies that 
ab — 2k = 10r for some r € Z, i.e., ab = 2k + 10r = 2(k + 5r). Therefore, 2 | ab. Since 2 is prime in Z, 2 | a 
or 2 | b. Hence, [2] | [a] or [2] | [6]. Thus, [2] is prime. Note that Zio is not an integral domain. 
© Exercise 2 Let R be an integral domain such that any two elements a,b € R, not both zero, have a gcd d expressible 
in the form d = ra + tb, r,t € R. Let p € R. Show that p is prime if and only if p is irreducible. 
Solution: Every prime element in an integral domain is irreducible by Theorem 12.3.10. Let us prove the converse. 
Suppose p is irreducible. Let p | ab, a,b € R. Now gcd(p, a) exists in R. Let d = ged(p,a). Since d | p and p 
is irreducible, it follows that either d is an associate of p or d is a unit. Suppose d is an associate of p. Then 
p|d. This implies that p|a, since d| a. Suppose d is a unit. Since 1 is an associate of d, 1 = gcd(p,a). 
Thus, there exist s,¢ such that 1 = ps +at. This implies that b= psb + abt. Now p | psb and p | abt. 
Hence, P | b. € 
® Exercise 3 Let n be a square free integer (an integer different from 0 and 1, which is not divisible by the square of 
any integer). Let Z[./n] = {a + b\/n | a,b € Z}. Define a function N : Z[,/n] > Z by 


N(a+bJn) = (a+ bVn)(a— bn) = a? — nb?. 
Show that if N(2) is a prime integer, then « is irreducible for all « € Z[/n]. 


Solution: Suppose N (a) = p, where p is a prime integer. Suppose x = (a+b,/n)(c+d,/n). Now p = N(at+bJ/n)N(c+ 
d,/n) = (a? — nb*)(c? — nd”) by Worked-Out Exercise 2 (page 187). Hence, either (a? — nb?) = +1 or 
(c? — nd?) = +1, i.e., either a + b/n is a unit or c + dn is a unit. Thus, « is irreducible. 
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Exercises 


Dor 


. Let T 


1. Show that in the integral domain Zliv5], 2+ iV is an irreducible element, but not a prime element. 
2. Show that 2 —i,1+%, and 11 are irreducible elements in Z[?]. 

3. 
4 


. In Zi2, show that [3] is a prime element, but is not irreducible. 


In Ziv], show that 3 is not a prime element. 


2 


. Is the paypomial x +([1] irreducible in Z?[z]? 
e€ 


he set of all sequences { a, } of elements of Z. Prove the following. 
(i) T is an integral domain with respect to addition and multiplication defined by for all {an}, {bn} € T, 


{an} + {bn} {an + bn} 
{an}-{bn} = {en}, where ¢, = >); 5 Qibn—i- 


(ii) To = {{an} € T | a; = 0 for all but a finite number of indices} is a subring with identity. 
(iii) The element (1,1,0,...) is a unit in T, but not in Tp. 
(iv) (2,3,1,0,0,...) is irreducible in T, but not in To. 


. Let R be an integral domain. Show that (i) every associate of an irreducible element in R is irreducible 


and (ii) every associate of a prime element in R is prime. 


. In Z[t], show that 3 is a prime element, but 5 is not a prime element. 

. What are the prime elements of Zg? Are they irreducible? 

. In Z[i], if a +bi is an element such that a? +0? is a prime integer, then show that a + bi is a prime element. 
. Leta+biv3 € Zliv3}. If a? +30? is a prime integer, show that a + biv’3 is an irreducible element in Zliv3). 


. In the following exercises, write the proof if the statement is true; otherwise, give a counterexample. 


(i) 13 is an irreducible element in Z[i]. 
ii) Every prime element of Z is also a prime element of Z/i). 


iii) In Zig, every prime element is an irreducible element. 


iv) In Z[é], a + bi is a prime element if and only if a — bi is a prime element. 


~~ aoa 


v) Ina PID R, if p and q are two prime elements such that p | g, then p and q are associates. 
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Chapter 13 
Unique Factorization Domains 


13.1 Unique Factorization Domains 


In this section, we study those integral domains in which an analogue of the fundamental theorem of arithmetic 
holds. 


Definition 13.1.1 A nonzero nonunit element a of an integral domain D is said to have a factorization if a 
can be expressed as 

@ = Pip2°**Pn; 
where pi, P2,-.-,;Pn are irreducible elements of D. The expression pip2--:Pn 1s called a factorization of a. 


An integral domain D is called a factorization domain (FD) if every nonzero nonunit element has a 
factorization. 

In Chapter 15, we saw that in an integral domain D every nonzero element a € D is always divisible by the 
associates of a and the units of D. These are called the trivial factors of a. All other factors (if any) of a are 
called nontrivial. For example, +2 and +3 are nontrivial factors of 6 in Z. In the following lemma, we show 
that a nonzero nonunit element that has no factorization as a product of irreducible elements can be expressed 
as a product of any number of nontrivial factors. 


Lemma 13.1.2 Let D be an integral domain. Leta be a nonzero nonunit element of D such that a does not 


have a factorization. Then for every positive integer n, there exist nontrivial factors a1,a?2,...,a” € D ofa such 
that a = a1Q2°:-Qn. 


Proof. By the hypothesis, a is not irreducible. Therefore, a = aib1, where ai, bi € D are nontrivial factors 
of a. At least one of a; or b; does not have a factorization; otherwise the factorization of a; and b; put together 
produces a factorization of a. Suppose a; does not have a factorization. Then a; is a nonzero nonunit element 
and ay, is not irreducible. There exist nontrivial factors a2, b2 € D of a; such that a; = agbe. Then a = agbeby. 
Now at least one of ag or bp does not have a factorization. If ag does not have a factorization, we repeat the 
above process with az. Proceeding this way, we can find nontrivial factors a1,a2,...,@, € D of a such that 
Q@=aQ102°::Qn. 


Theorem 13.1.3 Let D be an integral domain with a function N : D\{0} — Z* such that for all a,b € 
D\{0}, N(ab) > N(b), where equality holds if and only if a is a unit. Then D is a FD. 


Proof. Suppose D contains a nonzero nonunit element a such that a does not have a factorization. Now 


N(a) € Z#. Let N(a) = n. By Lemma 13.1.2, @ can be expressed as a product of %+ 2 nontrivial factors 
a1, 42,...,An42 € D. Then a= aja2---Gn+42 and 


n = WN(a) 
> N(a2---Gn+42) (since a1 is not a unit) 
> N(as---dn+2) 
> N(a4-++@Qn+2) 
> N(an410€n+2) 
> N(an+42). 


199 


200 13. Unique Factorization Domains 


This shows that there exist at least n +1 distinct nonnegative integers strictly less than n, a contradiction. Thus, 
DisaFD. i 


Example 13.1.4 Consider the integral domain Z{i]. Define 


N : Z[i]\{0} > Z* 
. 2 7 . . . . . . . . . . 
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(ac — bd)? + (ad + be)? = (a? + b?)(c? +d?) > (ce? +d?) = N(c+ di), where the equality holds if and only if 
N(a+ bt) is a unit. Hence, Zii] is a FD. 


Definition 13.1.5 An integral domain D is said to satisfy the ascending chain condition for principal 
ideals (ACCP), if for each sequence of principal ideals, (a1) , (a2), (a3) ,... such that 


(a1) © (a2) C (a3) C+, 


there exists a positive integer n (depending on the sequence) such that (an) = (az) for allt > n. 


Lemma 13.1.6 Every principal ideal domain D satisfies the ACCP. 


Proof. Let (a1) G (a2) € (a3) C --- be a chain of principal ideals in D. It can be easily verified that 
I = Uien (a;) is an ideal of D. Since D is a PID, there exists an element a € D such that I = (a). Hence, 


a € (ay) for some positive integer n. Then I C (a,) C I. Therefore, J = (an). Fort > n, (at) C I = (an) C (az). 
Thus, (an) = (az) for allt >n. Hf 


Theorem 13.1.7 An integral domain D with the ACCP is a FD. 


Proof. Suppose D is not a FD. Then there exists a nonzero nonunit element a such that a does not have a 
factorization. Thus, a is not irreducible and so a = a1b,, where a,,b; € D are nontrivial factors of a. At least 
one of a, or 61 must not have a factorization, otherwise the factorization of a; and b; put together will produce 
a factorization of a. Suppose a; does not have a factorization. Now a and a, are not associates. Therefore, 
(a) C (a1). Since a; does not have a factorization, we can express a1 = d2b2, where ag, b2 € D are nontrivial 
factors of ay. At least one of a2 or be does not have a factorization. Suppose a2 does not have a factorization. 

fi fi 
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Corollary 13.1.8 Every PID is a FD. 


Proof. The proof is immediate by Lemma 13.1.6 and Theorem 13.1.7. @ 


Definition 13.1.9 An integral domain D is called a unique factorization domain (UFD) if the following 
two conditions holdin D: 
(i) every nonzero nonunit element of D can be expressed as 


@ = Pip2-**Pn; 
where pi, p2,.--,Pn are irreducible elements of D and 
ii) ifa = pp2---p" = qiq---q™ are two factorizations of a as a finite product of irreducible elements of D, 
ia m and there is a per naeon o of {1,2,...,n} such'that p; and qq) are associates for alli = 1,2,..., 
n. 


From the above definition, it follows that an integral domain D is a UFD if and only if D is a FD and every 
nonzero nonunit element of D is uniquely expressible (apart from unit factors and order of the factors) as a finite 
product of irreducible elements. 

Let us first prove the following interesting property of a UFD. 


Theorem 13.1.10 In a unique factorization domain, every irreducible element is prime. 
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Proof. Let D be a UFD. Let p be an irreducible element of D and p | abin D, where a,b € D. If a= 0, 
then p divides a, and if b = 0, then p divides b. If a is a unit, then p divides b, and if b is a unit, then p divides 
a. We now assume that a and b are nonzero and nonunits. Now ab= pc for some c € D. Let d = pc = ab. Since 
neither a nor b is a unit, it follows that d is not a unit. If cis a unit, then d is irreducible and so either a or b 
must be a unit, a contradiction. Therefore, c is not a unit. Since D is a UFD, there exist irreducible elements 
C1,C2,--+,Cn, A1, @2,...,Am, and bi, be,...,b, in D such that c = c1¢2--+ Cn, A= A142°+- Am, and b = bib2--- br. 
Hence, d = pci co +++ Cn = G1G2 +++ Amb 1b2---b;, are two expressions of d as a finite product of irreducible elements. 
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is prime. Hf 


Example 13.1.11 Consider the integral domain Z{iv/5| = {a + biv’5 | a,b € Z}. Define 
N : Z[iV5]\{0} > Z* 


by 
N(a + biv5) = a? +50". 

We can show that a+ biv5 is a unit if and only if N(a+ biv’5) =1. Leta+ biv5, c+ did be two nonzero 
elements of Z[iv’5]. Then N ((a+ biv/5)(c + div/5)) = N ((ac— 5bd) + i(ad + be) V5) = (ac— 5bd)? +5(ad+bc)? = 
(a? + 5b?)(c? + 5d?) > (c? +5d?) = N((c+ div’5)), where equality holds if and only if N((a+ biv5)) =1,i.e., if 
and only if a+ biv/5 is a unit. Hence, Ziv] is a FD by Theorem 13.1.3. In Example 12.3.11, we showed that 3 
is an irreducible elemegt. Now 3| (2+2 5)(2—%_5). Suppose 3|(2+7% 5). Then2+%2 5=3(m+ni 5) for 
somem + niv/5 € Zliv/5|. This al et Wk NG gh suppose 3 4 imp Phe for integex&m Bs n. Thefeyee 
34 (2+ iV5). Similarly, 3¢ (2—iV/5). Thus, 3 is not prime in Ziv]. Hence, Z{iv/5] is not a UFD by Theorem 
13.1.10. 

In this integral domain, we can also show that 2, 1+ iv, 1- iV5 are irreducible elements and 2 is not an 
associate of any one of 1+ iv5 and 1—iV5. Hence, 6= 2-3=(1+ iV5)(1 — iV5) are two factorizations of 6, 
but there does not exist any correspondence between the irreducible factors such that the corresponding elements 
are associates. 


Theorem 13.1.12 A factorization domain D is a UFD if and only if every irreducible element of D is a prime 
element. 


Proof. Suppose the factorization domain D is a UFD. Then by Theorem 13.1.10, every irreducible element 
is a prime element. 

Conversely, assume that every irreducible.element is a prime element in the FD. D. Suppose @ = p!p? +++ pr = 
192 °°* Gm aré two factorizations of a as a finite product of irreducible elements. Then p1p2 ++: Pn = qi(q2--- dm) 
implies that qi | (pip2---pn). Since qi is also prime, at least one of pi, po, ..., Pn is divisible by qi. Let qi | p1. 
Now pi and qi are both irreducible. Hence, p1 = uiq: for some unit wi. Then uigipe:--Pn = q1g2°-- dm, from 
which it follows by the cancelation property that uip2-++Pn = 2°-:dm = 92(q3°':dm). Now qa | (uip2--: Dn). 
Since q2 is prime, g2 does not divide ui. Hence, gz divides one of p2,..., pn, say, d2 | p2. Then po = u2q2 for some 
unit wg and u1U2q2p3---Pn = 92--:Gm- Canceling qe from this relation, we obtain u1u2p3---Pn = q3°--dm.- If 
n >m, then proceeding this way we find that uiu2---UmPm+1 ++: Pn = 1, which implies that each of pmii, ..., 
pn is a unit, a contradiction. Ifn <m, then we find that uiu2--- Un = dn+1°*+Gm. This implies that each of gn+1, 

--, Qm divides a unit, which is again a contradiction. Thus, n = m. Also, we have shown that the corresponding 
irreducible factors p;,qi, i= 1,2, ..., n, in the factorizations pipo---pp and qig2:+:@n are associates. Hence, D 
isa UFD. 


Theorem 13.1.13 Every PID is a UFD. 


Proof. From Lemma 13.1.6, we find that every PID satisfies ACCP. Hence, by Theorem 13.1.7, every PID 
isa FD. Also, by Theorem 12.3.12, every irreducible element is prime in a PID. Thus, by Theorem 13.1.12, it 
follows that every PID isa UFD. @ 

By Theorem 12.1.9, every Euclidean domain is a PID and hence by Theorem 13.1.13, every Euclidean domain 
is a UFD. This result is one of the important results in factorization theory. Let us prove this result independently. 
First we prove the following lemma. 


Lemma 13.1.14 Let FE be a Euclidean domain and a,b € E. Ifa |b, b £0, and a is neither a unit nor an 
associate of b, then v(a) < v(b). 
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Proof. Since a is not an associate of 6, it follows that b | a. Hence, a = bg + r, where r = 0 or u(r) < v(b). 
Now b= ac for some c € E. This implies that r= a — bq = a — acq = a(1 — cq). If 1 — cq = 0, then c is a unit 
and so 6 is an associate of a, a contradiction. Therefore, 1 — cq # 0. Thus, u(r) = v(a(1 — cq)) > v(a) and so 
v(b) > v(a). 


Theorem 13.1.15 A Euclidean domain E is a unique factorization domain. 


fi 

thatheeef-nbardrdehotmthe BidideatthaliationadrtheFtchdecvend ama ifirnitcRyréuduc ti bien lowdemstrtkoit 
v(a) = v(1), then a is a unit. Assume that every nonzero element b € £ is either a unit or expressible as a finite 
product of irreducible elements if v(b) < u(a), where v(a) > v(1) (the induction hypothesis). If a is irreducible, 
there is nothing to prove. Suppose that a is not irreducible. Then a = bc, where neither 6 nor c is a unit. Suppose 
b is an associate of a. Then b= au for some unit u € &. Thus, a = bc = auc and so 1 = uc, ie., c is a unit, a 
contradiction. Therefore, b is not an associate of a. Similarly, c is not an associate of a. By Lemma 13.1.14, it 
now follows that v(b) < v(a) and v(c) < v(a). Thus, by our induction hypothesis, b and c are expressible as a 
finite product of irreducible elements of E. Hence, so is a. 

The uniqueness of the factorization follows as in Theorem 13.1.12 

From Theorem 12.1.9, we know that every Euclidean domain is a principal ideal domain. We noted in the 
remark on page 187 that the converse of this result is not true. In Theorem 13.1.18, we showed that every 
principal ideal domain is a unique factorization domain. The converse of this result is also not true. There is a 
class of rings for which the converse is true. Call a complex number an algebraic integer if it is a root ofa 

fi fi 

auchia prlynploiad vel? hissZbrnekesabobedldeebiqivciteamzdtion diimimdratessiapl Chap ien2y (eof? is 
Example 13.1.11 is a ring in which there is no unique factorization. Here 6 = (1 — i/5)(1+i/5) = 2-3 are two 
factorizations of 6 as a product of two irreducible elements. However, the ideal (6) has a unique (up to order) 
factorization as a product of prime ideals (defined in Chapter 17), (6) = (3, 1+ in/5) (3,1- iv’) (2,1+ id)” . 
As a matter of fact, the entire class of rings in question has the property that every ideal has a unique factorization 
as a product of prime ideals. 


Worked-Out Exercises 


& Exercise 1 Show that the integral domain Z[/10] = {a + bV/10 | a,b € Z} isa FD. 
Solution: Define N : Z[,/10]\{0} > Z* by for all a + bV/10 € Z[/10], 


N(a+bV10) = a? —100? . 


Now N(a+ 6,/10) = 1 if and only if ja? —106?| =!1 if and bnly if (a + 6,/10)(a — 6,10) = +1 if 
and only if a+ bV/10 is a unit. Let a+ bV10, c+ d/10 be two nonzero elements of Z(V10). Then 
N((a + bV10)(c + dV10)) = |a? — 10b?| |c? — 10d?| > |c? — 10d?| = N((e+ dy/10)), where equality holds 
if and only if N((a+ bv/10)) =1, ie., if and only if a + bV10 is a unit. Hence, Z[V5] isa FD by Theorem 
13.1.3. 


& Exercise 2 Show that in a UFD, every nonzero nonunit has only a finite number of nonassociated nontrivial factors. 


Solution: Let D be a UFD. Suppose a is a nonzero nonunit element of D. Then a can be expressed uniquely as 


a= py'py-* Dy 
where p1,p2,..., px are distinct primes and r1,r2,..., rz are positive integers. Let d = p}'p3? -- -p,*, where 
0O< t < r,t = 1,2, ..., k. Then d is a divisor of a. Now suppose d is any divisor of a and d is a 


nonunit. Then d can be expressed uniquely as d= vba ..-gim, where qi, q2,--.,Gm are distinct primes 


and t1,t2,...,tm are positive integers. Since d | @, for all ?= 1,2, ..., m, qf | pj’ for some J, 1 <j <k. 
Then qi | ~ and so q | pj. Therefore, qi is an associate of p;. Also, we find that t; < rj. Thus, d is 
an associate of pips .: pie, 0< i < nm, i = 1,2,...,k. Consequently, a has only a finite number of 
nonassociated nontrivial divisors. 

Exercise 3 Let R = {ap + az +++-+an2” € Q[z] | ao € Z, n € Z*}. Show that R is not a UFD. 


Solution: Clearly R is a subring of Q[a] and R contains 1. Hence, R is an integral domain. Now any unit of R is also 
a unit of Q{z]. In Q|z], the units are the nonzero elements of Q. Since RN Q = Z, it follows that 1 and —1 
are the only units of R. For any nonnegative integer n, sx € Rand ste is not an associate of six when 
n #m. Now x = 2” (sh x) shows that =o is a divisor of x. Hence, x has infinite number of nontrivial 
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divisors in R. If R isa UFD, then x cannot have an infinite number of nontrivial divisors. Thus, R is not 
a UFD. 


& Exercise 4 In a UFD, show that the gcd of any two nonzero elements exists. 
Solution: Let R be a UFD and a,b be nonzero elements of R. If one of a or 6 is a unit, then gced(a, b) = 1. Suppose 
aand 6 are nonunits. Then a can be expressed uniquely as 
a= pp? pie, 
where p1,p2,...,pk are irreducible elements such that p; is not an associate of p; when 71 # j and 
ti,to,..., tn are positive integers. Similarly, b can be expressed uniquely (up to associates) as 


rT, .T2 rn 


b=q 92° °°" An > 


where qi, g2,---,Qn are irreducible and r1,1r2,...,7n are positive integers. Now if qi is not an associate of 
any of pi,...,Px, then we write a= pie .: pt -q). Next if q2 is not an associate of any of pi, p2,..-, Dk; 
then we write a = Di pe .: pi aoas- But, if gz is an associate of one of pi,p2,...,px, then skip gz and 
consider q3. Continue the process for q3,...,@n. We do the same thing for b. So we can write 
a = alae wae wer 
lm 
b= ulus Ur, 
where u1,U2,...,Um are irreducible elements such that u; is not an associate of uj; when i # j and 
mi,n?,...,.n™, U1)... 1m a negative integers. Let d = uth ub? ---uh™, where ki = min{nt,I*}, 
i= 1,2,...,m. Then d | a and dy". Bet c | a and ¢ LA c € R. Since any irreducible divisor of c is an 
associate of one of w1,u2,...,Um, it follows that c must be of the form 
hi, h hm 
C= Up Ug? Um", 


where hi > 0, and hi < ni, hi < Li, i = 1,2,...,m. Thus, hi < ki, i = 1,2,...,m. Hence, c | d. Thus, 
d = gcd(a, b). 


Exercises 


. Show that Z satisfies the ACCP. 
2. If the integral domain R satisfies the ACCP, prove that the polynomial ring R[2] satisfies the ACCP. 


3. Prove that an integral domain D is a UFD if and only if D satisfies the ACCP and every irreducible 
element is prime in D. 


4. Show that the integral domains Z[iV6], Z[iv7], and Z[iV/10] are factorization domains, but not unique 
factorization domains. 


— 


5. Let a, b be two nonzero elements of a UFD D. If gcd(a,b) = 1 and a | c, b | c, prove that ab | cin D, where 
ce D. 

6. For the following statements, write the proof if the statement is true; otherwise, give a counterexample. 
(i) Any subring of a UFD with identity is also a UFD. 
(ii) 1 and —1 are the only units of a UFD. 


13.2. Factorization of Polynomials over a UFD 


In this section, we show that every polynomial of degree 1 over a UFD R can be uniquely expressed as a 
product of irreducible polynomials over R. 2 


Definition 13.2.1 Let f(x) = aopt+a,r4+---+anx” be a nonzero polynomial in R[x]. Then the gcd{ao, a1,..., an} 
is called the content of f(x). 


It is known that the gcd of {ao,a1,...,@n} is not unique. If u and v are two gcd’s of {ao, a1,..., an}, then u 
and v are associates. Hence, if c; and c2 are two contents of f(x), then ci and cz are associates and any associate 
of c; is also a content of f(x). If a and b are two elements of R such that a is an associate of b, then we write 
aw b. 

The content of f(x) is denoted by cont f(x). 
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Definition 13.2.2 A nonzero polynomial f(x) € R[a] is called a primitive polynomial if contf(x) is a unit. 


Lemma 13.2.3 LetR bea UFD. Let f(x) and g(x) be two primitive polynomials in R[x]. Then f (x)g(x) is also 
a primitive polynomial in Ria]. 


Proof. Let f(x) = aotai¢+-+-+a,x” and g(x) = botbiat+-:-+bmae™. Let cy ~cont f(x) and cg ~contg(x). 
Since f(x) and g(x) are primitive, cy and c, are unit elements in R. Suppose that f(x)g(x) is not a primitive 
polynomial. Let f(x)g(x) = cotciat+:--+entma"?™, where co = aobo, C1 = obi +aibo,...,c= * aybi 5, 
where a; =0 if 7 > n, and b;_; =0 ift —j >m. Now cont f(x)g(a) is not a unit. Let p be a prime setnent in R 
such that p divides cont f(x) g(x). Then p divides c; for alli = 0,1,...,2 +m. Since cy and cy are unit elements, 
p does not divide each of ap, a1,...,@y and also p does not divide each of bo, b1,...,bm. Let t be the smallest 
nonnegative integer such that p does not divide a;. Then p divides a,;, for 1 = 0,1,...,t—1, and p does not divide 
at. Similarly, let r be the smallest nonnegative integer such that p does not divide br. Then p divides b;, for 
j= 0,1,...,r—1, and p does not divide b,. Therefore, p does not divide ayb,. Now Crir = Gobe4r+ Q1btpr—1+ 

+ rie ee ate + atsibp_it +++ +atz4rbo, where b; = 0 if i > m and a; = 0 if i > n. Now p divides aj, 
fae i= 0,1,...,t—1, p divides by, fe for 7 = 0,1,...,r —1, and p divides c¢4,. Hence, p divides atb,, which is a 
contradiction. Thus, contf(x)g(x) is a unit and so f(a)g(x) isa primitive polynomial. 


Example 13.2.4 In Z[z], 6x? +32 —9 = 3(2a7 + a — 3). Hence, 6x7 + 3x — 9 is not a primitive polynomial. 
But 2x? + x — 3 is a primitive polynomial. 


pheerenr 13.4-P det R be a UFD. Let f(x) and g(x) be two nonzero polynomials in Ria]. Then there exists a 
cont(f(x)g(a)) = ucontf(x)contg(). 


Proof. Let cr denote cont f(x) and cg denote contg(x). Then f(x) = cp fi(a) and g(x) = cggi(x), where 
fi(x) and gi(z) are primitive polynomials in R[x]. Now cont(f(x)g(x)) and cont(cy cg fi(x)gi(x)) are associates. 
Since cycg is a nonzero element of R, it follows that 


cont(cpg fi (x)g1(x)) 


and 
cpcgcont( fi (x) 91 (x) 
are associates. By Lemma 13.2.3, cont(f1(x)gi(x)) is a unit. Hence, 


cont(f(x)g(a)) = wefcg 


for some unit u. 

It is known that the polynomial ring F'[z] over a field F' is a Euclidean domain, and hence a unique factor- 
ization domain. To take advantage of this result, let us extend an integral domain R to its quotient field Q(R) 
and establish the relationship between elements of Q(R)[x] and R[z]. 

In the remainder of the section, we let Q(R) denote the quotient field of R. 


Lemma 13.2.6 Let R be a UFD. If f(x) is a nonzero polynomial in Q(R)[a], then there exist nonzero elements 
a,b € R anda primitive polynomial fi(x) in R[x] such that f(x) =ab~'fi(x), where b+ is the inverse of b in 
Q(R) [2]. 


Proof. Let f(%) =co+ca+-+-+ce,x2” € Q(R)[z] be a nonzero polynomial. Then c; € Q(R), i= 0,1,...,n 
Therefore, there exist a;,b; € R such that c; = a:b; ', b} 40, i= 0,1,...,n. Now f(x) = aoby | t+aibp lat... + 
dnb; tx”. Let b = bobbi ---b,. Then 


bf (x) = abl ---b” + a1b0b2---bma +--+ .arb0bl---b-le € R{[z]. 
Clearly bf (x) is nonzero. Let a = cont(bf(«)). Then bf («) =af1(x), where cont fi (x) is a unit and fi(x) € Riz]. 
Hence, f(a) = b-tafi(x), where b,a € Rand f1(«) is a primitive polynomial in R[z]. & 


Lemma 13.2.7 Let R be a UFD. Let f(x) be a nonzero polynomial in R[a). If f (x) =d1 fi(a) = do fo(x), where 
fi(xz) and fo(x) are primitive polynomials in R[x] and di,d2 € Q(R), then d; = udz for some unit u€ R. 


Proof. Since di,dz € Q(R), we can write dj = ab~' and dz = cd~'for some a,b,c,d € R. Thus, f(x) = 
ab~* f(a) = cd~' fo(x). This implies that adf1(a) = cbf2(x). Since fi(x) and fo(x) are primitive, ad = ucb for 
some unit wu € R by Theorem 13.2.5. Thus, di = ab~+ = ucd7! = ude. 
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Lemma 13.2.8 LetR be a UFD. Let f(x) be a nonconstant primitive polynomial in R[x]. Then f (x) is irreducible 
in Ria] if and only if f(a) ts irreducible in Q(R)[a]. 


Proof. Suppose f(x) is irreducible in R[x] and f(x) is not irreducible in Q(R)[x]. Then there exist h(a), g(a) € 
Q(R)[x] such that f(x) = h(x)g(x), degh(x) > 1, and deg g(x) > 1. By Lemma 13.2.6, there exist a,b,c,d€ R 
with b 4 0, d ¥ 0, and primitive polynomials hi(x), gi(x) € R[x] such that h(x) = ab~thi(x) and g(x) = 
cd~‘gi(x). Hence, f(x) = ab~tcd~*hi(x)gi(x). This implies that bdf(x) = achi(x)gi(x). Now f(z) is primitive 
and so cont f(x) is a unit. Thus, cont (bdf(«)) = bdu for some unit u. Now 


cont(achi(x)gi(a)) = vac cont(hi(x)gi(x)) for some unit v € R 
= vyjac cont(hi(x)) cont(gi(x)) for some unit vi E R 
= v14aCv2v3 for some units v2,v3 € R. 


Hence, bd = acw for some unit w € R. Thus, f(a) = whi(x)gi(x) for some unit w € R. This shows that f(a) is 
not irreducible in R[x], which is a contradiction. Therefore, f(a) is irreducible in Q(R)[z]. Conversely, let f(x) 
be irreducible in Q(R) |x]. Suppose f (x) is reducible in R[a]. Now f(a) = rg(x), wherer € Rand r isa nota unit 
is impossible since f(x) is primitive. Thus, there exist polynomials f1(x), fo(x) in R[x] such that deg fi(x) > 1, 
deg fo(x) > 1, and f(x) = fi(x) fe(a). Now fi(x) and f2(x) are also nonconstant polynomials in Q(R)[z]. Hence, 
f(z) is not irreducible in Q(R)|[z], a contradiction. Consequently, f(x) is irreducible in R[z]. & 


Example 13.2.9 Consider the polynomial 4x + 4 in Q|a]. Now 4a +4 = 4(a +1). 4 is a unit in Q|a] andx+1 
is irreducible in Q|a]. Hence, 4a + 4 is irreducible in Q|a]. But 4 is not a unit in Zla]. Hence, 4a + 4 is not 


irreducible in Zia]. Also, 3 is irreducible in Z[z], but 3 is not irreducible in Q|a]. 


We are now in a position to prove our main result of this section. Before proving this theorem, let us recall 
the following assertions concerning the polynomial ring R[z] so that we can enjoy the beauty and depth of this 
theorem. 

(i) If R is a commutative ring with 1, then R[x] is a commutative ring with 1. 

(ii) If R is an integral domain, then R[x] is an integral domain. 

(iii) If R is a field, then R[z] is not a field, but R[x] is a Euclidean domain. 

(iv) If R is a PID, then R[a] may not be a PID. 


Theorem 13.2.10 Let R be a UFD. Then R[x] is a UFD. 


Proof. Let f(z) be a polynomial of degree n > 1. Let f(x) = cy fi(x), where cy is a content of f(x) and 
fi(x) is a primitive polynomial in R[z]. Now Q(R)[a] is a UFD and fi(x) € R[x] C Q(R)[z]. Therefore, there 
exist irreducible polynomials g1 (x), g2(x),..-,9r(x) in Q(R)[a] such that f1(x) = g1(x)go(x)--- gr(x). By Lemma 
13.2.7, gi(w) = aib; thi(x), ai,bi € R, b; #0, and hi(x) is a primitive polynomial in R[x], i= 1,2,...,r. Also, 
by Lemma 13.2.8, hi(x) is irreducible in R[x], i= 1,2,...,r. Hence, 


fi(x) = a1aq-++apby by *-+-bp hy (x) +++ hy(x). 
Let a = a1a2---a, and b = bib2---b,. Then 
bfi(x) = ahi(x)---+hr(x). (13.1) 
By Lemma 13.2.3, hi(x)---h,(x) is primitive. This implies that a = ub for some unit u € R and so 
fi(a) = uhi(x)--- h(a). 
This shows that 


f(a) = ucphi(x)---hr(a). (13.2) 


. . . . . . F . . . . hi . . 
Fingeae pageants of an irreducible pglynamial is.ajsq an irreducible polynomial it follows that wh! (2) is irre 
such that 

f(x) = cfgi(a)-+- ge (a), 
where cy = cont f(x). If cy is not a unit, then there exist irreducible elements a, a2,..., a¢ € R such that 
f(@) = a1a2--- argi (2) +++ gr(a). (13.3) 


Suppose now that 


f(x) = aya2-++argi(x) +++ ge (x) = bib +++ byhi(a) +++ h(x), (13.4) 
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where a;,b; are irreducible elements in R,i=1,...,t,7=1,...,] and 


gi(x),...,g%(x), hi(x),...,hq(x) 


are irreducible elements in R[x]. Now aja2---a¢ and byb2--- bj are two factorizations as a product of irreducible 
elements in R of cy. Therefore, by (13.4) 


gu(@) --- ge(w) =dha(x)---hg(2), (13.5) 


whgredaisne alti, By NewisiH ore faye stele) dia ore eaitiys and ipadueible mah Henge dees 
a one-one correspondence between {g1(x),...,9x(x)} and {hi(x),...,hq(x)} such that the corresponding factors 
are associates in Q(R){x] and hence by Lemma 13.2.7, they are also associates in R[a]. Thus, the factorization 
(13.4) of f(a) in R[a] is unique. Consequently, R[x] isa UFD. 


Corollary 13.2.11 Let R be a UFD. The polynomial ring Ri[x1,...,%n] isa UFD. @ 


We see that the polynomial ring F'[x, y] is a unique factorization domain. However, F'[z, y] is not a Euclidean 
domain. This can be verified by showing that F'[x, y] is not a principal ideal ring. We ask the reader to show in 
the exercises that the ideal (x,y) in Fx, y] is not a principal ideal. 

As shown in Example 13.1.11, Ziv] is not a UFD. Thus, even though the polynomial ring F'[z] is a unique 
factorization domain, a ring of the form F'[c] need not be one. Thus, the homomorphic image of a unique 
factorization domain need not be a unique factorization domain. 


Worked-Out Exercises 


© Exercise 1 Let f(x) bea nonzero polynomial in Z[x]. Show that f(a) can be expressed as a product of two polynomials 
g(x) and h(x) of Q{a] with deg g(x) < deg f(a) and degh(x) < deg f(x) if and only if there exist gi(z), 
h(x) € Z[x] such that deg g(x) = deg gi (x), deg h(a) = deg hi(a), and f(x) = gi(x)hi(z). 

Solution: Suppose there exist g(x) and h(x) in Q[z] with degg(x) < deg f(x), degh(x) < deg f(x), and f(x) = 
g(x)h(x). There exist nonzero elements a,b,c,d € Z and primitive polynomials g2(x), ha(a) € Zia] such 
that g(x) = ab~‘go(x) and h(x) = cd~*ha(ax) by Lemma 13.2.6. Hence, f(a) = ab~tcd~'g2(a)ho(x). This 
implies that bdf(x) = acg2(x)ho(ax). Let d, be the content of f(x). Then we can write f(x) = di fi(z), 
where f1(x) is a primitive polynomial in Z[z]. Hence, bddj f(x) = acg2(x)ho(x). Now go(x)ho(x) is also a 
primitive polynomial. Then bdd; = uac for some unit u € Z. This implies bdd; = ac or bdd; = —ac. Hence, 
fiz) = ga(x)ho(a) or fiz) = —g2(w)ha(a). Let g(x) = diga(x). Now f(a) = difi(x) = dige(a)ha(@) = 
gi(x)hi(x), where hy (x) = ho(x) or f(x) = di fi(x) = —diga(x)ho(x) = gi(x)hi(x), where hi(x) = —ho(z). 


Ads fret be construction fit foHaes-bhatedeag tl Wiat. tes 7" (x) = deg g(x) < deg f(x) and deg h?(x) = 
© Exercise 2 Show that Z[a] isa UFD, but not a PID. 

Solution: Since Z is a UFD, Z[z] is a UFD by Theorem 13.2.10. (By Corollary 12.1.11, Z[z] is not a PID. However, 
here we want to show that Z[z] is not a PID by showing the existence of ideals in Z[x], which are not 
principal.) Consider 

T= (x) + (n), 

where n € Z, n ¢ {0,1,—1}. We claim that J is not a principal ideal. Suppose J = (f(x)), where 
f(a) € Z[x]. Then (n) C (f(a)). Therefore, n = f(x)g(x) for some g(a) € Z. Since deg n = 0, deg f(x) =0 
and hence f(x) € Z. Let f(x) =a € Z. Now (2) C (a). Then x = ah() for some h(x) € Za]. Again by a 
degree argument, deg h(x) = 1. Let h(x) = ao +a1xz, where ao, ai € Z,a1 #0. Then x = a(ao+ai2). Hence, 
1 =aa, € (a) =I = (x2) + (n). Thus, 1 = xs(x) + nt(x) for some s(x), t(x) € Zia]. Let t(x) =to + tiat+ 
--- +t,2". Then by comparing coefficients in 1 = xs(x) + nt(x), we get 1 = nto. Hence, n divides 1, which 
is a contradiction. Therefore, J is not a principal ideal. 


Exercises 
1. Let f(x) € Z[a] be irreducible. Prove that f(a) is primitive. 


2. Let f(a) be a nonconstant primitive polynomial in Z[z]. Prove that if f («) is not irreducible in Q[z], then 
f(a) is not irreducible in Z[z]. 


3. Show that the polynomial ring Q[z, y] is a UFD, but not a PID. 


4. Let R be a UFD. Let f(x) be a primitive polynomial in R[a]. Show that any nonconstant divisor of f (x) 
is also a primitive polynomial. 
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13.3 Irreducibility of Polynomials 


In the previous section, we proved that any polynomial of degree > 1 over a UFD can be expressed as a product 
of irreducible polynomials. Thus, irreducible polynomials play an important role in polynomial rings. But it 
is not always easy to determine if a polynomial is irreducible over a UFD. In this section, we establish some 
criteria for irreducibility of polynomials. We first note that any polynomial of degree 1 over a field F is always 
irreducible. If f(x) =axz +b € Fx] with a £0, then = —a~'b isa root of f(x) in F. In this connection, let us 


pohat onedhettl dined [pplwieméal ewavidld PolyAcnixls of Hedreedneihle 3n Fit h Ker sonmolaiaw Wwe tat Appe) 
the following test to check irreducibility. Let F denote a field. 


Theorem 13.3.1 Let f(x) € Fax] be a polynomial of degree 2 or 3. Then f(x) is irreducible over F' if and only 
if f(x) has no roots in F. 


Proof. Suppose that deg f(x) = 3 and f(x) is irreducible. If f(x) has a root in F, say a, then x —a 
divides f(x) in Fa] and so f(a) is reducible over F. Conversely, suppose f(x) has no roots in F. Assume that 
f(a) is reducible. Then f(x) = g(x)h(a) for some g(x), h(x) € Fla], degg(x) > 1 and degh(x) > 1. Now 
deg(g(x)h(x)) = 3. Therefore, either deg g(a) = 1 and degh(x) = 2 or degh(x) = 1 and deg g(x) = 2. To be 
specific, let deg g(x) = 1 and degh(x) = 2. Then g(x) = ax +b for some a,b € F, a £0. Now —a~'b € F and 
g(—a~'b) =0. Thus, —a~'b is a root of g(x) and hence —a~'b is a root of f(a) in F. This is a contradiction to 
our assumption that f(x) has no roots in F. Hence, f(x) is irreducible over F. A similar argument can be used 
for the case when deg f(x) =2. Mf 


Example 13.3.2 (i) Let f(x) =a? +24 [1] € Ze[z]. Now 
F([0]) = [0]? + [0] + [1] 4 (0), 


(2) = 1° + 2+ 2) = 1) ¥ (0). 
Hence, f(x) has no roots in Zz. Thus, by Theorem 13.3.1, f(x) is irreducible over Zo. 
(ii) Let g(x) =x? + [2|ax + [1] € Zs[z]. Now 


and 
9((2]) = [2]? + [2][2] + [1] = [13] = [1] S$ (0). 


Hence, g(x) has no roots in Z3. Thus, by Theorem 13.3.1, g(x) is irreducible over Zs. 


Instead of considering polynomials over an arbitrary field, let us now consider polynomials over the field Q 
of all rational numbers. By Lemma 13.2.8, a nonconstant primitive polynomial f(x) € Z[z] is irreducible in Q[z] 
if and only if f(a) is irreducible in Z[]. It is not difficult to decide whether or not a polynomial is primitive. In 
order to decide whether or not f(x) is irreducible, we sometimes consider the corresponding polynomial in Z,[z] 
for some prime p. 


Theorem 13.3.3 eh ee = ao+ar+-+++an2x” € Z[a] be of degreen >1. If there exists a prime p such that 
F(x) = [ao] + [ala +--+ + [an]a” is irreducible in Zp[x] and deg f(x) = deg f(x), then f (x) is irreducible in Q{a]. 


Proof. Suppose f(x) satisfies the given conditions of the theorem for some prime p. Suppose f (7) is reducible 
in Q[z]. Then there exist polynomials g(a) = bo + bic +--+ bma™ and h(x) = co tere + +--+ cxe* in 


Z\rt],0 <<m<n,0< k < nsuchthat f(x) = g(a)h(«t) by Worked-Out Exercise 1 (page 206). Thus, 
ee eae a (eo [ele +-: wa eee Since deg be 2 ee i fe) es 


n= k+m™m, it follows that [bm][c.] 4 0in Zp. Hence, [bm] 4 [0] and [cx] 4 [0]. Consequently, 

nonconstant polynomials in Z»,|x]. Since the units of Z,[2] are the nonzero elements of Zp, it follows that G(x) 
and h(a) are nonunits. Therefore, F(z) is not irreducible in Z,[a], a contradiction. Hence, f(x) is irreducible in 
Q{z]. = 


Example 13.3.4 Consider the polynomial f(x) = 22° — 4x2 + 1 in Qa]. Then 14f (x) = 10” — 7x + 14. Let 
fi(x) = 102° —72 +14. Now inZs[a], file) = [10]x* — [7]ax +[14] = 2° —2 +[2]. Since Fi((0]) = [2], fi((1]) = (21, 
fi((2]) = [2]? — [2] + [2] = [2], it follows that fi (x) has no root in Z3[az]. As a result 14 f (zx) is irreducible in Q|a]. 
But 14 is a unit in Q|a]. Hence, f(x) is irreducible in Q{a]. 
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Let f(a) € Q|a] and deg f(x) > 2. If f(x) has a root in Q, then f(a) is reducible. The following theorem will 
help us to see whether a polynomial f(x) € Q[z] has a root in Q. 


Theorem 13.3.5 Let f(x) =ao+ aiv+---+anx” € Zs] be of degree n and ag 4 0. Let* € Q be a root of 
f(x), where u and v are relatively prime. Then 


u| ao and v| an. 
Proof. Since + is a root of f(a), 
u U Usn 
O= f=) = aot aim +--+ + an(=) : 
Thus, 


-1 =i 
0 =aov” + ayuv” — +--+ +an_1u" “u+anu”. 


Hence, 


—2 n-1 n 
+++ +@n-1U"") = —anu”. 


This implies that v | anu”. Since u and v are relatively prime, v | Gn. Similarly, u | ao. Mt 


-1 
v(aguv” + ayuv™ 


Example 13.3.6 Let f(x) =22* —7x+1 and € Q be a root of f(x) with gcd(u,v) = 1. Thenu | 1 and v | 2. 
Hence, u = +1 and v = £1, +2. This implies that # = al Osea Now f (1) 40, f( 1) 40, f(4) = iy 140, 
and f (—4) = —4+3+10. So we find that f(x) has no root inQ. Thus, by Theorem 13.3.1, f(a) tsirreducible 
in Qa]. Since f(x)is primitive, f(x) is also irreducible in Z[a]. 


Let us now give another criterion for irreducibility. This famous criterion is known as Eisenstein’s irreducibi- 
ity criterion. 


Theorem 13.3.7 (Eisenstein’s Irreducibility Criterion) Let D be a UFD and Q(D) be its quotient field. 
Let 
f(z) =ao + aye +--+ + an” 

be a nonconstant polynomial in D[a]. Suppose that D contains a prime p such that 

(i) p|\a;,, t=0,1,...,n—-1, 

(tt) pt{an, and 

(itt) p? t ao. 

Then f(x) is irreducible in Q(D)[z]. 


Proof. Case 1. f(x) is a primitive polynomial in D[z]. Under this assumption, if we can show that f(x) is 
irreducible in D[z], then by Lemma 13.2.8, it will follow that f(x) is irreducible in Q(D)[z]. Suppose that f(z) 
is not irreducible in D[x]. Then there exist polynomials 


g(x) bo byx 
h(v) = cotaxe+-::: Cpa 


in D[a] such that f(x) = g(x)h(a) and g(x) and A(x) are nonunits in D[z]. Now n = t+k. If t = 0, then 
g(x) = bo, anonunit element of D. Thus, f(x) = boh(x) implies that f(x) is not primitive. Therefore, t # 0. 
Similarly, k 4 0. Hence, 0 <t<nand0<k<n. Now from f(x) = g(x)h(x), we find that ap = boco. Since p 
is a prime such that p| ao and p” { ao, it follows that p divides one of bo, co, but not both. Suppose p| bo and 
pt co. Since p{ a, and ay = brcr, p{ bt and pf cx. Thus, p | bo and p { b;. Let m be the smallest positive integer 


guitothagygt o”. Then p| b* for 0 <i <m <t. Now considering the coefficient of © in f(x) and g(#)h(2), it 
am = boCm + biCm—1 a bm—1C1 + bmCo- 


Since p | b;,0 <i <™m, we find that p| (am — bmco). Sincem <t <n, p| Gm. Hence, p| bmco and so p| bm or 
p | co since p is prime. This is a contradiction. Therefore, f (a) is irreducible in D[z] and hence in Q(D)|[z]. 

Case 2. f(x) is not a primitive polynomial in D[a]. Let d = gcd{ao, a1,...,an} in D. Then f(x) =dfi(zx), 
where f(x) is a primitive polynomial in D[z]. Let fi(~) = do + dix +---+d,ax”. Then a; = ddj, for all i = 
1,2,...,n. Since p does not divide an, p does not divide d. Therefore, it now follows that p | di,i = 0,1,...,n—1, 
pt{d, and p? tdo. Thus, by Case 1, f(x) is irreducible in Q(D)[z]. Now d is a unit in Q(D). Hence, f(z) is 
irreducible in Q(D)[a]. 
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Corollary 13.3.8 Let D be a UFD and f(x) =ao+ai%+---+anx” be anonconstant primitive polynomial in 
D{x]. Suppose that D contains a prime p such that 

(i) p|a;,, t=0,1,...,n—-1, 

(tt) pt an, and 

(itt) p? t ao. 

Then f(x) is irreducible in Diz]. @ 


Daronary, 13.3.9 Let f(z) = a°+ala+---+arx” be a nonconstant polynomial in Z[a]. If there exists a prime 
p such that 


(i) p|a;,, t=0,1,...,n—-1, 

(it) pt an, and 

(ist) p? tao, 

then f(a) is irreducible in Q|z]. Hf 


Corollary 13.3.10 The cyclotomic polynomial 


ee 
Oe Cree ee 


is irreducible in Z[x], where p is a prime. 


irredURE: Sime]thercantaat ode hb ivr vine apebthat a Gig ee PHitive RalnEMiAd Suppose Hd) ismas 


implies that ¢,(a +1) =h(a +1)g(a +1) is a nontrivial factorization of ¢,(x + 1). However, 


x+1)P—] 
¢(e+) = SS 
aPtpaP—14...4(P)at+.+pe 


pet ()a'} te dics + px?-? 4 yo} 


is clearly irreducible by Hisenstein’s criterion. Hence, ¢,(2) is irreducible in Z[z]. 
| 

Gauss is said to have placed Eisenstein at the same mathematical level as Newton and Archimedes. However, 
Eisenstein’s influence on mathematics is considered to be small in comparison to that of the giants of mathematics. 


Worked-Out Exercise 
} Exercise 1 Show that f(x) = x? + P im + [A] is irreducible in Z5[2]. 


Solution: f((0]) = [4], f((U) = [7] = [2], F(2) = BI+(4) +14) = (4, £(8)) = 2]+(U+14) = [2], £4) = 
[1]. Hence, f(x) has no roots in Zs. Thus, by Theorem 13.3.1, f(x) is irreducible in Z5[z]. 


® Exercise 2 Let f(x) =x° +2°+1 € Z[z]. Show that f(x) is irreducible over Q. 


Solution: Now f(x +1) =2° +6x° + 1544+ 2123 + 18x? +9243. Let p = 3. Then by Eisenstein’s criterion, f (x +1) 
is irreducible over Q. Hence, f(x) is irreducible over Q. 


} Exercise 3 Show that f(x) = 2* — 5x2 +2 +1 is irreducible in Z[z]. 


Solution: Let us first show that f(x) is irreducible in Q[z]. If f(x) has a linear factor, then f(x) has a root in Q. Let 

4 (a,b are relatively prime) be a root of f(a) in Q. Then 6| 1 and a | 1 by Theorem 13.3.5. Hence, 4 =1 
or —1. But f(1) =1—5+1+4+1=-2#0and f(-1)=1-—5-—14+1=-4#0. Therefore, f(x) has no 
linear factors in Q[a]. Let f(a) = (a? + ax + b)(x? + cx +d) in Z[a]. Equating coefficients of powers of 2, 


we find that 


[4]+[3]+[4] = 


c+a=0, d+b+ac=—5, ad+bc=1, bd=1. 


Now bd = 1 implies that either b = d= 1 or b=d= -1. Suppose b= d=1. Thena+c =1. But we 
also have a+ c = 0, a contradiction. Suppose b = d = —1. Then ad+ bc = 1 implies that a+ c = —1. 
Thus, a+ c= —land a+c= 0, a contradiction. Hence, we find that there are no integers a,b,c, d such 
that f (x) = (a? + az +b)(x? + cx +d). This also implies that f(a) cannot be factored as a product of two 
quadratic polynomials in Q[z] (see Worked-Out Exercise 1, page 206). Thus, f(x) is irreducible in Q[z]. 
Hence, by Lemma 13.2.8, f(x) is irreducible in Z[z]. 


} Exercise 4 Show that f(x) = x° + 152° + 10x +5 is irreducible in Z[z]. 
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Solution: 
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The content of f(x) is 1. Therefore, f(x) is a primitive polynomial. Now 5 is a prime integer and 5 | 5, 
5|10,5|0,5|15,541,5?+5. Hence, by Corollary 13.3.8, f(x) is irreducible in Z[z]. 


& Exercise 5 Give an example of a primitive polynomial which has no root in Q, but is reducible over Z. 


Solution: 


Let f(x) = 24 +2a? +1. This is a primitive polynomial in Z[z]. If possible, let + < be a root of f(x), where 
a#0,b0 and ged(a,b) =1. Then a | 1 and 6| 1 by Theorem 13.3.5. Hence, # = +1. But f(1) 40 and 
f(—1) £0. Therefore, f (x) has no root in Q. Since f(x) = (a? +1)(2? + 1), fe) is ie reducible in Z[a]. 


2 
Exercise 6 Show that +2 + [1] is the only irreducible polynomial of degree 2 over Z?. 


Solution: 


Any polynomial of degree . ove Zo is Bs the form ax* + br +c, where a,b,c € Zz = { [0], [1]}. Now a F¥ [0]. 
Therefore, a = [1]. Then z?, 2? +2, x? + [1], and x? +2 + [1] are the ale polynomials of degree 2 over 
Zo. Now x =onr, 2+nr= anle + ft), and x? + [1] = (2 + [1])( + [1]) showing that x”, 2? +2, and 
x? + [1] are reducible. Let f(x) = x? +2 + [1]. Then f ([0]) = [1] 40 and f ({1]) = [3] = [1] 40. Therefore, 
f(a) has no root in Zp. Thus, x? + x + [1] is irreducible over Zo. 


Exercises 


1. 


ew 


Find all irreducible polynomials of degree < 2 in Zg[z]. Is 2? +[1] irreducible in Z2[2]? If not, then express 
it as a product of irreducible polynomials in Z[z]. 


. Show that the polynomial «° + a? + [1] is irreducible in Z2[x]. Hence, prove that 7° — 2? + 9 is irreducible 


in Z[2]. 


. Show that the polynomial 2? + [2]z +[6] is reducible in Z?[2] even though £? + 2% + 6 is irreducible in Z[2]. 
. Use Eisenstein’s criterion to prove that the polynomials 7? +2¢+6 and 2a*+6x? — 9x? +15 are irreducible 


over Z. 


. For f(x) € Dix], D a UFD, prove that f(x) is irreducible in D[a] if and only if f(x — c) is irreducible in 


D{2] for any c€ D. 


. Show that the polynomials x? — «? +1, #2 —#+1, and «? + 2x? +3 are irreducible in Z Ia]. 
. Show that the polynomial 2x° — x? + 4x — 2 is not irreducible in Z/[z]. 
. Show that the polynomial «* + 42 — 4 is irreducible in Q[z]. 


. Prove that the polynomial f(x) = 1—a+2a?—a2° +---+(-1)?"'z?~ is irreducible in Z[z] for any prime 


p. 


. Let D be a UFD and f(x) =ao+ aiz+---+an2” € D{zx] be of degree n and ao # 0. Let uv~* € Q(D) 


ED d(u,v) = 1. 0 a” in D. 
e a Tac ot of f (2), wher e U,V and er (a8) a Pipye e.that wu | a ang v4 in 


rT any posit ive integer 1 n> is irreducible in 


. Find all irreducible polynomials of degree 2 over the field Zs3. 
. If f(z) is an irreducible polynomial over R, prove that either f(x) is linear or f(a) is quadratic. 
. Show that there are only three irreducible monic quadratic polynomials over Z3. 


. (i) Show that there are only 10 irreducible monic quadratic polynomials over Zs. 


(ii) Let p be a prime. Find the number of irreducible monic quadratic polynomials over Zp. 


13.3. Irreducibility of Polynomials 211 


Leopold Kronecker (1823-1891) was born on December 7, 1823, in Liegnitz, Germany, to a wealthy family. 
He was provided with private tutoring at home. He later entered Liegnitz Gymnasium, where E. E. Kummer 
was his mathematics teacher. Kummer recognized his talent and encouraged him to do independent research. 

In 1841, he matriculated at the University of Berlin. There he attended Dirichlet’s and Steiner’s mathematics 
lectures. He was also attracted to astronomy and in 1843 attended the University of Bonn. He returned to Berlin 
in 1845, the year he received his Ph.D. His thesis was on complex units. 


fluc tral Veenen SRPoHP Ata deonen sn apeaA adi thine ahs Beeld eaten 18 Oy low 45 cea, 
Hermite, and Fuchs, to get various memberships. 

Kronecker’s primary work is in algebraic number theory. He is believed to be one of the inventors of algebraic 
number theory along with Kummer and Dedekind. He was the first mathematician who clearly understood 
Galois’s work. He also proved the fundamental theorem of finite Abelian groups. 

Briefly Kronecker withdrew from academic life to manage the family business. However, he continued to do 
mathematics as a recreation. In 1855, he returned to the academic life in Berlin. In 1880, he became editor of 
the Journal fiir die reine and angewandte Mathematik. 

Kronecker and Weierstrass were good friends. While Weierstrass and Cantor were creating modern analysis, 
Kronecker’s remark that “God himself made the whole numbers—everything else is the work of men” deeply 
affected Cantor, who was very sensitive. His remarks in opposition to Cantor’s work are believed to be a factor 
in Cantor’s nervous breakdown. 

Kronecker died on December 29, 1891. 
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Chapter 14 
Maximal, Prime, and Primary Ideals 


14.1 Maximal, Prime, and Primary Ideals 


In this section, we introduce certain special ideals. These ideals are motivated in large part by certain arithmetic 
properties of the integers. Throughout the section, we assume that the ring R contains at least two elements. 


Definition 14.1.1 An ideal P of a ring R is called prime if for any two ideals A and B of R, AB C P implies 
that either AC P or BCP. 


The following theorem gives a useful characterization of a prime ideal with the help of elements of R. Let us 
first recall that if A is a left ideal and B is a right ideal of a ring R, then AB is an ideal of R. Let a € R. Then 
Ra is a left ideal of Rand aR is aright ideal of R. Thus, R(aR) is an ideal of R. We denote R(aR) by RaR. 
Also, fora € R, aRa= {ara |r € R}. 


Theorem 14.1.2 An ideal P of aring R is a prime ideal if and only if for alla,b € R, aRb C P implies that 
eithera € P or be P. 


Proof. Suppose P is a prime ideal and aRb C P, where a,b € R. Let A= RaR and B = RbR. Then A and 
B are ideals of R. Also, AB = (RaR)(RbR) C R(aRb)R C RPR CP. Since P is a prime ideal, it follows that 
either A C P or BC P. Suppose A C P. Now (a)* C RaR = A C P. Since P is a prime ideal, (a) C P and so 


fi 
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Then there exists a € A such that a ¢ P. Let b € B. Now aRb= (aR)b C AB C P. This implies that a € P or 
be P. But a ¢ P. Therefore, b € P. Hence, B CP. 


Corollary 14.1.3 Let R be a commutative ring. An ideal P of R is a prime ideal if and only if for alla, be R, 
ab € P implies that eithera€ P orbe€ P. 


Example 14.1.4 In the ring Z of integers, the ideal P = {3k | k € Z} is a prime ideal. For, ab € P if and only 
if ab is divisible by 3 if and only ifa is divisible by 3 or b is divisible by 3 (since 3 is prime) if and only if ais a 
multiple of 3 orb is a multiple of 3 if and only ifa € P orb € P. InZ, the ideal J = {6k | k € Z} is not a prime 
ideal since 3-2=6 € J, but 3¢ J and2¢ J. 


Theorem 14.1.5 Let R be a PID and P be a nonzero ideal of R. Then P is prime and P # R if and only if P 


is generated by a prime element. 

Proof. Let R be a PID and P = (p) be a nonzero proper prime ideal of R. Then p 4 0. Since P ¥ R, pis 
not a unit. Let a,b € R be such that p | ab. Then ab = pc for some c € R. Hence, ab € P. Since P is a prime 
ideal, either a € P or b € P. Therefore, either p | a or p | b. Thus, p is a prime element. Conversely, suppose that 
P = (p) is a nonzero ideal of R such that p is a prime element. Since p is not a unit, P # R. Let a,b be two 
elements of R such that ab € P. Then p| ab. Since p is a prime element, either p| a or p| b. Therefore, either 
a€P or b€ P. Hence, P is a prime ideal of R. Mt 

As a consequence of Theorem 14.1.5 and Theorem 12.1.9, the prime ideals of Z are precisely those ideals 
generated by primes and the ideals {0} and Z. Also, by Theorem 12.3.16, the prime ideals in the polynomial ring 
Fax] over a field F are those ideals generated by irreducible polynomials and the ideals {0} and F'[z]. 
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Definition 14.1.6 Let R be aring and M be a (left, right) ideal of R. Then M is called a maximal (left, 
right) ideal of R if M #R and there does not exist any (left, right) ideal I of R such that MCICR. 


Theorem 14.1.7 Let R be a commutative ring with 1. Then every maximal ideal of R is a prime ideal of R. 


Proof. Let I be a maximal ideal of R and a and b be two elements of R such that ab € I and a ¢ I. 
Now U,a) ={u+ra|u I, r_ R} is the ideal generated by I {a}. Sincea / I, I (1a). Also, since 
T is: imal i Tatk= R. . i el EB 1l< 1G. is i i 
, 38 a maximal 79rd pe A prea they exist U and r such that u+ 1G. This implies that 

The converse of the above theorem is not true, as shown by the following examples. 


Example 14.1.8 In the ring Z of integers, {0} is a prime ideal, but not a maximal ideal. 


Example 14.1.9 Let R= {(a,b)|a,b€ Z}. Then (R,+,-) is a ring, where + and - are defined by 


(a,b)+ (c,d) = (ate,b+d), 
(a,b)-(c,d) = (ac,bd) 


for all a,b,c,d € Z. Let I = {(a,0) | a € Z}. Then I is a prime ideal of R, but not a maximal ideal since 
Ic dU, (0,2)) CR. 


Theorem 14.1.10 Let R be a principal ideal domain. Then a nonzero ideal P (4 R) of R is prime if and only 
if it is maximal. 


Proof. Suppose P (# R) is a nonzero prime ideal. By Theorem 14.1.5, P = (p) for some prime element 
p € R. We now show that there is no ideal I of R such that P C I C R. Suppose J is an ideal of R such that 
PCI. Since P J, there exists an element a € J such that a ¢ P. Then a and p are relatively prime and so 
there exist s, ¢ € R such that 1 = sa + tp. Since sa € I and tp € PC I, we must have 1 € J. This implies that 
I =R. Hence, P is maximal. & 

We now give characterizations of prime ideals and maximal ideals in a commutative ring with identity by the 
quotient rings of the ideals. 


Theorem 14.1.11 Let R be a commutative ring with 1 and P be an ideal of R such that P 4 R. Then P is a 
prime ideal if and only if R/P is an integral domain. 


Proof. Let P be a prime ideal of R. Since R is a commutative ring with 1, the quotient ring R/P is also a 
commutative ring with 1. Now P #4 R and so the identity element 1+ P of R/P is different from the zero element 
0+ P. Let us now show that R/P has no zero divisors. Letta+ P, b+ Pe R/P,and (a+ P)(b+ P)=04+P. 
Then ab+ P = 0+ P, which implies that ab € P. Since P is a prime ideal, either a € P or b € P, i.e., either 
a+P=0+Porb+P=0+P. Thus, R/P has no zero divisors. This implies that R/P is an integral domain. 
Conversely, suppose R/P is an integral domain. Let ab € P. Then 0+ P =ab+ P = (a+P)(b+ P), whence 
a+P=0+Porb+P=0+P. Thus,a € P orb e€ Pand so P isa prime ideal. Mt 


Theorem 14.1.12 Let R be a commutative ring with 1 and M be an ideal of R. Then M is a maximal ideal if 
and only if R/M is a field. 


Proof. Suppose that M is a maximal ideal. Since R is a commutative ring with 1, R/M is a commutative 
ring with 1. For alla R, let @ denote the coset a+ M in R/M.Let@ R/M be such that G@ 4 0. Then a / 
M. Hence, the ideal (4/,@) generated by M U {a} properly contains M.Since M is a maximal ideal, we_haveé 
(M,a) = R. This implies that there exist m € M andr € R such that m+ ra = 1. Thus, ™+7a@ = 1 and 
so Ta = 1. Hence, @ has an inverse. This shows that every nonzero element of R/M is a unit and so R/M is 
a field. Conversely, suppose R/M is a field. Since R/M is a field, R #4 M. Let I be an ideal of R such that 
MCICR. There exists a € I such that a ¢ M. Then @ #0 and so there exists FT € R/M such that @ = 1. 
Thus, (a+ M)(r+ M) = 1+ M, which implies 1 — ar € M. Hence, 1 = m+ar for some m € M. Thus, 
l=m-+areM+IClI. This implies that J = R. Therefore, M is maximal. @ 

As a consequence of Theorems 12.1.9 and 14.1.10, the maximal ideals of Z are precisely those ideals generated 
by primes. Also, by Theorem 12.3.16, the maximal ideals in the polynomial ring F'[z] over a field F' are those 
ideals generated by irreducible polynomials. 
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Example 14.1.13 Consider the polynomial ring R[x, y] over an integral domain R. Then Riz, y|/ (x) ~ Rly] 
and Rix, y]/ (y) ~ R[x], which are integral domains. Thus, (x) and (y) are prime ideals. Since Rix, y|/ (x) and 
Ria, y]/ (y) are not fields, (x) and (y) are not maximal ideals. 


Example 14.1.14 Consider E, the ring of even integers. The ideal (4) is maximal, but not prime in E since 
2-2€ (4), but 2 ¢ (4). Note that E is commutative without identity. 


lemie now show the existence of maximal ideals in certain rings. In order to accomplish this, we require Zorn’s 
€ g Dp ’ q 


Theorem 14.1.15 Let R be a commutative ring with 1. Then every proper ideal of R is contained in a maximal 


ideal of R. 


Proof. Let J be a proper ideal of R and set A= {J|JI C J, J isa proper ideal of R}. Since le A, A FO. 
Also, A is a partially ordered set, where the partial order < is the usual set inclusion. We now show that any 
chain in A has an upper bound in A. Let C= {Ja |a € K} be achain in A. Since I C Ja for alla, I C Uada. 
Let a, b € Uada. Then a € J, and b € Jg for some a, 8. Since C is a chain, either Ja C Jg or Jg C Ja, say, 
Ja. © Jg. Thus, a, b € Jg. Since Jg is an ideal of R, a—b € Jg C Unda. Let r € R. Then ra € Ja GC Uada, 
whence U,Jq is an ideal of R. Now Unda # FR else 1 € Ja for some a, which is impossible since J, 4 R. Hence, 
Uada € A, which is clearly an upper bound of C and so by Zorn’s lemma, A has a maximal element, say, M. We 
now show that M is a maximal ideal. If there exists an ideal J of R such that MC JC R, then J € A and so 
M is not maximal in A, a contradiction. Thus, no such J exists and so M is a maximal ideal. 


Corollary 14.1.16 Let R be a commutative ring with 1 anda € R. Then a isin a maximal ideal of R if and 
only if a is not a unit. 


Proof. Suppose a is not a unit. Then (a) C R else 1 = ra for some r. By Theorem 14.1.15, there exists a 
maximal ideal M such that (a) C M. Now a € (a) C M. Conversely, suppose a € M, where M is a maximal 
ideal. If a is a unit, then 1 =a~'a € M andso M = R, acontradiction. 


Corollary 14.1.17 Let R be a commutative ring with 1. Then R has a maximal ideal. 


Proof. In R, {0} is a proper ideal. Hence, by Theorem 14.1.15, there exists a maximal ideal M of R such 
that {0} CM. @ 

The fundamental theorem of arithmetic says that any integer n has a prime factorization n = pj! ---p§, 
where pi,...,Ps are primes and €1,...,€s are positive integers. The ideals (p;) are prime ideals of Z. The ideals 


(pt") are also special ideals of Z. Their study is motivated in part by the fundamental theorem of arithmetic. 


Definition 14.1.18 Let R be a commutative ring and Q be an ideal of R. Then Q is called a primary ideal if 
for all a, be R, abe Q anda ¢ Q implies that there exists a positive integer n such that b” € Q. 


From the definition of primary ideal, it follows immediately that every prime ideal in a commutative ring is 
a primary ideal. Now in the ring Z, for any prime integer p, the ideal (p”) contains p” but not p, where nis a 
positive integer and n > 2. Hence, (p”) is not a prime ideal. The following example shows that (p”) is a primary 
ideal. 


Example 14.1.19 Letp be a prime in Z and n be a positive integer. We show that (p") is a primary ideal. Let 
ab € (p") and a ¢ (p”). Then there exists r € Z such that ab = rp”. Since p” does not divide a, p | b and so 
b=qp for some q € Z. Thus, 6” =q"p” and so b” € (p”). 


Example 14.1.20 Let p(x) be irreducible in Fla], F a field, and n be a positive integer. Then (p(x)”) is a 
primary ideal by an argument entirely similar to the one used in Example 14.1.19. 


Definition 14.1.21 Let R be a commutative ring and I be an ideal of R. Then the radical of I, denoted by VI, 
is defined to be the set = 
VI ={aeR|a” EI for some positive integer n}. 


Theorem 14.1.22 Let Q be an ideal of a commutative ring R. Then 


(i) JQ is an ideal of Rand JQ > Q, 
(ii) if Q is a primary ideal, then /Q is a prime ideal. 
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Proof. (i) Clearly /Q D Q. Let a, b € VQ. Then there exist positive integers n, m such that a",b €Q. 
Thus, (a — b)"t™ € Q andso a—b € VQ. Let r € R. Then (ra)” =r"a" € Q and so ra € VQ. Hence, /Q is 
an ideal of R. 

(ii) Let a, b € R be such that ab € VQ and a ¢ VQ. There exists a positive integer n such that a"b” = 
(ab)” € Q. But a” ¢ Q. Since Q is primary, there exists a positive integer m such that b”” = (b")™ € Q. 
Therefore, b € JQ and so JQ is prime. Mf 


Re anitienddi Pind Weak of QUA 16 Vote th 6 BHMAHY 1deed Berd Gthig' td VO" Prliniary FA) UNE seunie 


ideal P. 


Example 14.1.24 Leti be a positive integer. In Z, we show that (p*) is primary for (p), where p is a prime. 
It suffices to show that (p) = Vp). Leta e€ Vp"). Then there exists a positive integer n such that a” € (p') : 
Therefore, a” =rp' for some r € Z. This implies that p| a and so a € (p). Hence, V(p'y C (p). Leta € (p). 
Then there existst € Z such that a = tp. This implies that a’ =t'p' € (p') and soa € J (p'). Thus, (p) CG J (py. 

In Fla] (F a field), a similar argument shows that (p(x)') is primary for (p(x)), where p(x) is irreducible 


and (p(x)) = /(p(2)"). 


Theorem 14.1.25 Let Q and P be ideals of a commutative ring R. Then Q is primary and P = VO if and 
only if 

(i)Q P JQand 

(tt) ake QCa €¢ Q implies b € P. 


Proof. The necessity of (i) and (ii) is immediate. Suppose (i) and (ii) hold. Let ab € Q, ag Q. Then 
be PC VQ and so there exists a positive integer n such that 6” € Q, whence Q is primary. We now show 
that P = a/@. Let b € /Q. Then there exists a positive integer n such that 6” € Q C P. Let n be the smallest 
positive integer such that b” € Q. If n= 1, then b € P. So assume that n > 2. Then bb”~' € Q and b"-' €Q 
implies that b € P. Hence, /Q C Pandso P= /Q. @ 

We now show that every primary ideal J of a commutative ring R can be characterized with the help of some 
properties of the quotient ring R/T. 


Theorem 14.1.26 Let R be a commutative ring and I be an ideal of R. Then I is a primary ideal if and only 
if every zero divisor of R/I is nilpotent. 


Proof. First suppose that I is a primary ideal. Let a+ J be a zero divisor in R/J. Then there exists an 


Aowowstthat € Pf fob dohé positisle thesda n/Heacd a + Node Taad> SidwhinahAtiaaprimanypisteals it 
Conversely, suppose that every zero divisor of R/T is nilpotent. Let a,b € R be such that ab € I anda ¢ I. 
Thena+JI AI. Now (a+J)(6+/) =ab+J=I1.1fb+1=T, thenb € I. Suppose b+] € I. This implies that b+] 
is a zero divisor and so is nilpotent. Therefore, there exists a positive integer n such that 6” + J= (b+ J)" =I. 
Thus, b” € I. Consequently, J is a primary ideal. @ 
Consider Z. For the prime factorization of an integer n, n = pj’ ---ps*, we have 


(n) = (py) +++ (ps*) = (yt) 1-9 (Ds) 


and ,/(p;*) = (pi), ¢ = 1,2,...,s. However, in the polynomial ring Z[z,y], it can be shown that the ideal 
(Bey, a) is an intersection of primary ideals, but not a product of primary ideals. These concepts involving 
prime and primary ideals are used in the study of nonlinear equations. For example, consider the following 
nonlinear equations: 


x—y = 0 
2 


ee = 0. 
In the polynomial ring R[x, y], let J = om —Y, oz) . It can be shown that am —Y, z) and ge y) are primary 
ideals and that J = a y) a) ca —Y, z) . In fact, it can be shown in any polynomial ring F'[a1,...,@n] over 
a field F that every ideal is a finite intersection of primary ideals. This latter result is a type of fundamental 


theorem of arithmetic for ideals. It can also be shown that \/(x? — y, z) = (x? —y,z) and ,/(x?,y) = (x,y). 
The solution to the above system of equations is 


{(x,x7,0) |a € R}U {(0,0, z) | z ER}. 


The ideal (a? — y, 2) corresponds to {(a, 7,0) | « € R}, while the ideal (a, y) corresponds to {(0,0, z) | z € R}. 
We conclude this section by mentioning the following differences between the ideals of Z and Z[z]. 
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1. In the ring Z, every ideal is a principal ideal, but in Z[z] there exist ideals (for example, (x, 2)), which are 
not principal. 

2. In the ring Z, a nontrivial ideal is a prime ideal if and only if it is a maximal ideal. In the ring Z[z], there 
are prime ideals (for example ()), which are not maximal. 


3. In the ring Z, a nontrivial ideal J is a primary ideal if and only if J = (p”) for some prime p and for some 
positive integer n. Hence, in Z, if J isa primary ideal, then J is expressible as some power of its associated 


poner idpak. dn, Al fothisysmot true, as (7,4) is a primary ideal with (%,2) as its associated prime ideal, 


Worked-Out Exercises 


& Exercise 1 Let R be an integral domain. Prove that if every ideal of R is a prime ideal, then R is a field. 
Solution: Let 0 4a € R. Then a?R is an ideal of R and hence it is a prime ideal. Now a? € a?R. Since a*Ris a 
prime ideal, a € a?R. Thus, a = a*b for some b € R. Then a(1 — ab) = 0. Since R is an integral domain 
and a £0, 1 — ab= 0 and so ab = 1, proving that a is a unit. Hence, Ris a field. 


® Exercise 2 Let R be a commutative ring with 1. Suppose that (x) is a prime ideal of R[x]. Show that R is an integral 
domain. 


Solution: Since (2) is a prime ideal R[x]/ (x) is an integral domain. Since R[z]/ (x) ~ R, R is an integral domain. 


Exercise 3 Let R be a commutative ring and J be an ideal of R. Let P be a prime ideal of J. Show that P is an ideal 
of R. 
Solution: Leta ¢ PC I andr € R. Then rar € I. Therefore, a(rar) € P and so (ar)? € P. Since P is a prime ideal 
of I, ar € P. Hence, P is an ideal of R. 
Exercise 4 Show that a proper ideal J of a ring R is a maximal ideal if and only if for any ideal A of R either A CI 
or A+I=R. 
Solution: Suppose J is a maximal ideal of R and let A be any ideal of R. If A Z J, then A + J is an ideal of R such 
that 1 C A+. Since I is maximal, it follows that A+J= R. 


Conversely, assume that the proper ideal I satisfies the given condition. Let J be an ideal of R such that 
ICJ.Now J ZI. Therefore, [+ J=R. But 1+ J =J. Thus, J = R. Hence, I is a maximal ideal of R. 


& Exercise 5 Let R be a PID which is not a field. Prove that any nontrivial ideal J of R is a maximal ideal if and only 
if it is generated by an irreducible element. 


fi : 

Solution: Since Gis age afield. there exists an elemeny 0 A,2.6 F such dhat of ip ney aupite Then () F(a) © 
some p € R, where p is irreducible by Theorem 14.1.5 and Corollary 12.3.13. Conversely, let I = (p) and 
p be irreducible. Let 1 Cc J C R. Since R isa PID, J = (a) for some a € R. Since p € (a), a divides p. 
Thus, p= ab for some b € R. Since p is irreducible, either a is a unit or b is a unit. If b is a unit, then 
a=pb te (p). Thus, J C I, which is a contradiction. Hence, a is a unit and so J = R. Thus, I isa 
maximal ideal. 

® Exercise 6 Show that the ideal (x) in Z[z] is a prime ideal, but not a maximal ideal. 

Solution: Let f(z) = ao + a1v+---+a,x” and g(x) = bo +bia+---+bmax™ be two elements in Z[x] such that 
f(x)g(x) € (a). Then aobo = 0. Thus, either ag = 0 or bo = 0. Hence, either f(x) € (x) or g(x) € (x), 
showing that (x) is a prime ideal. Now the ideal (2,2) of Z[az] is such that (x) C (x, 2) C Za]. Hence, (x) 
is not a maximal ideal. 

Exercise 7 Let R be a commutative ring with 1. Let A and B be two distinct maximal ideals of R. Show that 
© AB=ANB. 

Solution: Since AB C Aand AB C B, AB C ANB. Since A and B are distinct maximal ideals, there exists b € B 
such that b ¢ A. Then (A,b) = {a+br | ae A,r € R} is an ideal of R such that A C (A,b). Since A 
is maximal, (A,b) = R. This implies that 1 = a+ br forsome a€ Aandre€ R. Let x € ANB. Then 
x=al=2a4+axbr=2a+(ab)r € AB. Hence, AN BC AB. Thus, AB= ANB. 


} Exercise 8 Let f(x) =x° + 127* + 9x? + 6. Show that the ideal J = (f(x)) is maximal in Z[z]. 


Solution: I will be a maximal ideal if we can prove that f(a) is an irreducible polynomial in Z[x]. The content of 
f(x) is 1. Hence, f(x) is a primitive polynomial in Z[z]. Also, for the prime 3, we find that 3 | 6, 3| 9, 
3 | 12,341, 3746. Hence, f(z) is irreducible in Z[z], by Eisenstein’s criterion. 


218 14. Maximal, Prime, and Primary Ideals 


© Exercise 9 (a) Find all maximal ideals of the ring Ze. 
(b) ind all ideals and all maximal ideals of the ring Zg. 


Solution: (a) The mapping @ : Z— Ze defined by G(n) = [n] is a homomorphism of Z onto Ze and Ker 6 = 6Z. If 
I is any ideal of Z., then there exists a unique ideal A of Z such that Ker 6 C A and 6(A) = I. Now 
Z, 2Z, 3Z, and 6Z are the only ideals of Z which contain 6Z. Also, 6(Z) = Ze, B(2Z) = {[0], [2], [4] }, 
B(3Z) = {[0], [3] }, and 6(6Z) = {[0]}. Hence, {[0], [2], [4]} and {[0], [3] } are the only maximal ideals 
of Ze since 2Z and 3Z are maximal ideals of Z. 


(b) The mapping 6 : Z — Zs defined by 8(n) =[n] is an epimorphism of rings and Ker 6 = 8Z. Now Z, 
2Z, 4Z, and 8Z are the only ideals of Z which contain 8Z. Also, 6(Z) = Zg, G(2Z) = {[0], [2], [4], [6]}, 
B(4Z) = {[0], [4] }, and 6(8Z) = {[0]}. Hence, the ideals of Zg are Zs, {[0], [2], [4], [6]}, {[0], [4] }, and 
{[0]}. Now {[0]} c {[O], [4] } c {[O], [2], [4], [6]} C Zs. This implies that Zg has only one maximal 
ideal, which is {[0], [2], [4], [6]}. 
Exercise 10 Show that («”) is a primary ideal in Z[x] with (x) as its associated prime ideal. 

Solution: Let f(@) = ao + aiv+---+a,2” and g(x) = bo + bia +---+bmx™ be two elements in Z[x] such that 
f(x)g(x) € (x?) and f(a ) ¢ (x?) . Then f(x)g(z) = 12h(x) for some h(x) € Z[x]. Hence, aobo = 0 and 
aobi + a1bo = 0. Since f(x) ¢ Ce ae it follows that either ao ~ 0 or a1 4 0. If ao £ O, then bo = 0 and 
b; = 0 and so g(x) € (2) . If ao = 0, then a, 4 0. Hence, aobi + aibo = 0 shows that bo = 0. So we find 
that b§ = 0, bob: + b1bo = 0 and thus (g(x))* € (a). Hence, (x?) is a primary ideal. Now (a*) C (a) 
and f(x) € (x2) if and only if (f(x))" € «x? for some positive integer n. This is true if and only if the 


Exercise 11 Spnstant tert of f(t) is zero, J. aad orb NAHE ie to ‘subdirect sum of a family of fields if and only 
if the intersection of all maximal ideals of R is {O}. 

Solution: Suppose R is isomorphic to a subdirect sum of a family of fields {F; |i € I}. Then there exists a subring 
T of User F; such that T = @j-;F; and R~T. Let a: R — T be an isomorphism. Then 7; 0a: R = F; 
is an epimorphism for all i € J, where 7; is the ith canonical projection. Proceeding as in the proof of 
Theorem 10.1.14, we can show that 

Mier Ai = {0}, 
where A; =Ker 7; 0a for alli € I. Now R/A; ~ Fj. Since Fj is a field, A; is a maximal ideal for all 7 € I. 
If A is the intersection of all maximal ideals of R, then A C Mier Ai = {0}. Hence, A = {0}. Conversely, 
suppose that A = {0}, where A = Mics{Mi | Mi is a maximal ideal of R}. By Theorem 10.1.14, R is 
monomorphic to the subdirect sum of a family of rings {R/M; | 7 € J}. Since each M; is a maximal ideal, 
we find that R/M; is a field. 


Exercises 


. Find all maximal and prime ideals of Zo. 
. Prove that I = {(5n,m) | n,m € Z} is a maximal ideal of ZxZ. 


1 

2 

3. Find all ideals and maximal ideals of Z,x, where p is a prime and k is a positive integer. 

4. Let I = {ao + a1 +--+ +an2” € Zz] | 3 divides ao}. Show that I is a prime ideal of Z[a]. Is J a maximal 
ideal? 

5. Let I be an ideal of a ring R. Prove that the following conditions are equivalent. 
(i) I is a prime ideal. 
(ii) Ifa, b € R\J, then there exists c € R such that acb € R\I. 


6. Let R be a finite commutative ring with 1. Show that in R, every prime ideal J A R is a maximal ideal. 


7. Let R be. 4 Boolean ring. Prove that a nonzero proper ideal J of F is a prime ideal if and only if it is a 
maximal ideal. 


8. Let R be a ring with 1. Prove that a nonzero proper ideal J of R is a maximal ideal if and only if the 
quotient ring R/I is a simple ring. 


9. Let I be an ideal of a ring R. If P is a prime ideal of the quotient ring R/J, prove that there exists a prime 
ideal J of R such that J C J and J/I =P. 


10. Let R be a commutative ring with 1. Prove that there exists an epimorphism from R onto some field. 


11. Let I be an ideal of a ring R with 1. Prove that the quotient ring R/J is a division ring if and only if I is 
a maximal right ideal. 


14.1. 


12. 


13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 
21. 


22. 


23. 


24. 


25. 


26. 


27. 
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For all r € R, show that I, = { f(x) € R[a] | f(r) = 0} is a maximal ideal of R[{a] and R[a]/I, ~ R. Also, 
prove that Nrerl, = {0}. 

Consider the polynomial ring K[a] over a field kK. Let a € K. Define the mapping ¢, : K|x] — K by 
o.(f(x)) = f(a) for all f(x) € K [x]. Show that ¢, is an epimorphism and Ker ¢, is a maximal ideal of 
K[a]. 


Let R bea PID. 


(ii) HEOWE, fat SRR RORARS BP RIE GPR RE A Tippy a primeclpment. ove that there exists a 
positive integer n such that I, = Ingi=---. 
(iii) Prove that every nonzero nonunit can be expressed as a finite product of prime elements. 


Let {I.} be a collection of prime ideals in a commutative ring R such that {J} forms a chain. Prove that 
Nel and Ua Iq are prime ideals of R. 


If Jy and Jz are ideals of a commutative ring 1, prove that JI; N Iz = Vi NVI. 


Let R be a commutative ring with 1 and Q;,1= 1,2,...,n, be ideals in R. Set Q = M}_,Q;. Prove that if 
VQi = P for some ideal P of R,i=1,2,...,n, then JQ = Pf J/Qi =P, i=1,2,...,n, and each Q; is 
primary, prove that Q is primary. 


If I is an ideal of a commutative ring R with 1 such that v1 is a maximal ideal, prove that J is a primary 
ideal. 


In the polynomial ring Z[2], prove the following. 

(i) J ={f(x) € Zz] |the constant term of f(x) is divisible by 4} is a primary ideal with J = (2,2) as its 
associated prime ideal. 

(ii) The ideal (x, 6) is not a primary ideal. 

Prove that every prime ideal is a primary ideal in a commutative ring. 


Let M be an ideal of a commutative ring R. Prove that R/M is a field if and only if M is a maximal ideal 
and x? € M implies x € M for all x € R. 


Prove that in a PID every nontrivial ideal J can be expressed as a finite product of prime ideals J = P, --- Py, 
such that P;, P2, ..., P, are determined uniquely up to order. 
An ideal P of a ring R is called a semiprime ideal if for any ideal J of R, J? C P implies that I C P. 


(i) Prove that an ideal P of R is a semiprime ideal if and only if the quotient ring R/P contains no nonzero 
nilpotent ideals. 


(ii) If R is a commutative ring with 1, prove that an ideal P of R is a semiprime ideal if and only if P=P. 
A commutative ring R with 1 is called a local ring if R has only one maximal ideal. Prove the following. 
(i) Zg and Zo are local rings. 

(ii) In a local ring, all nonunits form a maximal ideal. 

(iii) In a local ring R, for all r,s € R,r +s = 1 implies either r is a unit or s is a unit. 

Let p be a prime integer and Q, = {# € Q| p does not divide b}. Show that Q, is a local ring under the 
usual addition and multiplication of rational numbers. 

Let R be a field and T be the set of all sequences {a,,} of elements of R. Then (T, +,-) is a ring, where + 
and - are defined as in Worked-Out Exercise 6 (page 193). Prove the following. 

(i) The set J of all nonunits of T is a maximal ideal of T. 

(ii) I is the only maximal ideal of T. 


(iii) Z’ is a local ring. 


Let R= Ri @ Ro @---@ R, be the direct sum of the finite family of rings {Ri, Ro,..., Rn}, where each 
R, contains an identity. Prove the following: 
(i) If MM; is a maximal ideal of R; (1 <i <n), then Ri@ Ro® ---@ Ri-1 OM: © Rigi O--- ORn isa 


maximal ideal of R. 
(ii) Every maximal ideal M of R is of the form 


RRO: O@R-10Mi O Ri41 @:::@ Rn, 


where M; is a maximal ideal of R; for somei (1 <i <n). 
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28. Show that the ring Z is isomorphic to a subdirect sum of a family of fields. 


29. An ideal J of a ring R is called a minimal ideal if J A {0} and there does not exist any ideal J of R such 


that {0} 4 J C I. If I isa minimal ideal of a commutative ring R with 1, prove that either J* = {0} or 
I =eR for some idempotent e € R. 


30. In the following exercises, write the proof if the statement is true; otherwise, give a counterexample. 


(i) Let R bea ee ring with 1 and P bea prime ideal of R such that P ¥ R. If the quotient ring 


fi 
lutewaibantt “alt mpnbe alent edeee a Mts Ment die. 
iii) In a PID, every proper prime ideal is a maximal prime ideal. 
iv) The intersection of two prime ideals of a ring R is a prime ideal of R. 
v) If I is a prime ideal of a ring R, then I[z] is also a prime ideal of R[x]. 
vi) If J is a maximal ideal of a ring R, then I [2] is also a maximal ideal of R[z]. 
vii) A commutative ring with 1 and with only a finite number of maximal ideals is a field. 


viii) In the ring Z, the ideal (5) is a maximal ideal, but in the ring Z[#], the ideal (5) is not a maximal 
ideal. 


( 
( 
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Chapter 15 
Modules and Vector Spaces 


15.1 Modules and Vector Spaces 


Our main interest here is to set down only the results of vector spaces which are needed for our study of fields in 
the next chapter. We do this in such a way that the reader will become acquainted with the notion of a module. 


Definition 15.1.1 Let R be a ring. A commutative group (M,+) is called a left R-module or a left module 
over R with respect to a mapping -:R x M— M if forall r,s € R and m,m’ € M, 
(i)r-(m4+m)=r-m+r-m, 
(ii) r-(s-m)= (rs)-m, 
(itt) (r+s)-m=r-m+s-m. 
If R has an identity 1 andifl-m=™m for allm € M, then M is called a unitary or unital left R-module. 


A right R-module can be defined in a similar fashion. 

In the above definition, we used the same notation for the addition in the ring R and the addition in the 
group M. We also used the same notation for the multiplication in R and the multiplication between the elements 
of Rand M. It should be clear to the reader by now that there are actually four distinct operations involved. 
We write rm for r-m. 


ae b-2 rah eae gpery Jeft ideal is a left R-module and every right ideal is a right R-module. In 


Example 15.1.3 Every commutative group M is a module over the ring of integers Z. Forn €Z anda e M, 
the element na is defined to be a added to itself n times if n is positive and —a added to itself |n| times if n is 
negative. Oa is defined to be the zero element of M. Under these definitions, M becomes a unitary left Z-module. 


Let M be any commutative group and R be any ring. If we define rm = 0 for all rE R, m € M, then M 
forms a left R-module, called a trivial module. 

Since all results that are true for left R-modules are also true for right R-modules, we prove results only for 
left R-modules. From now on, unless stated otherwise, by an R-module, we mean a left R-module. 


Definition 15.1.4 Let M be an R-module and N be a nonempty subset of M. Then N is called a submodule 
of M if N is a subgroup of M and forallr R,a WN, wehavera WN. 


= € = 
It is clear that a submodule of an R-module is itself an R-module. 
Using arguments similar to those used for subgroups and ideals, one can show that the intersection of any 
nonempty collection of submodules of an R-module is again a submodule. 


Definition 15.1.5 Let X be a subset of an R-module M. Then the submodule of M generated by X is defined 
to be the intersection of all submodules of M which contain X and is denoted by (X). X is called a basis of 
(X) if no proper subset of X generates (X). If M = (X) and X is a finite set, then M is said to be finitely 
generated. When X = {x} and M = ({x}), then M is called a cyclic R-module and in this case we write 
M = (a). 
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We ask the reader to prove that any finitely generated module has a finite basis. 


The proof of the following theorem is similar to that of the corresponding theorem for ideals, Theorem 8.2.9. 
Hence, we omit its proof. 


Theorem 15.1.6 Let M be an R-module and X be a nonempty subset of M. Then 


(XxX) = { ae rat = nen, | teh ny Se Z,a4,8, SX, 
IyS i < k, 1 <yp< Lk, EN}. 
If M is a unitary R-module, then 


k 
(X) = {Soriai| rie R, 4 EX, 1 Sisk, hEN}O 


i=1 


Example 15.1.7 (i) Qis a Q-module. If N is a submodule of Q, then N is a left ideal of Q. Since Q is a field, 
the only left ideals of Q are {0} and Q. Hence the submodules of Q are {0} and Q. 

(ii) We know that Q@ Q is a commutative group. For all x € Q and for all (a,b) € QGQ, define x(a,b) = 
(xa,xb). Then QQ is a Q-module. We now determine all submodules of Q6Q. Let M be a nonzero Q-submodule 
of QGQ. 


Case 1: Suppose for all (a,b) MM, b = 0. Now there exists (a,0) MM such that a 4 0. Then (1,0) = 

4(a,0) € M. M= 0}. € € 
Cle 2: Aiea forall 1%) € M, a = 0. Now there exists (0,6) € M such that b # 0. Then (0,1) = 
4(0,b) € M. Thus, M = {0} @Q. 

Case 3: Suppose there exists (a,b) € M such that a 4 0, b 40. 

Case 3a: Suppose M = ((a,b)). Then M is a cyclic submodule of Q @ Q generated by (a,b). 

Case 3b: Suppose M # ((a,b)). Then ((a,b)) C M. Thus, there exists (a’,b’) € M\ ((a,b)). Then a’ 40 
or b’ # 0. Suppose that a’ = 0. Then (0,1) = (0,b’) € M. Therefore, (a,0) = (a,b) — (0,1)b € M. Hence, 
(1,0) = +(a,0) € M. Thus, (1,0), (0,1) € M. This implies that M = Q@Q. Similarly, if b’ =0, then M = QQ. 

Now suppose that a’ # 0 and b’ 4 0. If 4 = =¢ (say), then t(a’,b’) = (ta’, tb’) = (ha’, BD’) = (a,b) € 
((a,b)) , which is a contradiction. Therefore, 4 4 4 and so ab’ —ba’ £0. Let (p,q) € Q@Q. Choose t = wha, 
and s = aig, | Then (p,q) = t(a,b) + s(a’,b’) € M. Thus, Q@6QC M. Hence, M =QGQ. 

Consequently, if M is a Q-submodule of Q @ Q, then M is of the following form: 

(i) M = {0}, or 


(119) W710 = (0 10)),,cor 

(iv) M = ((a,b)), a40, b 40, a,bEQ, or 
(v) M=Q6Q. 

This also proves that M is finitely generated. 


Definition 15.1.8 Let F bea field. A unitary (left) F-module M is called a (left) vector space over F. The 
elements of M are called vectors and the elements of F are called scalars. A submodule of M is called a 


subspace of M. If X is a subset of M such that M = (X), then X is said to span or generate M and M is 
called the span of X over F. 


Example 15.1.9 Let F be any field and F” denote the Cartesian product of F with itself ntimes. Then F” 


becomes a vector space over F under the following definitions: For all (ai, a@2,..., Qn), (b1,b2,..., bn) € F” and 
a F 
1 q2 n 1 p2 ny = 14 pl 24 p2 n 4 pn 
€ (a!,a?,...,a Bee = ag aah ba oS +b"), 
The set 
X = {(1,0,0,...,0), (0,1,0,...,0),...,(0,0,0,...,1)} 
spans F” since for all (a1, d2,...,@n) € F”, 


(a1, @2,..-,@n) = a1(1,0,0,...,0) + a2(0,1,0,...,0) +---+an(0,0,0,...,1). 


Whenn = 2 or3 and F is the field of real numbers, then the vector space F'” over F is the one usually encountered 
in elementary analytical geometry. 
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By Example 15.1.9, R® is a vector space over R. 


Example 15.1.10 Consider the vector space R® over R. Let 
U = {(a,b,c) € R® | 2a + 3b + 5c = O}. 
Then U is a subspace of V3(IR). Let 
U, = {(a,b,c) R® | 2a+3b+5c= 5}. 
Now (0,0,1) and (1,1,0) € Ui, but (0,0,1) + (1, 1,5) ¢ U,. Hence, U; is not a subspace of R°. 


Example 15.1.11 LetV be a vector space over F. Then {0} andV are subspaces of V. These are called trivial 
subspaces of V. 


Theorem 15.1.12 Let V be a vector space over F and S be a nonempty subset of V. Then S is a subspace of 
V if and only if for alla € F and for allz,y€ S,ax+yeES. 


Proof. Suppose S is a subspace of V. Then for all a € F and for all x,y € S,ax € S andsoar+yeS. 
Conversely, suppose for all a € F and for all z,y € S,ar+y€S. Since S #0, there exists x € S. By Exercise 
2 (page 226), —x = (—1)ax. Therefore, 0 = —a + a= (—l)x+a € S. Hence, for all x € S, -xw = (-1)t@ +0€ S. 
Also, for all z,y€ S, x+y =1la+ye€S. S inherits the associative and commutative laws. Thus, (S,+) is a 
commutative group. Now for alla € F and for allx € S,ax=ax+0€S. Therefore, S is a vector space over F’ 
since the other properties are inherited. Hf 


Theorem 15.1.13 LetV be a vector space over F and {Ua | a € I} be any nonempty collection of subspaces of 
V. Then NaerUa is a subspace of V. 


Proof. First note that 0 € Ua for all a € I and so 0 € NaerUa. Therefore, NacrUn #0. Let ae F 
and @,y € NaerUa. Then x,y € Ug for all a. Since Ua. is a subspace of V, ax+y € Ug for all a € I and so 
ax+y € NaerUa. Thus, NaerUa is a subspace of V by Theorem 15.1.12. I 


Theorem 15.1.14 Let V be a vector space over F and S be a nonempty subset of V. Then 
S)= {S-aisi la, EF, 5; € Sh, 
where > ais; is a finite sum. 
Proof. Let VU={ aisila: Fis; S}.Leta Fand asi, bjs; U.Thena( aisi)+ 78; = 
Be SB ches OP UR Re oF CARRS st ESSE Ul thie Bnce 8: € AC TS). 
ai 8; é (S). Thus, > aisi € (S'), whence U C (S). 


Definition 15.1.15 Let V be a vector space over the field F. A subset X of V is called linearly independent 


over F if for every finite number of distinct elements 11, %2,...,%n © X, 1%1 + Go%q +--+: +AnXn = O implies 
that a1 = a2 = -++:Gn = 0 for any finite set of scalars {a1, d2,...,@n}. Otherwise X is called linearly dependent 
over F. 


The set X in Example 15.1.9 is linearly independent over F’. {0} is linearly dependent over F'. 


Definition 15.1.16 LetV be a vector space over F. A subset A of V is called a basis for V over F if A spans 
V, i.e, V = (A), and A is linearly independent over F. 


Consider the zero vector space, {0}, over the field F. We note that the empty subset, , is linearly independent 
over F' vacuously and that % spans {0}- Hence, 9 is a basis for {0}. ) 


Example 15.1.17 The set 
X = {(1,0,0,...,0), (0,1,0,...,0),...,(0,0,0,...,1)} 
of Example 15.1.9 is a basis for F”. We showed there that X spans F” over F. Suppose 
(0,0,...,0) = ai(1,0,0,...,0) + a2(0,1,0,...,0) +---+a,(0,0,0,...,1). 


Then (0,0,...,0) = (a1, a@2,...,@n). Therefore, we must have a; = 0 for i = 1,2,...,n. Thus, X is linearly 
independent. 
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Theorem 15.1.18 Let V be a vector space over F and S be a subset of V. If s € (S), then (SU {s}) = (S). 


Proof. Clearly (S) C (S'U {s}). If S = @, then (S') = {0} and so s = 0. Hence, (SU {s}) = ({0}) = {0} = 
(S). Suppose S # §. Let S* ajs;+as € (SU {s}) , where s; € S. Then 5° a;s;,as € (S') and so Sais; +as € (S). 
Hence, (SU {s}) = (S). 


Theorem 15.1.19 Let V be a vector space over F and A= {a1,%2, ..., tr} be a subset of V which spans V. 


Let B be any linearly independent set of vectors in V. Then B contains at most r vectors. 


Proof. If B contains less than r vectors, the theorem is true. Suppose B contains at least r vectors, say, 
Y1,Y2,---,Yr € B. Then since A spans V, 
a 
Y= > Ai1ei 
i=1 


and since yi #0, not all ai; = 0, say, ai1 #0. Thus, 


: i 


—1 —1 
w1 =) °(-azyaa)ai + ayy y1- 


i=2 


This implies that 71 € ({y1,@2,...,@r}). Hence, ({y1, 72,...,¢-}) =V by Theorem 15.1.18. Assume ({y1, y2,---, Yrs Le415 


V, the induction hypothesis. Then 


ykt1 © ({yl, y2,...,Yyk,Uk+1,...,ar}). 


Thus, 


k r 
Yr+1 = Qijkt1yi + y Qi,k+1Li 
i=l i=k+1 


and not all ai,z41 = 0 fori =kK+1,...,1r, say, @k+1,441 #0. This implies that 


k r 
a4 =I = 
Ceti = Yo (—ag tr ear Qieea¥et Yo (gtr pgri,e+1) i + Opt ey Yett- 
i=1 i=h+2 
Thus, te41 © ({Y1, Y2,-- +5 Yk Yeti, Uk+2, ---,tr}). Hence, 


V= ({yi, y2, +++) Yk, Ye+1,Uk+2,--- ,r}) 


by Theorem 15.1.18. Thus, ({y1, y2,..-,yr}) = V by induction. If there exists y € B such that y £ yi, i= 1,2, 
...57, then y = )o_, aiys and so 0 = S0_, aiyi + (—1)y and since —1 F 0, y1, ye, ---, Yr, y are not linearly 
independent, a contradiction. Therefore, y does not exist and so B = {y1,y2,..., yr}. 


Theorem 15.1.20 Let V be a vector space over F, A= {a1,...,2,}, and B= {yi,...,ys} be two bases for V. 
Then r= s. 


Proof. Since A spans V and B is linearly independent, s <r by Theorem 15.1.19. Similarly, r < s. 


Definition 15.1.21 Let V be a vector space over F. If V is spanned by a finite set of vectors, then V is called 
finite dimensional over F. 


Lemma bel AZ) Let Vs Yen earty SPdSBEKACHHE” F and A be a linearly independent subset of V. Ifa € V and 


Proof. Let x71,...,@, € A. Suppose 0= a,x; + agvq+-+--+a,x",+ ax. Suppose a 40. Then 
x = (—a)*a1z1 + ---+(—a) ‘apa € (A), 


a contradiction. Thus, a = 0. Hence, 0 = a,%1 +a2%24 ---+a,a,. Since {%1, 22, ..., } is linearly independent, 
a, = 0, ..., ay = 0. Thus, A U {2} is linearly independent. 


Theorem 15.1.23 Let V be a finite dimensional vector space over F. Then V has a basis. 
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Proof. If V = {0}, then @ is a basis for V. We now assume that V 4 {0}. Let 71 € V be such that x1 4 0. 
Then 2 is linearly independent. If (x1) ¢ V, then there exists x2 € V such that x2 ¢ (#1). By Lemma 15.1.22, x1 
and x2 are linearly independent. Suppose 71,...,2% € V are linearly independent and ({21,...,2~}) #V. Then 
there exists t%41 € V such that ve41 €¢ ({1,...,@~%}). Therefore, 11,...,@%, %+41 are linearly independent. 
Since V is finite dimensional, V is spanned by, say, r vectors. By Theorem 15.1.19, any linearly independent set 
of vectors in V cannot have more than r vectors. Hence, if we continue the above process of constructing 2x;’s, 
then there must exist a positive integer s such that {x1,...,25} is linearly independent, ({21,...,2s}) = V, and 


a <7”: Thus, {o1,...,2*} is a basis of V- 

Theorem 15.1.23 gives us a method for constructing a basis for a finite dimensional vector space V of dimension 
n over F. We first take any nonzero vector x1 of V. If (a1) = V, then {x1} is a basis of V. If (#1) C V, then we 
take any x2 € V, wo ¢ (x1). Then by Lemma 15.1.22 {x1, x2} is linearly independent over F. If ({x1,22}) = V, 
then {1,22} is a basis for V over F. If ({@1,22}) C V, we can choose x3 € V,2x3 € ({@1,2%2}) and so on. Ina 
finite number of steps, precisely n steps, we must arrive at a basis for V over F. 


Definition 15.1.24 Let V be a finite dimensional vector space over F. The dimension V is the number of 
elements in a basis for V. 


From the statements following Definition 15.1.16, it follows that the zero vector space, {0}, is of dimension 
0. 


Theorem 15.1.25 LetV be a vector space of dimension n over the field F. Then X = {21,2%2,...,2n} is a basis 
of V if and only if every vector in V is a unique linear combination of x1, 22,...,a7 over F. 
Proof. Suppose X is a basis of V over F. Then by Theorem 15.1.14, every vector v € V is a linear combination 
of 41, %2,..-,%n. Let 
VU = A181 + +++ + Andn = b121 +--+ + bnEn 


be any two linear combinations of %1,%2, ..., Yn. Then 

0 = (ai — bi )ai +--+ + (An — bn) an. 
The linear independence of X over F' implies that ai — b1 = 0, ..., Qn — bn = 0. That is, the representation of 
v as a linear combination of 71, 22,...,@n is unique. Conversely, suppose every vector in V is a unique linear 
combination of 41, %2,...,%» over F. Then clearly X generates V over F. Suppose 0 = aj%1 +--+ +@n2%y for 
a; € F. Since also 0 =0a1+--- +02, we havea; = 0,72=1, ..., n. Thus, X is linearly independent over F’. By 


definition, X is a basis of V over F’. @ 
We now show that every nonzero vector space, not necessarily finite dimensional, has a basis. For this we 


prove the following lemma. 


Lemma 15.1.26 Let V be a vector space over a field F and X be a nonempty subset of V. Then X is a basis 
for V if and only if X is a maximal linearly independent set over F. 


Proof. If X is a basis for V, then X is linearly independent over F and (X) = V. Let ye V, y¢ X. Then 
V =(X) C (XU {y}) CV so that V = (X U {y}). Since the proper subset X of X U {y} also generates V, X 
U{y} cannot be linearly independent over F’. Thus, X is a maximal linearly independent set over F’. Conversely, 
let X be a maximal linearly independent set over F. It suffices to show that V = (X). If V D (X), then 
there exists y € V, y € (X). By Lemma 15.1.22, X U{y} is linearly independent over F, which contradicts the 
maximality of X. Thus, V = (X). 


Theorem 15.1.27 Let V be a vector space over the field F. Then V has a basis. 

Proof. If V = {0}, then @ is a basis for V. We now assume that V 4 {0}. Let x be a nonzero element of V. 
Cheahe, is edinery ndenendantsabsetint Kphatd ae the setiadiall lancanly, Ingorsndentambsctsofh sibat 
that T’ has a maximal element, say, X. Then X is a maximal linearly independent subset of V and by Lemma 
15.1.26, it follows that X is a basis of V. 

Finally, we state the following theorem without proof. The finite dimensional case was proved in Theorem 
15.1.20. 

Theorem 15.1.28 Let V be a vector space over a field F. If A and B are two bases of V, then |A| =|B|. 


From Theorem 15.1.27, we find that a vector space V over a field F' has a basis B. If B is a basis for V over 
F, then |B] is called the dimension of V over F. 
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Worked-Out Exercises 


© Exercise 1 


Solution: 


} Exercise 2 


Solution: 


Exercise 3 


Solution: 


Exercise 4 


Let V be a vector space of dimension n. Show that any set of n linearly independent vectors is a basis of 
Vz 


Let B be a set of n linearly independent vectors. Suppose V 4 (B). Let y € V be such that y ¢ (B). 
Then BU {y} is a set of n +1 linearly independent vectors by Lemma 15.1.22, a contradiction to Theorem 
15.1.19. Hence, B is a basis of V. 


Let ul = 0,1, 1,0), w= 1,0 1,0), dui = —1 —2,0,0 th tors 1 R4. Sh that ul,u?,us 
isa faces agotn tent on Eee enes set AS a basis of jhe ere eeg ee outa } 


Let a1, a2,a3 € R be such that 
ayuy + a2Uu2+ a3u3 = 0. 


Then az — a3 = 0, a1 — 2a3 = 0, and ai + ag = 0. From this, it follows that a1 = az = a3 = 0. Hence, 
{u1, u2, ug} is a linearly independent set. Suppose 
(0,0,0,1) € ({u1, wa, us }). 
Then there exists bi, b2,b3 € R such that 
by ur + b2u2 + b3uz = (0,0,0, 1). 


Thus, b2 63 = 0,6, 2b3 = 0, b1 + bo = 0, and 1 = 0, a contradiction. Therefore, e, = (0,0,0,1) / 


(ie u2, u3}). Hence, ful, u2, us, e}isa linearly independent set of vectors in R+*. Since the dimension 
is 4, {wi, wa, us, ea} is a basis. 


Let V be a nonzero vector space of dimension n. Let X be a finite subset of V such that V = (X). Show 
that X contains a subset Y such that Y is a basis of V. 


Let X = {a1,%2,..., 214}. Clearly t > n. Since V #4 {0}, X contains a nonzero element. Thus, X contains 
a linearly independent subset. If X is linearly independent, then X is a basis of V and n = t. Suppose 


X is not linearly independent. Then there exists xj, say, a, such that x € ({x1,%2,...,a+-1}). Then 
V = ({v1,¥2,...,2+-1)}. Let s =t —n-— 1. By repeating the process finitely many times, we can show 
that there are s vectors xj,,...,U:, € {@1, v2, ..., G¢-1} such that 

Liz,+-++) Lis E ({x1, £2, ehottie ,tr-1}\{ai,, ies , Xi, }) ‘ 
Let 


= 1 2 eae t-1 a1 eee is . 
Then Y C X, |Y| =n, and V = (y) : rye hot te aady Gaeacnteae then there exists y € Y such that 
y € (Y\{y}). Then V = (Y\{y}) and |Y\{y}| =n — 1, a contradiction to the fact that the dimension of 
V isn. 


Let T = {(a,y,z) € R? | 224 +3y+ z= 0}. Show that T is a subspace of V3(R). Find a basis for T. 


Solution: Since (0,0,0) € T, T #Q@. Let (a1, y1, 21), (v2, yo, 22) € T and r € R. Then 22; + 3y1 + 21 = 0 and 
2x2 +3y2+22 = 0. Hence, 2(#1+2%2)+ 3(y1+y2)+ (21 +22) = Oand 2ra14+8ryitrz1 = r(2714+3yit21) =0. 
Therefore, (v1, y1, 21)+ (2, yo, 22) € T and r(x, yi, 21) € T. Thus, T is a subspace of V3(R). Now 
21 + 3y1 + 21 = 0 implies that (71, yi, 21) = (1, yi, -241 — 3y1) = 1(1,0,-2)+ yi(0, 1, —-3). Since 
(1,0, —2), (0,1,-3) € T and (a1, yi, 21) is an arbitrary element of T, T = ({(1,0, —2), (0,1, —3)}). It is 
easy to verify that {(1,0, —2), (0,1, —3)} is a linearly independent set. Hence, {(1,0, —2), (0,1,—-3)} is a 
basis of T. 

Exercises 


1. For the vector space R® over R, determine whether or not the sets listed are bases of R°. 


(i) {(1, 1, 0), (1,1, 1), (1,0, 0)}. 

(ii) {(2, 0, 0), (0, 2,0), (0,0, 2)}. 

(iii) {(—1, 0, 0), (0, —1, 0), (0,0, —1)}. 
(iv) {(1, 0,0), (1, 1,0), (1,1, 1), (0, 1, 0)}. 


2. Let M be an R-module,m € M andr € R. Prove that r0 =0, Om = 0, and —(rm) = (—r)m = r(—m). 


3. Show that the intersection of two submodules of an R-module M is a submodule. 
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10. 


11. 


12. 


13. 
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. Show that the Z-module Q has no finite set of generators. 


. Find all subspaces of the real vector space R?. Is is true that for any elements u = (a,b) and v = (c,d) of 


R?, there exists a nontrivial subspace W of R? such that u,v € W? 


. Let A,B, and C be submodules of an R-module M. 


(i) Prove that A+ B= {a+b|ae A, b€ B} isa submodule of M. 
(ii) If A C C, prove that A+(BNC)= (A+ B)NC. 


. Let M be an R-module and @ € M. Show that T = {ra +na|r€ R, n € Z} is a submodule of M. 
. Let M be a unitary R-module. M is called a simple R-module if M 4 {0} and the only submodules of 


M are M and {0}. Prove that M is simple if and only if M is generated by any nonzero element of M. 


. Let N be a submodule of a unitary R-module M anda € M. Let 


a+N={a+b|beEN}. 


Prove the following. 

(i)aecatN. 

(ii) For alla,be€ M,a+N=0+N if and only ifa-—beEN. 

(iii) For all a, b € M, either (a+ N)N(b+N)=Mora+N=b+N. 
Let N be asubmodule of an R-module M. Let 


M/N={a+N|aeEN}. 
Define the following operations on M/N 


(a+N)+(b+N) = (a+b)4+N 
r(ia+N) = ra+N 


foralla+N,b+Ne€M/N,r eR. Prove that M/N is an R-module. 

Let V be a finite dimensional vector space over F’. If U and W are two subspaces of V, prove the following: 
(i) U+W ={u+w|ueU,w € W} is a subspace of V. 

(ii) dimU+ dimW = dim(U + W)— dim(UNW). 

Let N be asubmodule of an R-module M. N is called a direct summand of M if there exists a submodule 
P of M such that M = N+ P and NN P = {0}. In a finite dimensional vector space V over F, show that 


every subspace is a direct summand of V. , 
Write the proof if the statement is true; otherwise give a counterexample. 


(i) If {u,v,w} is a linearly independent subset of a vector space V, then {u, u+v, utu+wh} isalsoa 
linearly independent subset. 


(ii) If W is a subspace of a finite dimensional vector space V such that dim W = dim V, then W = V. 
(iii) Let V be a vector space over a field F. If 0 £v € V, then there exists a basis containing v. 
(iv) If S and T are two basis of a vector space V, then S UT is a basis of V. 
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Chapter 16 
Field Extensions 


In this chapter, we study a special type of ring called a field. Results about fields have applications in number 
theory and the theory of equations. The theory of equations deals with roots of polynomials. It is here that our 
main interest lies. This interest leads us to an introduction of Galois theory. 

The importance of the concept of a field was first recognized by Abel and Galois in their research on the 
solution of equations by radicals. However, the formal definition of a field appeared more than 70 years later. 


mbenworks gt Redekind and dtrpngcker seem, tobe responsible for thqentrance of the concept OF ay ave baie 
definition of a field. His work freed the concept of a field from the context of complex numbers. 


16.1 Algebraic Extensions 


Let us recall that the characteristic of a field F' is either 0 or a prime p. By Theorem 8.1.9, the intersection of 
any collection of subfields of a field F' is again a subfield of F. Hence, a field contains a subfield which has no 
proper subfield, namely, the intersection of all its subfields. 


Definition 16.1.1 A field F is called a prime field if F has no proper subfield. 


Theorem 16.1.2 Let F be a field. 


(i) tf the characteristic of Fis 0, then F contains a subfield K such that K ~ Q. 
(tt) Tf the characteristic of F is p> 0, then F' contains a subfield K such that K ~ Zp. 


Proof. Define f : Z-F by 
f(n)=nl 


for alln € Z, where 1 denotes the identity of F. Then f is a homomorphism. 
(i) Suppose the characteristic of F’ is 0. Then Ker f = {0} and so f is one-one. Define f* : Q > F by 


PE)=F@FO) 


for all # € Q. Let 4,4 € Q Now # = 4 if and only if ad = bc if and only if f(ad) = f(bc) if and only if 
f(a)f(d) = f(c)f (0) if and only if f (a) f(b)~' = f (co) f(d)“! if and only if f*(#) = f*(4). Hence, f* is a one-one 


function. Now 
fr(a+$) = fr (adees) 


= f(ad-+bc)f(bd)“} 
= CONG 1 fOfloro na 
= fa@feo)'+fofa” 
= fG)+f). 
Also, 
Pa = a) 
= f(ac)f(bd)~* 
= fla)fOf) "f(a 
= f@fO LOL@~ 
= Fa a) 
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Thus, f* is a homomorphism. Hence, Q ~ T(f*), where Z(f*) is the image of f*. Let K = Z(f*). 
(ii) Suppose the characteristic of F' is p > 0. Now 


Z/Ker f ~ T(f). 


Since the characteristic of F' is not zero, Z(f) 4 {0}. Therefore, Z(f) is a nontrivial subring with 1 of the field F. 
Consequently, Z(f) is an integral domain and so Z/Ker f is an integral domain. This implies Ker f is a prime 
ideal of Z and ZF Ker f. There exists a prime g such that Ker f = qZ. Now q1 =0 implies that p|q and so q = p. 
Hence, Z/Ker f ~ Zp. 
a 

Let L be a subfield of Q. Since L\ {0} is a subgroup of Q\{0} under multiplication, 1 € L. Hence, Z C L and 
so QC L. Thus, Q has no proper subfield. Similarly, Z, has no proper subfield, where p is a prime. 

Thus, the subfield K of the field F' in Theorem 16.1.2 is the prime subfield of F’. 

The following theorem can be easily verified. We leave its proof as an exercise. 


Theorem 16.1.3 Let F be a field and K be a subfield of F. The following conditions are equivalent. 
(i) K is the prime subfield of F. 
(ti) K is the intersection of all subfields of F. @ 


Let F' be a field and K a subfield of F’. The field F' is called an extension of the field K. We express this by 
F/K and call F/K a field extension or an extension field. 


Definition 16.1.4 Let F/K be a field extension and C be a subset of F. Define K(C) to be the intersection of 
all subfields of F which contain K UC. Then the subfield K(C) of F is called the subfield of F' generated by C 
over K. C is called a set of generators for K(C)/K. 


Let K[C] be the smallest subring of F’ containing K UC. Since any subfield of F' which contains K UC must 
contain K[C], we have that K(C) equals the intersection of all subfields which contain K[C]. Now K[C] is an 
integral domain since it is a subring (with identity) of a field. Thus, by Theorem 9.1.6, 


K(C) = {ab™' | a,b € K[C], b 40}. 
That is, K(C) is the set of all rational expressions of the elements of K[C]. Hence, K(C) is a quotient field of 
aie F/K be afield extension and ci, c2,...,Cn € F. Considering Definition 16.1.4, it follows that K(c1,c2,...,;¢n) = 
K(cl,c2,...,e"~1)(c”). Recall that K (c!) = {ab- |a, be K[c1], b £0}. 


Definition 16.1.5 Let F'/K be a field extension. An elementa € F is said to be algebraic over K if there exist 
ko, ki, ..., kn € K, not all zero, such that ko + kia+ ---+kna” =0; otherwise a is called transcendental over 
K. 


Let F'/K be a field extension and let a € F. Then a is algebraic over K if and only if a is a root of a nonzero 
polynomial with coefficients from K. 


Example 16.1.6 The element af2 in R is algebraic over Q since Jf? is a root of x7 -2¢€ Q|x]. The element 
i € C is algebraic over R and Q since i is a root of x? +1 € Q[a}. 


Example 16.1.7 Jt can be shown that 7, e € R are transcendental over Q. In the quotient field F(x) of the 
polynomial ring F(a], F a field, x is transcendental over F since 7? asx’ = 0 if and only if a; = 0 for 
t= O01, 205: oo 


Theorem 16.1.8 Let F/K be a field extension andc € F. Then c is algebraic over K if and only if c is a root 
of some unique irreducible monic polynomial p(x) over K. 


Proof. Suppose c is algebraic over K. There exists a nonzero polynomial f(x) € K [2] such that c is a root 
of f(a) and f(a) ¢.K. By Theorem 13.1.15, there exist irreducible polynomials f1(x), fo(x),...,fm(x) € K [a] 
such that f(x) = fi(«) fo(x)--- fm(x). Thus, 


0= f(o)= filo) falc) --: fm(C). 
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Since F’ has no zero divisors, we must have fi(c) = 0 for some i. Thus, there exists an irreducible polynomial 
h(x) = bot biat---+bm2"™, bm #0, such that h(c) = 0. Let p(x) = b7,'h(x). Then p(z) is an irreducible monic 
polynomial in K [a] with c as a root. 

Let g(x) be any polynomial in K [x], which has c as a root. Let p(x) be a monic polynomial of smallest degree 
in Kz], which has c as a root. There exist q(x), r(x) € K[a] such that g(x) = q(a)p(x) + r(x), where either 
r(a) =0 or deg r(a) < deg p(x). Now 


0=g(c) = a(e)ple) +r) = ae) 0+ r(C). 

Thus, r(c) = 0, whence r(a) = 0 else we contradict the minimality of the degree of p(x). This implies that 
p(«)|g(x) in K[a]. Let s(x) be any irreducible polynomial in K[z], which has c as a root (one such polynomial 
is fi(~) for some i, 1 < i < m). Then p()|s(a). Now p(«) is not a constant polynomial in K [2] since it has c 
as a root. Thus, since s() is irreducible in K[z], p(x) must be irreducible in K [x]. Also, p(a#) = ks(a) for some 
k € K. If we choose s(x) monic, then k = 1 and so we have the desired uniqueness property of p(x). The converse 
is immediate. 

a 

The proof of Theorem 16.1.8 yields the next result. 


Corollary 16.1.9 Let F/K be a field extension and c € F be such that c is algebraic over K. Then the unique 
monic irreducible polynomial p(x) over K having c as a root satisfies the following properties: 

(i) There is no polynomial g(a) Ka] having smaller degree than p(x) and which has c as a root. 

(ii) If c is a root of some g(x) €K [a], then p(x)|g(x) in K[a]. 


We call the polynomial p(x), in Corollary 16.1.9, the minimal polynomial of c over K. The degree of p(x) 
is called the degree of c over K 


Example 16.1.10 By Examples 16.1.6, 12.3.6, and 12.3.7, we have that x? — 2 is the minimal polynomial of V2 
over Q and a? +1 is the minimal polynomial of i over R. 


Theorem 16.1.11 Let F/K be a field extension and c€ F. 

(i) If c is transcendental over K, then K(c) ~ K(a), where K(x) is the quotient field of the polynomial ring 
K [a]. 

(ii) If c ts algebraic over K, then K[c] ~ K[x]/ (p(x)) , where p(x) is the minimal polynomial of c over K. 


Proof. Define the mapping a : K[x] —> Kc] by for all f(x) € K [a], 
a(f(x)) = f(e). 
Then by Theorem 11.1.14, a is a homomorphism of K[a] onto K [c]. Thus, 
K[a]/Ker a ~ K[c. 
(i) Now f(a) € Ker a if and only if f(c) = 0, ie., if and only ifc is a root of f(x). Hence, Ker a = {0} if and 
only if c is transcendental over K. Thus, c is transcendental over K implies a is an isomorphism of K[z] onto 
K{[c] and so by Exercise 5 (page 168), a can be extended to an isomorphism of K(x) onto K(c). Consequently, 


if c is transcendental over K, then K(x) ~ K(c). 
(ii) Suppose c is algebraic over K. Since K[2] is a principal ideal domain, there exists g(x) € K[x] such 


they Ber] sud hAde Vey 2a KARA ApHerwal G63 combos IRD hus, P(x)|9(@) and so there exists 
Ker a = (g(2)) © (p(x). 


Since p(c) =0, p(x) € Ker a. Therefore, (p(a)) C Ker a. Consequently, Ker a = (p(x)). Mf 


Corollary 16.1.12 Let F/K be a field extension and c € F. Then 
(i) K[c] C K(c) if and only if c is transcendental over K, 
(it) K[c] = K(c) if and only if c is algebraic over K. 
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Proof. Since K[c] C K(c) always holds, (i) and (ii) are equivalent statements. Hence, we show that (ii) 
holds. Suppose c is algebraic over K. Then by Theorem 16.1.11, 


Ke] = K[2x]/ (p(x) 


and since p(x) is irreducible, K[a]/ (p(a)) is a field. Thus, K[c] = K(c). Conversely, suppose AK[c] = K(c). If 


c = 0, then c is the root of the polynomial x € K[z]. Suppose that c 4 0. Then c™' € K(c) andso ct = 
n 2 


n+1 
Bek Hect+ ++ +k"c for some k* € K. This implies that 0 =—1+h°c+kte +:--+k"e — and so C is algebraic 
| 


Let F'/K be a field extension. Under the field operations of F, F can be considered as a vector space over K. 
The elements of F’ are thought of as “vectors” while those of K are thought of as “scalars.” Recall that (F, +) isa 
commutative group and that for all ki, k2 € K and aj, a2 € F,ki(aitaz2) = kiai+kiae, (kitke)ai = kiait+kear 
hold from the distributive laws and that (k1k2)a1 = k1(k2a@1) holds from the associative law of multiplication. 


Definition 16.1.13 Let F/K be a field extension. The dimension of the vector space F' over K is called the 
degree or dimension of F/K and is denoted by [F': K]. If the dimension of F/K is finite, then F/K is called 
a finite extension. 


Theorem 16.1.14 Let F/K be a field extension and c € F be algebraic over K. Let p(x) be the minimal 
polynomial of c over K. If deg p(x) =n, then {1,c,c?,...,c" 1} is a basis of K(c)/K. 


Proof. By Corollary 16.1.12, K[c] = K(c). Let g(c) € K[c] and g(a) be the corresponding element in K[a]. 
There exist q(x), r(x) € Ka] such that g(x) = q(x)p(x) + r(x), where either r(x) = 0 or degr(a) < deg p(z). 
Thus, g(c) = ¢(c)p(c) + r(c) =r(c). Hence, {1,¢,c”,...,c"-1} spans K(c)/K. Suppose 0 = S79 hic’, ki € K. 
If the k,’s are not all zero, then c is a root of a polynomial of degree < n—1< n, a contradiction. Thus, k; = 0 
for i = 0,1,...,n —1 and so {1,c,c?,..., c”~+} is linearly independent over K. Hence, {1,c,c’,...,c” } is a 
basis of K(c)/K. ™ 


Corollary 16.1.15 Let F/K be a field extension. If c € F is algebraic and of degree n over K, then [K(c) : 
Kl)=n. w 


Example 16.1.16 The field extension Q(/2 /Q is of degree 2 and {1, V2} is a basis of Q(/2) over Q since 
p(x) = x? 2 is the minimal polynomial of 2 over Q by Example 16.1.10. Thus, Q(V2) = fat+b/2 |a,b Qh. 


= = 
The student may recall from another mathematics course that a+ b/2 =c+ d/2 if and only if a= c and 
b= d, where a,b,c,d € Q. This becomes clear now since 1 and nf2 are linearly independent over Q by Theorem 
16.1.14. 


Example 16.1.17 By Theorem 16.1.14, the field extension R(i)/R is of degree 2 and {1, i} is a basis of R(t) 
over R since p(x) =x? +1 is the minimal polynomial of i over R. Thus, R(i) = {a+ bi | a, b € R}. Hence, we 
see that R(t) is C, the field of complex numbers. 


Theorem 16.1.18 Let F/K be a finite field extension. Then every element of F is algebraic over K. 


Proof. Let n be the dimension of F/k. Let c € F be such that c # 0, c # 1. (Clearly 0 and 1 are 
algebraic over Kk.) If the set {ieee ...,c”} does not contain n + 1 distinct elements, then c’~* = 1 for some 2, 
aN, 5 


jt n 
fie(Serident Lic ABP SPe TBA Ghber thati ARPARRENSTT of the vettBtiplnsty Rep Hevenest Pedieeaby 
ko, k1,...,kn € K not all zero such that 0 = 0", kc. Thus, c is a root of the polynomial pana kjx* over K. 
| 

The converse of Theorem 16.1.18 is not true, that is, it is not necessarily the case that if every element of 
F is algebraic over K, then F/K is a finite field extension. It can be shown that the set of all elements A of C, 
which are algebraic over Q is a field such that [A : Q] is infinite (Theorem 16.1.22 and Example 16.1.25). A is 
called the field of algebraic numbers. 


Theorem 16.1.19 Let K(c)/K be a field extension. Then K(c)/K is finite if and only if c is algebraic over K. 
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Proof. If K(c)/K is finite, then c is algebraic over K by Theorem 16.1.18. If c is algebraic over K, then 
K(c)/K is finite by Corollary 16.1.15. 
| 

Let F/K be a field extension. A subfield L of F' is called an intermediate field of F/K if kK C LCF. 
Sincea —b€ L foralla,b€ Land ka€ L forallk € K anda € J, it follows that L is a subspace of F’ over K. 
An intermediate field L of F'/K is called proper if L 4 F. 


Theorem 16.1.20 Let F/K be a field extension and L be an intermediate field of F/K. Then 
[F: kK) =|[F: LL: kK}. 


Moreover, F/K is a finite extension if and only if F/L and L/K are finite extensions. 
Proof. Let V be a basis of F'/Z and U be a basis of L/K. We show that 
W = {uv |ucU,veV} 


is a basis of F'/ K. Let c € F. Since V is a basis of F'/L, there exist v1, v2,...,Un € V and c1,¢2,...,€n € L such 
that 


c= Pee (16.1) 
j=l 
Since U is a basis of L/K, there exist wi, u2,...,Um U and kij;,kaj,..., kmj KK such that 
m € € 
GSS hae (S122: (16.2) 


Substituting Eq. (16.2) into Eq. (16.1), we obtain 


Thus, W spans F' over kK. Suppose 


g=1 11 
whereu; U,v; V,andkj & foralli=1,2,...,m;j =1,2,...,n. Then 
€ € € a 
0= (So hij); 
j=l i=1 


and since V is linearly independent over L, 


= = i epee 0) 


t=1 


Thus, kij = 0 for i= 1,2, ..., m; 7 =1,2, ..., n since U is linearly independent over K. Hence, W is linearly 
independent over K, whence W is a basis of F over K. Let u,u’ € U and v,v' € V. If uv 4 wv’, then uv 4 u'v' 
since v and v’ are linearly independent over L. If v = v’, then uv = u'v’ if and only if u = u’. Consequently, for 
allu,u’ € U and for all v,v’ € Vif either u Au’ orv Av’, then uv £u'v’. Hence, [F: K] = |U x V| =|U||V| = 
[F : L][L: K]. Now if either U or V is infinite, then W is infinite. If U and V are finite sets, then W is a finite 


set. Hence, F'/K is a finite extension if and only if F/L and L/K are finite extensions. a 


Example 16.1.21 Consider ie field extension Q(V2, V3) 3)/Q. By Example 16.1.10, x? — 2 ] the minimal poly- 
nomial of /2 over Q. Also, x? — 3 is the minimal polynomial of /3 over Q(V/2). ). (That x? — 3 is irreducible 
over Q( (/2) follows by an OG aad! that is similar to the one used in Worked-Out Exercise 1, page 235.) Thus, 
{1, /2} is a basis of Q(/2)/Q and Ue V3} is a basis of Q(V2, V3) /Q(/2). By Theorem 16.1. 20, {1, 72, V3, V6} 
is a basis of Q(V2, V3)/O. [O(V3, V3) : Q| =4, [Q(V2, V3): Q(V2)] =2, and [O(V3): Q|= 2. 


Theorem 16.1.22 Let F/K be a field extension. If L is the set of all elements in F, which are algebraic over 
K, then L is an intermediate field of F/K. 
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Proof. Any k € K isa root of the polynomial « — k over K. Thus, L > K. Let a and b be elements of L, 
where a is of degree m over K and 6 is of degree n over K. Then K(a)/K is of degree mand K(a,b)/K(a) is 
of degree at most n. Hence, by Theorem 16.1.20, K(a,b)/K is a finite extension. By Theorem 16.1.18, every 
element of K (a, b) is algebraic over K. Since a—b and ab~' (for b £0) are elements of K (a, b), a—b and ab~* (for 
b #0) are algebraic over K. Thus, a — b and ab~' (for b £0) € L and so L is a field. 


Definition 16.1.23 A field extension F/K is called algebraic if every element of F is algebraic over K; oth- 


erwise F'/K is called transcendental. 


Theorem 16.1.24 Let L be an intermediate field of the field extension F/K. Then F/K is an algebraic extension 
if and only if F/L and L/K are algebraic extensions. 


Proof. Suppose that F/K is algebraic. Let a € F. Then a is a root of a nonzero polynomial p(x) € K [a]. 
Since kK C L, p(x) € L[z]. Thus, a is algebraic over L and so F'/L is algebraic. Every element of L is an element 
of F’. Hence, L/K is algebraic. Conversely, suppose F'/Z and L/K are algebraic extensions. Let c € F. Then c is 
aroot of some nonzero polynomial cp +civ+---+enx” € L{x]. Thus, c is algebraic over K (co, c1, ...,Cn) whence 
K (co, C1,--+,€n)(c)/K (co, C1,---,€n) is a finite extension. Since co, C1,...,C€n are algebraic over K, repeated 
application of Theorem 16.1.20 yields that K(co,c1,...,¢n)(c)/K is a finite extension. Therefore, c is algebraic 
over KK by Theorem 16.1.18. Hence, F/K is an algebraic extension. Mf 


Example 16.1.25 LetF =Q({ D|p Z,pisaprime}) R. We show that F'/Q is algebraic and[F:Q\=  . 
Now for any prime p, jp ¢ Q. Let pi€...,pn be any distnct primes. Suppose p # pi, i = 1,2,...,n, an&p 
is a prime. Assume thit ,/p ¢ Q(,/pi, .--, /pn), the induction hypothesis. (The case n = 0 is ,/p ¢ Q and 
this case is described above.) We show the if Pi,---,;Pn+1 are distinct primes and p #pi,i= 1,2, ..., rn +1, 
then \/p € Q(,/p1, ---, /Pnti). Suppose JPeE QVpr; .++y./Pn41). Then there exist a,b € Q(,/pi,.. i) shih 
that ./p = a+ cae Ifa = 0, then p = b?pn41, a contradiction since p and pn+1 are distinc primes. If 

= 0, then /p=a € Q/p,..., VBa); a contradiction to our induction hypothesis. Supposea #0 and b# 0. 
Then p = a + pn4ib? + 2ab,/Paqi- Hence, /Pnzi = (p — a” — pn4ib?)/2ab € Q(,/P1,.--,/Pn) and so ,/p € 
Q(/Pi,---,./Pn), @ contradiction of the hypothesis. Hence, ,/p ¢ Q(,/pi,--.,./Pn+1)- Thus, by the induction 
hypothesis, we find that for any positive integer k, if p1,..-,Pr, p are distinct primes, then JP ¢ Q(/p1, das Pr): 
Hence, a = 

Qc Q(Vv2) c Qv2, V3) c--- 

is an infinite strictly ascending chain of intermediate fields of F/Q. Hence, F/Q must be of infinite dimension. 


Leta F. Then there exist primes pi, ..., pn such that a Q(,/pi, ---, \/pn). Since Q(,/pi, ..-, /Pn)/Q is 


a finite field extension, a is algebraic over 0 by Theorem 164.18. Hence, F/Q is algebraic. Note that from this 
example, it follows that [R : Q] = ow. 


The above example provides us with a field extension F'/Q which shows that the converse of Theorem 16.1.18 
is not true. Since the field of algebraic numbers A contains F’, we have [A: Q] = co. 


Definition 16.1.26 Let F/K and L/K be field extensions ando : F — L be a homomorphism. Then o is called 
a K-homomorphism if o(a) =a for alla € K. 


Let F/K and L/K be field extensions and 0 : F — L be a K-homomorphism. Since a is a nonzero 
homomorphism, Ker o 4 F. Therefore, Ker o = {0} since the only ideals of F are F' and {0}. This implies that 
a is one-one. Hence, o is an isomorphism of F' onto o(F’). We simply call o a K-isomorphism of F into L. If 
L=F=o(F) and o is a K-isomorphism of F into L, then we call o a K-automorphism. 


Theorem 16.1.27 Let F/K be an algebraic extension anda: F — F be a K-homomorphism. Then o is an 
automorphism. 


Proof. As above o is one-one. To show a is an automorphism, it only remains to be shown that o(F) = F. 
i.e., 0 is onto F.Let a € F. Let f(x) = ao+aix+---+axa* € K[z] be the minimal polynomial of a over K. Let b 
be any root of f(a) in F. Then f (o(b)) = ap +. a10(b) +--+» + axa(b)* = o(ao +a1b+---+a,b*) = 0. Hence, o(b) 
is aroot of f(x). Let F’ be the subfield of F generated by all roots of f(x) over K that liein FP. Then F’/K is a 
finite extension. Since o maps a root of f(z) to a root of f(x), o maps F’ into F’. Since [F’ : K] = [o(F") : K], 
it now follows that [F’ : o(F’)] = 1 by Theorem 16.1.20 and so F’ = o(F”). Hence, a € F’ = o(F") C o(F). 
Thus, o is onto F. @ 
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Worked-Out Exercises 
& Exercise 1: Show that the polynomial x? — 7 is irreducible in Q(V3)[z] 


Solution: Suppose «? — 7 =(a#— (a+ bV3))(a — (c+ dy/3)), where a,b,c,d € Q. Then x? — 7 = 2? — ((a+c) + (b+ 
d)V/3)x 4 + (ac + 3bd 4 ady/3 + be 3). This Pats that 


0 


(at+c)+(b+d)vB 


ac+3bd+ad 3+ bc 3 —7. 
Since {1, V3} i is linearly independent over Q, a+c=0Oand b+ d= 0. Hence, 


—a? — 3b? + (—2ab) V3 = 


Thus, —a? — 3b? = —7 and —2ab = 0. Hence, ab = 0. Suppose a = 0. Then 307 = 7. Now b= 2 for some 
integers m and n with gcd(m,n) = 1. Therefore, 3m? = 7n?, which contradicts the fundamental theorem 
of arithmetic. Suppose b = 0. Then a? = 7, which again leads to a contradiction of the fundamental 
theorem of arithmetic. Thus, x? — 7 is irreducible in Q(V3) [x] 


® Exercise 2: OG. [Q V3, V7) : Q(v3)] and [Q(/3) : Q|. Also, find a basis for Q(V3, V7) /Q(v3) and a basis for 
7)/Q 
Solution: ee Worked-Out Exercise 1 (page 235), 2? — 7 is irreducible over Q(V3). Thus, 


[QA 7)+ Q_8)] = dex(a? 7) =2. 


By Theorem 16.1.14, {1, s/7} is a basis for Q(v3, V7) /Q(V/3). Since x? — 3 is irreducible over Q, [Q(v3) : 
Q] =2 and {1, V3} is a basis for Q(V3)/Q. Thus, 


[o( V3, V7) : Q] = [Q(V3, V7) : Q(V3)|[Q(V3) : Q] =2-2= 4. 


By Theorem 16.1.20, {1, WT ED /21} is a basis of Q(V3, V7)/Q. 
& Exercise 3: Find an element u € R such that Q(v2, V7) = = ae 
Solution: We claim that u = ean oe U= J2/7 EQ V2, V7), ), Q(u Are /2, <7). Now WO i 7 € Q(u) implies 
that 14/2 = (/23/7)8 EQ ae wpe Q(u). Since V3, We Q(u), Xn € Q(u). Therefore, Q(V2, 
/7) C Q(u). Thus, aes = Q(u). 


® Exercise 4: (a) Let F be a field and a,b be members of a field containing F. Suppose that a and 6 are algebraic of 


gaerey,, m and " over F, respectively. Suppose ™ and ” are relatively prime. Show that [F(a,) : 


(b) Show that the result in (i) need not be true if m and n are not relatively prime. 


Solution: (a) Let f(x) € F'[a] be the minimal polynomial of a of degree m. Now f(x) € Fla] C F'(b)[z]. Thus, a 
satisfies a polynomial of degree m over F'(b). Hence, [F'(b)(a) : F(b)] <m. Since F(b)(a) = F(a, b), 
[F'(a, b): F'(b)] < m. Now [F(a, 6): F] = [F(a, b) : F(b)|[F'(6) : F] < mn. Also, 


[F(a,b): F] = [F(a,b) : F(b)|[F(b) : F] = [F(a, 6): F(b))n. 


Thus, n|[F'(a, b): F']. Similarly, m|[F'(a, 6): F]. Since m and n are relatively prime, mn|[F'(a, 6): F]. 
Therefore, [F'(a,b): F'] > mn. Consequently, [F'(a, 6): F] = 


(b) Let F=Q, a= 26, and b = 24. Then a is algebraic over F' of degree 6 and b is algebraic over F’ 
of degree 4. We claim that F(a,b) = F (273). Now 6 = (273 )3 F (273) and a= (278)? F(27). 
Ths F(a, b) Cc F(2®). Now 2B = a —t=7 (2% )- le F(ab). Hence, F(a, b) = FQe). Since 
x? — 2 is the minimal polynomial of 75 [FOB 12): FPF] =12424=4.-6. 


® Exercise 5: Consider the unique factorization domain F'[t], where F is a field and ¢ is transcendental over F. Show 
that the polynomial 2? + ta +t € F(t)[z] is irreducible over F(t). Also, show that x? +ta+t € F(2)[t] is 
irreducible over F'(). 


Solution: Now t |/1,t\t, but ¢? |/t. Note t is prime in F[t]. Thus, 2? + t2 +t € F(t)[z] is irreducible over F(t) by 
Fisenstein’s criterion. If we consider x?+ta+# as a polynomial in t over F(x), then ?+ta+t = (x+1)t+2?. 
It follows that Eisenstein’s criterion does not apply. However, since (x + 1)t+ 2? is of degree 1 in t, it is 
irreducible over F'(). 
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Exercise 6: 


Solution: 


Exercise 7: 


16. Field Extensions 


Let K [u,v] denote the polynomial ring in two algebraic independent indeterminates wu, v over the field K. 
Let F denote the field of quotients K (u,v) of K [u,v]. Prove that the polynomial «? + vx + u is irreducible 
over F’. 


Suppose x? + ve + u is reducible over F’. Then 
pve tum (2+ 2d) (94 Lud), 
q(u,v) g(u,v) 


where p(u,v), q(u,v), f(u,v), g(u,v) € K[u,v]. We may assume that p(u,v) and q(u,v) are relatively 
prime in K[u,v] and also f(u,v) and g(u,v) are relatively prime in K [u,v]. Now 


uq(u,v)g(u, v) = p(u, v)f (u,v). (16.3) 


Hence, g(u,v) divides p(u,v), p(u,v) divides ug(u,v), q(u,v) divides f(u,v), and f(u,v) divides uq(u, v). 


Also, 
ya Weer) , fur) 
q(u,v) — g(w,v) 
Consequently, 


ug(u, v)g(u,v) = p(u,v)g(u, v) + g(u,v) (u,v). (16.4) 
Therefore, g(u,v) divides q(u,v) and q(u,v) divides g(u,v). Thus, 


g(u,v) = kq(u, v) 
for some k € K. Hence, g(u,v) and p(u, v) are relatively prime. Similarly, q(u,v) and f (u,v) are relatively 
prime. Thus, p(u,v) divides u and f (u,v) divides wu by Eq. (16.3). Hence, 
either p(u,v) = kiu or p(u,v) = ka, (16.5) 


either f(u,v) = kouor f(u,v) = ke (16.6) 
for some ki,k2 € K. Suppose that p(u,v) =kiu and f(u,v) =kou. Then substituting into Eq. (16.4) we 
obtain 

uq(u, v)g(u, v) = kiug(u, v) + kouq(u, v). 
Thus, 
vug(u, v)g(u,v) = kiukq(u,v) + kougq(u, v). 


Hence, vg(u,v) = (kik + k2)u. However, this contradicts the algebraic independence of u,v over K. 


Sonbsta tatbign ther hembiairaiporddplititente bras, 0 OG Katthis 66) into Eq. is (@diciwle alae pbtain a 


Let F = K(a,y), where K is a field and 2, y are algebraically independent indeterminates over K. Show 
that F A K(x)K(y), where 


K(x)K(y) = {d0,(pi(x)/ai(x))(ui(y)/vi(y)) | pi(x), a(x) € Ka], 
ui(y), vily) € K[y], ai(x) 40, vi(y) A OF. 


Solution: Now = ¢ K(x)K(y) else a = (0, (fila) a(y))/h(x)k(y), after obtaining a common denominator. 
Thus, 
h(ax)k(y) = («+ y)(9—(fi(@) gy). 
This implies that « + y divides h(x)k(y). Hence, x + y divides h(x) or k(y) since  +y is prime in the UFD 
K[a, y], a contradiction of the algebraic independence of «x, y over K. 
Exercises 

1. Show that Q(V/3, —V3) = Q(v3). 

2. Let F'/K be a field extension. Show that [F': K]= 1 if and only if F = K. 

3. Consider the field extension R/Q. 
(i) Show that 7? is transcendental over Q. 
(ii) Show that ./7 is transcendental over Q. 

4. Consider the field extension R/Q. Show that 7 — 3 is transcendental over Q. 
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5. Consider the field extension R/Q. Show that m is transcendental over Q(V2). 
6. Consider the field extension R/Q. Show that 7 + V2 is transcendental over Q. 


7. Let F/K be a field extension such that [F : K] < oo. Let p(x) be an irreducible polynomial in K[z]. 
Suppose p(c) = 0 for some c € F. Prove that deg p(x) divides [F : K]. 


8. Find [Q(7/5) : Q]. 
9. Show thatQ(V3_ V5) = Q(Vv3, V5). Find [Q(V3__ V5): OQ. 
10. Show that the potynomial x? — 5 is irreducible over Q(, 72). 
11. Find the minimal polynomial of 2+ V5 over Q. 
12. Let c = %/3. Show that Q(c) = Q(c?). 
13. Find [Q(V/2, V5): Q(V2)], [Q(V2, V5) : Q,, a basis for Q(V/2, V5)/ Q(V/2), and a basis for Q(/2, V5)/Q. 


14. Let F'/K be a field extension and c € F be algebraic over K. Let f(x) € K[a]. Show that f(c) is algebraic 
over Kk. 


15. Prove that if [F': K] =p, pa prime, then F’/K has no proper intermediate fields. 


16. Let L and M be intermediate fields of the field extension F'/K. Suppose that [L : K] is a prime. Prove 
that either DN M=K or LC M. 


17. Let F/K be a field extension, f(x) be a nonzero polynomial in K [az], and c € F. If f(x) is algebraic over 
K, prove that c is algebraic over K. 


18. Let F/K bea field extension such that [F': K] =p, pa prime. Prove that ifc € F, c¢ K, then F = K(c). 


19. Let F/K be a field extension and a, b € F be algebraic over K. If a has degree m over K and b 4 0 has 
degree n over K, prove that the elements a + b, ab, a— b, ab~+ have degree at most mn over K. 


20. Prove that fot /3, 4/2 — V3 have degree 4 over Q and that »/35/3, V2/V3 have degree 2 over Q. Find 
the minimal polynomials of these elements over Q. 


21. Let F/K be a field extension and R be aring such that kK C RC F. Prove that if every element of R is 
algebraic over K, then R is a field. 

22. Let F/K be a field extension and u, v € F. 
(i) Prove that K(u,u+v) = K(u,v). 
(ii) If u and w+ v are algebraic over K, prove that [K(u,v) : K] is finite and v is algebraic over K. 


23. Answer the following statements true or false. If the statement is true, prove it. If it is false, give a 


counterexample. 

(i) Let F'/K be a field extension and L be an intermediate field of F'/K. Let V be a basis of F'/L such that 
1éV andU bea basis of L/K such that 1 € U. Then U UV is linearly independent over K. 

(ii) Let F'/K be a field extension and L be an intermediate field of F'/K. Let V be a basis of F/Z and U 
be a basis of L/K. Then U UV is a basis of F/K. 

(iii) Let F/K be a field extension and c,d € F. If K(c,d) = K(c), then d = f(c) for some polynomial 
f(x) € Ka]. 


16.2 Splitting Fields 


Here we give some results concerning the existence of field extensions which are generated by roots of polynomials. 
These results are basic to Galois theory. 

Consider the polynomial ring K |x] over the field K. Let f(x) K|z]. In the quotient ring K|x]/ (f(x)), 
we let 9(%) denote the coset g(x) + (f(2)) - Thus, if g(x) = Scio igx*, then by the definition of addition and 
multiplication of cosets, we have that g(x) = 7", kia’. 


Theorem 16.2.1 (Kronecker) Let K bea field. If f(x) is a nonconstant polynomial in K [a], then there exists 
a field extension F/K such that F contains a root of f(x). 


Proof. Since K[a] is a unique factorization domain, there exist irreducible polynomials fi(x),..., fn(a) € 
K [x] such that f(x) = fi(x)--- fn(w). Thus, a root of any fi(x),i = 1,2,...,n, isa root of f(x). Hence, it suffices 
to prove the theorem for f(x) irreducible in K [x]. The ideal ( f(x)) is maximal in K [a] and so F = K [a]/ (f(«)) 
is a field. Let a be the natural homomorphism of K[a] onto K[z]/(f(«)). Since KM (f(x)) = {0}, a maps K 
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one-one into F’. Thus, say, kK C F, that is, we identify k ¢ k with k in F. Hence, a(f(x)) = f(x) = f(%), where 
f(x) = f(x) + (f(x)) and & = «x + (f(x)). Now a(f(x)) = 0 and so f(%) = 0. Therefore, 7 is a root of f(z). 
Ez 


The field extension F'/K in Theorem 16.2.1 has some interesting properties. Consider the subring K[] of 
F. Then a( 379 kiv") = 0) kim’ for all 7%, kia’ € K[x] and so a maps K[z] onto K[Z]. Since a also maps 
K [x] onto F, we have F = K[z] = K(@). Thus, for f(a) irreducible in K[z], we have by Theorem 16.1.14 that 
[F: K]=nand {1,7,...,2"~"} is a basis of F/K, where n = deg f(z). 


Example 16.2.2 x? +1 is irreducible in R[x]. Now C = R/ (a? +1) = R[Z] = {a+ UF | a, b € R} is a field, 
where % = x + (ae + 1) . Since x2 = —1, we may call C the field of complex numbers. We may think of & as i. 


Example 16.2.3 Consider the polynomial x* — 3 € Q{a]. By Eisenstein’s criterion, x* —3 is irreducible in Q{s]. 
Set \= a +(a* —3) in the field Q{a]/(x* — 3). Then 


a]/(x* — 3) = Q(A) = {a+ bA+ cd? +d? | a,b,c,d € Q} 


and {1,,\7, 3} is a basis of Q(A) over Q. Let us multiply two elements of Q(A) and determine the form 
a+br+cr? + dd} for their product. Consider (1+ + 3) and (14+ A*). Then 


(sk Pot 2° (aD a a 


Now 


l+aetae?4 273445 =a(e4-3)+14+404+ x? +223 


using the division algorithm. Thus, 


L+trA+A7 42043425 = AA*—3) 41440447 4223 
= X-04144A4d7 4 233. 


Hence, 
(LEA+A)(14+ 47) = 14444? +233. 


Let us find (1+ 4+ A3)7". Since x* — 3 is irreducible over Q, the ged of x* —3 and x? +241 is 1. Therefore, 
there exist s(x), t(x) € Q{a] such that 


1 =s(x)(x* — 3) +t(x)(1+2+2°). 


Thus, 


1 
1 


s(A)(A4 — 3) + t(A)(1 + A +3) 
O+tA)( FAL yar 

Hence, t(A) = (1 +A+.3)~1. We have not really calculated t(A), however. To do this calculation, we must know 
the exact form of s(x) andt(x). The method for finding s(x) and t(x) is described below. Now by repeated use of 
the division algorithm, we have 


x —-3=2( + 1) + ( x — 3) 
get+etl = (-# ney x —a%—3)+(-a#+4) 
= og7=3 = Pee x + 4) + (—23) 
—£+4 = (xa-—4)(—23) +0. 
Thus, by back substitution, we obtain 
—23 = —a* —a2—3-(£+5)(-«+4) 
23 = 2 « 8 (#+5)[e2>t+e+1 ( +1) 2 « 3) 
= x2— 4e¢4+6)(—x2? —2x —3 a+ 6)(e3 +a+1 
— a? — dos Bhs 3 a ¢ | ith (2 + 5)(23 + 2 + 1) 
= (—-a2? — 42+ 6)(2* — 3) 4+ (23 + 4a? — 72 — 5)(23 +241). 
This implies that 
1= ay a” — 4x + 6)(x* — 3) 4 al (a? + 42? — 72 — 5)(2? +041). 
23 23 
Therefore, 
ae 2 less si 
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Consequently, Z r i 
3)-1_ 9, fy) 4y2 143 
eer ay = 33 1 334 33° 33. 


Since » is a root of «* — 3 in Q(A), we know by Corollary 11.1.10 that « — » divides x* — 3 over Q(A). In fact, 
x*—3 =(a—A)(a?+Ar?+d?22+3). We know there exists a field Q(A) (Az), where Az is a root of x3 +Ax* +? a+A3 
over Q(A) by Theorem 16.2.1. Over the field Q(A)(Az2), v2 + Ax? + 2x +A? factors into (x — A2)q(x), where q(x) 
has degree 2. There exists a field Q(A)(A2)(A3), where A3 is a root of q(x), and over the field Q(A)(A2(A3), g(x) 


factors into (a — A3)(a — A4). Thus, 
x —3 = (a — d)(a — Az) (a — Az) (a — a) 


over Q(A)(Az2)(A3) (Aa). In this particular example, we can take A2 = —XA and so Q(A) = Q(A)(A2). Hence, 
QO, A2, A3, Aa) = QA, 3): 


Now over Q(A), 


g* —3 =(a—A)(e + A)(x? 4+ A?). 
Also, x? + ? is irreducible over Q(A), a fact we leave as an exercise. Thus, [Q(A) : Q| = 4 and [Q(A)(As) : 
Q(A)] = 2. Hence, [Q(A)(A3) : Q] =8. 


Example 16.2.3 leads us to believe that given any polynomial f(a) in a polynomial ring K [a] over a field K, 
there exists a field extension F/K such that f(x) factors completely into linear factors. This is indeed the case, 
as we will presently show. 


Definition 16.2.4 Let K bea field. A polynomial f(x) in K[a] is said to split over a field SD K if f(x) can 
be factored as a product of linear factors in S|x]. A field S containing K is said to be a splitting field for f(x) 
over K if f(a) splits over S, but over no proper intermediate field of S/K. 


Example 16.2.5 The field of complex numbers C is a splitting field for the polynomial «7? +1 over R. This 
follows since x? + 1 = (x+1%)(a —1) in C[a] and C/R has no proper intermediate fields because [C : R] = 2. 
(fC D LDR, where L is an intermediate field of C/R, then 2 = [C: L][L: R] and so either [C: L] = 1 or 
[L: R] =1. Thus, either C= L or L=R.) Note that C is not the splitting field of x? +1 over Q since 2? +1 
splits over Q(t) CC. 


Theorem 16.2.6 Let K be a field and f(x) be a polynomial in K[ax] of degree n. Let F/K be a field extension. 
if 
f(x) = c(a@ — c1)(@ — c2) +++ (@— cn) in Fla, 


then K(c1,c?2,...,c”) is a splitting field for f(x) over K. 

Proof. Since ci, c2,...,Cn are the roots of f(x), f(x) splits over K (ci, c2,..., Cn). Let L be an intermediate 
field of K(c1,c2,...,¢n)/K such that f(x) splits over L. Since K[2] is a UFD, there is only one way f(a) can 
split over L, namely, f(x) = c(# —ci)(@ —c2) +--+ (@—c,). Thus, c1,¢2,...,¢n € L, whence L D K(ci,c2,...,Cn). 
Hence, K (ci, c2,...,€n) is the smallest intermediate field over which f(x) splits. 
| 

The field Q(A, 3) of Example 16.2.3 is a splitting field for x* — 3 over Q. We now prove the existence of 
splitting fields. 


Theorem 16.2.7 Let K be a field and f(x) be a nonconstant polynomial over K. Then there is a splitting field 
for f(a) over K. 


Proof. If deg f(x) = 1, then K is a splitting field for f(x) over K. Assume the theorem is true for all 
polynomials of degreen 1( 1). Suppose deg f(x) =n. There exists a field K; KK such that Ky contains a 


root ¢1 of f(x) by Theorem 1@2.1. Thus, f(x) = (x — 1) f1(x) in K1[z] and deg fi@) =n —1. By the induction 
hypothesis, there exists a field extension £/K, such that f1(«) splits in E[a]. Thus, f(a) splits in E[z], say, 


f(x) = c(a@ — c1)(@ — c2) +++ (@ — en). 
By Theorem 16.2.6, the intermediate field K (ci, co, ..., Cn) of E/K is a splitting field for f (a) over K. 
2] 
The intermediate field Q( #3, i 473) of C/Q is a splitting field for *—3 over Q. The field Q(A, \3) of Example 
16.2.3 is also a splitting field for c* — 3 over Q. However, we cannot conclude that Q( 73, iB) = Q(A, As). 


Hence, splitting fields for a given polynomial over a field are not unique. We will show, however, that they are 
unique up to isomorphism. 


240 16. Field Extensions 


Theorem 16.2.8 Leta be an isomorphism of the field K onto the field K'. Let p(x) = ko +kia+koa?+---+knx” 
be an irreducible polynomial in K[x] of degree n, c be a root of p(x) in some field extension of K, and p'(y) = 
a(ko) + a(ki)y + a(ka)y?+ ---+a(kn)y” be the corresponding polynomial in K'[y]. Then p'(y) is irreducible in 
K' ly}. If c’ is a root of p'(y) in some field extension of K', thena can be extended to an isomorphism a' of K (c) 
onto K'(c’) with a'(c) = c'. a’ is the only extension of a such that a'(c) =c’. 


Proof. By an argument similar to the one used in the proof of Theorem 11.1.14, a can be uniquely extended 
— / 2 m 


to an isomorphism @ of K [2] onto K [y] so that for every polynomial b° + bla + b?” +---+b™axr Kz}, 
(bo + bia + box? +--+ +bma™”) = a(bo) + a(b1)y + a(be)y? +---+a(bm)y™. 


We leave to the reader the verification that p’(y) is irreducible in K'[y]. Let 8 be the natural homomorphisms 
of K[z] onto K[z]/(p(x)) and 6’ be the natural homomorphisms of K’[y] onto K'[y]/(p'(y)). Then Ker 8 = 
Ker 8’ 0G. Hence, there exists an isomorphism a:* of K[2]/ (p(x)) onto K’[y]/ (p'(y)) such that B’ o@ = a* o B. 
By Theorem 16.1.11 and Corollary 16.1.12, there exist isomorphisms y and 7 of K[x]/(p(x)) onto K(c) and 
K'[y]/ (p'(y)) onto K'(c’), respectively. Thus, a’ is the map 7/0 a* o y~*. The situation is described by the 
following diagram: 


K[x] —_—_“____.,. K[y] 


é 


B B 


K[x] a Kp] 
—- cu“ 


=p x \> <p tv)}> 


| ar | 


K(c) —————— K (oe) 


Let a” be any other extension of a to an isomorphism of K(c) onto K’(c’) such that a”(c) = c’. Now 
{1,c,...,c"'} is a basis for K(c)/K and {1, c,..., ¢"~+} is a basis for K'(c’)/K’. We have that 


n—-1 n—-1 n—-1 n—-1 
a(S hic’) = So al (ke)al (ce) = S$ a(ki)e* = a"(S > hic’). 
i=0 i=0 i=0 i=0 


Hence, a” =a’. Hf 


Corollary 16.2.9 Let E/K be a field extension and p(x) be an irreducible polynomial in Ka]. If a, b € E are 
roots of p(x), then K(a) ~ K(b). 


Proof. Let K = K' and a be the identity map. 
a 
From Corollary 16.2.9, we have Q(#/3) ~ Q(i</3) in Example 16.2.3. 


/ 


Theorem 16.2.10 Let a be an isomorphism from the field K onto the field K . Let 
f(x) = ko + hig + koa? +--+ + kx” 


be a polynomial in K{x] and 
f'(y) = ako) + a(kn)y + a(ha)y? + +++ o(kn)y” 


be the corresponding polynomial in K'[y]. 
If S is a splitting field for f(x) over K and S’ is a splitting field for f'(y) over K', then a can be extended 
to an isomorphism a’ of S onto S’. 
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Proof. The proof is by induction on deg f(x). If deg f(x) =1, then K = S and K’ =S’. In this case, we can 
take a’ =a. Assume the theorem is true for all polynomials of degree less than n (the induction hypothesis). 
Suppose deg f(x) = n. Extend a to an isomorphism @ of K[x] onto K’[y| as in Theorem 16.2.8. Let p(x) be 
an irreducible factor of f(x) and c, € S be a root of p(x). Let cL € S’ be a root of G(p(a)) = p(y). Then by 
Theorem 16.2.8, a can be extended to an isomorphism a1 of K(c1) onto K’(c{). Extend a1 to an isomorphism 
aq of K (c1)[x] onto K'(c1)[y]. Now f(a) = (@—c1) fi(x) in K (c1)[x] and f’(y) = (y—ci) fi(y) in K (c1)[y], where 
fi G) = ="a1(fi(x)). Clearly S is a SpHbiing field for f(x) over K(c1) and S’ is a splitting acl? for fi(y) over 


A sctieSincggites fi(z) = n—1= deg fi (y), a! can be extended to an isomorphism of S onto s by the induction 


Corollary 16.2.11 Let f(x) € K|a]. Any two splitting fields for f(a) over K are isomorphic. 


Proof. Let S and 9’ be two splitting fields for f(x) over K. In Theorem 16.2.10, take K = K’ and a the 
identity mapping on K. Hf 


Definition 16.2.12 Let F/K be a field extension and a, b € F. Then a and b are called conjugates if a and b 
are roots of the same irreducible polynomial over K. 


We ask the reader to prove that the notion of conjugates defines an equivalence relation on F’. 


Example 16.2.13 Consider the field extension C/R. Leta,b € R. Then a+ bi and its complex conjugate a — bi 
are conjugates in the sense of Definition 16.2.12. This is obvious if b= 0. Suppose b #0. Thena+bi / R. Let 
f(a) = x2 — 2ax + (a? + 6). Since a+ bi € R, [R(a+ bi): R] =2. Nowa+bi is a root of f(a) and f(x)anust be 
irreducible over R. a — bi is also a root of f(x). 


In certain cases, the following theorem is useful in determining the irreducibility of a polynomial. 


Theorem 16.2.14 Let F bea field. Let p be a prime in Z anda € F. Then the polynomial x? — a is reducible 
over F if and only if x? — a has a root in F. 


Proof. Suppose f(#) = 2? —a € Fz] is reducible. Let f(a) = g(a)h(a) for some g(x), h(x) € Fla, 
deg g(x) = m,0 <m<_p, and0 < deg h(x) < p. Since f (x) is monic, we can take g(x) to be monic. By factoring 
g(x) as a product of linear factors in a splitting field of g(x) over F, we see that the constant term of g(x) is 
(—1)""d for some d € F’.. Since gcd(m, p) = 1, there exist integers s and t such that 1 = sm + tp. By Theorem 
16.2.1, there is a field extension of F which contains a root of f(x). Let b be such a root of f(x). 

Case 1: Suppose the characteristic of F is p. Since b is a root of f(x), b? =a. Thus, 


(a — b)P =xaP — bP = xP —a 


and all the roots of f (a) equal b. Now every root of g(a) is also a root of f(x). Thus, all the m roots of g(x) are 
equal to b. Hence, b™ = d. Now 


Cap? =) Sahai 
Hence, b = d*a‘' € F and so f(x) has a root in F. 
Case 2: Suppose that F is not of characteristic p. Let c be any other root of f(x). Then 


P=a=b". 
Hence, c = bu, where u = c~?t*b?—! and u? =1. From this, it follows that the roots of f (x) are of the form 
b,bu1,...,bup-1, 
where u? =1. As in case 1, we have that the product of the roots of g(x) is 
d= b™u1u2---um-1 = b™, 
where v? = 1. Now 1 = sm + tp implies that 


pe v dé pi? ba’. 


Therefore, b = v~*d°a". It then follows that 
6=P aa Pau "eal H(t a')*. 


Thus, d*a’ € Fis a root of f(x). 
The converse follows from Corollary 11.1.10. @ 
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Worked-Out Exercises 


Exercise 1: Find a splitting field S of «+ — 10x? + 21 over Q. Find [S: Q] and a basis for S/Q. 


Solution: Note that 24 — 1027 + 21 = (x? — 3) (a? A over Q. Therefore, a splitting field S of «* — 10x? + 21 over Q 
is Q(V3, V7). Hence, [S': Q] =4 and {1, V3, V7, V21} is a basis for S/Q, as can be seen from Worked-Out 
Exercise 2 (page 235). 


Exercise 2: Show that the splitting field of x? 1 over Qisofdegreep 1, where: isa prime. 
© Solution; Let f(z) =x? — 1 € Qiz]. Now f(#} = (x — 1)g(z), where 9) =2?-1+aP-2+---+2+1. Also, 


g(x) == =. 


P_. 
ga 1)= a aarts (Darras ( . ) 
x 1 p-l 


Now since p is prime, p| 2) for alll <r < p—1. Also, p? does not divide (ana) Therefore, by Eisenstein’s 


Hence, 


criterion, g(a + 1) is irreducible over Q. Thus, g(a) is irreducible over Q. Let € = on, where 7? = —1. 
Then the roots of f(x) are 1,€,€°,...,€?~" and the roots of g(a) are €,€*,...,€?~+. Now the splitting 
field of f (x) is S = Q(1,€, €’,...,€8-') = Q(€). Also, g(x) is the minimal polynomial of € over Q. Hence, 


[S: Q) =p-1. 
Exercise 3: Find the splitting field of the following polynomials over Q. 
(a) 24 +1. 
(b) 26 +23 +1. 
Solution: 
(a) Let f(z) =a24+1. Then f(a) = (a? + V2x +1)(x? — V2a +1) over Q(V2). Therefore, the roots of 
f(a) are 
—V2tivy2 V2+iv2 
2 , 2 ; 
Let S be the splitting field of f (x) over Q. We claim that S = Q(vV2,%). Now 
jis ,Viniv 
P 2 2 € 
an 
i= 2+ iv? _ Ww iv? es 
5 : 
This implies that 7 = ~~ € S. It now follows that Q(/2, : CS. Clearly $ C Qv2, i). Consequently, 
S= Q(v2, i). Now 2? — 2 is vie minimal polynomial of /2 over Q and a? + 1 is the minimal 
polynomial of i over Q. In fact, x? +1 is the minimal polynomial of i over Q(V2). Thus, [S: Q) =[S 
Q(vV2)][Q(V2): QJ = 2-2=4. 
(b) Let f(x) = 26 +23 +1. Now (x° — 1) = (2? —1)(x® ts +1). The roots of (x? — 1) are 1,€, €?,...,€8 
mad 1 + ,€°are the roots of (x? — 1), where € =e ae . Hence, €, €7, €*, €°, €", & are the roots of 
x° +4341. Therefore, S = Q(€, €7, €4, €, €7, B) = are) is the splitting field of #& + 23 +1 over Q. 
Since 2° + 23 +1 is irreducible over Q, [S': Q| =6. 
Exercises 


1. Prove that the polynomial p’(y) in Theorem 16.2.8 is irreducible in K'[y]. 


2. Let F/K be an algebraic field extension. Define ~ on F by for all a, b € F, a ~ b if and only if a and b 
are conjugates. Prove that ~ is an equivalence relation. 

3. (i) Show that the polynomials x? — 2a —1land «2? —2 have the same splitting field over Q. 
(ii) Find a pair of polynomials in Q[z], other than the pair given in (i), which have the same splitting field 
over Q. 


4. Find a splitting field S of the polynomial x? — 3 over Q. Find [S': Q| and a basis for $/Q. 
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. Find a splitting field S of the polynomial x? + x + [1] over Zs. Find [$: Zs] and a basis for S/Zs. 

. Find a splitting field S of the polynomial x? + [1] over Zz. Find [S': Zz] and a basis for S/Zz. 

. Find a splitting field S of the polynomial «* — 7x? + 10 over Q. Find [9 Q] and a basis for $/Q. 

. Prove that Q(—4+ 243) is a splitting field of the polynomial «4+ + 2? +1 over Q. Find [(Q(-4+ aij) : Q. 


. Let f(a) € K[z], a polynomial ring over the field K. Let S be a splitting field for f(x) over K. Prove that 
forany field L,S L K,Sisasplitting field of f(x) over L. 

10. Let f(x), g(x), and h( € K[a], a polynomial ring over the field K. Suppose that S is a splitting field of 

f(a) over K and f(x) = g(a)h(a). Prove that S contains a splitting field of g(x) over K. 


11. Let f(x), g(x) € K [a], a polynomial ring over the field K. Suppose that g(x) = f(ax+b), where0 #4a,beE K. 
Prove that f(a) and g(x) have equal splitting fields over K. 


mo Oo ND OO 


12. Prove that if f(x) is a polynomial in K[a] of degree n, then [S : K] <n!, where S is a splitting field of 
f(a) over Kk. 


13. Let K bea field and f(x), fo(x),..., fn(x) € K[x] be such that deg f;(x) > 1,1 <i< n. Show that there 
exists a field extension F'/K such that each f;(#) has a root in F. 


14. Let F' be a field of prime characteristic p and a € F. Prove that x? — x — a is reducible over F if and only 
if x? —a2—a has aroot in F. 

15. Answer the following statements, true or false. If the statement is true, prove it. If it is false, give a counter 
example, a . - 

(i) Let f(a) be an irreducible polynomial of degree n over a field K of characteristic 0. Let S = K(c1, 

C2,.-+,Cn) be a splitting field of f(x) over K, where ci, c2,..., Cn are the roots of f(x). Then K (c2,...,¢n) C 

S. 


(ii) The polynomial f (x) = x° 


— «x — 30 is reducible over Q. 
(iii) C is a splitting field of some polynomial over Q. 


16.3. Algebraically Closed Fields 


The most important result in Steinitz’s work in 1910 was his proof of the existence and uniqueness of an algebraic 
closure of a field. In this section’, we present these results. 


fi 
Dep aitiog 16.3.1 A field K is called algebraically closed if for all f(x) € K(x] with deg f(x) > 1, f(x) has 


Theorem 16.3.2 Let K bea field. The following conditions are equivalent. 
(i) K is algebraically closed. 
(ti) Every irreducible polynomial in K[a] ts of degree 1. 
(itt) Let f(x) € K[a], deg f(x) > 1. Then f(x) splits as a product of linear factors over K. 
(iv) If F/K is an algebraic field extension, then F = K. 


Proof. (i)=(ii) Let p(a) € K [a] and p(z) be irreducible. By (i), there exists a € K such that p(a) = 0. Then 
p(x) = (« — a)g(a) for some g(a) € Ka]. Since p(x) is irreducible, g(x) € K. Hence, deg p(x) = 1. 

(ii) (iii) Let f(x) € K[a] and deg f(a) > 1. Let f(x) = pi(x)---ps(x), where p;(x) € Ka] is irreducible, 
1<i<s. Then degp;(z) = 1,1 <i<s. We may write p;(x) = ki(a — a;), where ki,a; € K, 1 <i < s. Let 
k= k,---ks. Then f(x) = k(a@ — a)--- (a — as). Thus, f(x) splits as a product of linear factors over K. 


of cli Re dnt YAybs eralgebpnic feld pxpension, Latiy. rhavblet (G) <4 lel-be thqaninimalpobyapmigl 
ac+b=0. Thus, c = —a~1b € K. Hence, K = F. 

(iv)=(i) Let f(x) € K[x], deg f(x) > 1. There exists a field extension F/K such that F has a root of f(z), 
say, a. Then K(a)/K is an algebraic field extension. Therefore, K (a) = K and soa € K. Thus, K is algebraically 
closed. 

x 
We now prove the existence of an algebraically closed field. The following proof is due to Artin. 


' This section may be skipped without any discontinuity. The only place this section is needed is in Exercise 4 (Section 
24.1). 
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Theorem 16.3.3 Let K be a field. Then there exists an algebraically closed field F such that K is a subfield of 
F. 


Proof. We first construct an extension F,/K such that if f(x) € K[a] and deg f(x) > 1, then f(a) has 
a root in Fy). Let K be the set of all polynomials in K[a] of degree > 1. Let S be a set which is in one-one 
correspondence with K. For f(x) € K, let x+ be the corresponding element in S. 

Consider the polynomial ring K[S]. Let I be the ideal of K[S] generated by all polynomials f(x) in K[S]. 


We claim that J # K[S]. Suppose that J = K[S]. Then there exists 9’ € K[S] such that 


nhilep,) + gofe(@fo) + +++ + Gnfn(ws,) = 1. (16.7) 
Write 7; =axs,, 1 <i <n. Since the polynomials g;, 1 < 7% <n, involve only a finite number of indeterminates, 
say, £1,%2, ..., Lm, with m > n, we may write Eq. (16.7) as 
Yo irene AGI: (16.8) 
i=1 


By Exercise 13 (page 243), there exists a finite extension L/K such that each polynomial f;, 1 <i <n, hasa 
root in L. Let c; be a root of f; in L,1<i<n. Let ¢; = 0 for n <i<m. Substituting c; for 7;,1<i<n,in 
Eq. (16.8), we get 0 =1, a contradiction. Hence, J 4 K[S]. 

Let M be a maximal ideal of K[S] such that I C M. Let F, = K[S]/M. Then F; is a field containing an 
isomorphic copy (K + M)/M of K. Thus, Fi can be regarded as a field extension of K. Also, if f K[a] and 


deg f(x) > 1, then f+ M isa root of f in F1. E 
By induction, we can form a chain of fields 


Py CBS nu FC 


such that every polynomial of degree > 1 in F, has a root in Fy41. Let F = Uf2, Fn. Then F is a field. Let 
f € Fla]. Then f € F,,[2] for some positive integer n. Thus f has a root in Fy41 C F. Hence, F is algebraically 
closed. Mf 


Corollary 16.3.4 Let K be a field. Then there exists an algebraic field extension F/K such that F is alge- 
bratcally closed. 


Proof. By Theorem 16.3.3, there exists a field extension E/K such that E is algebraically closed. Let 
F ={a€E | aisalgebraic over K}. Then F'/K is an algebraic extension. Let f(x) € F'[a] and deg f(x) > 1. 


Roatel, (2) fas P roe Cink. aTbesrsidanlecaa Owe F. Since F’/K is an algebraic extension, ¢ is algebraic over 


Definition 16.3.5 Let K bea field. A field F > K is called an algebraic closure of K if 
(i) F/K is algebraic and 
(ii) F is algebraically closed. 


For any field K, Corollary 16.3.4 guarantees the existence of an algebraic closure of K. 


Lemma 16.3.6 Let F and L be fields with L algebraically closed. Leto: F — L be an isomorphism of F' into 
L. Leta be an algebraic element over F in some field extension of F. Let f(x) € F[x] be the minimal polynomial 
of a. Then o can be extended to an isomorphism 7 of F(a) into L and the number of such extensions is equal to 
the number of distinct roots of f(x). 


is albapcdiny AGL Her’ exists ‘i dt Fot eal sie Side a asaelkeuthte Wer F, pelo dang & Lire Sionary 
16.1.12. Thus, if u € F(a), then u =co+ca+---+cxpa* € Fla]. Define 7: F(a) > L by 

n(co + cra +--+ + cpa”) = o(co) + o(er)b +--+ +.0(cn)b* 
for all co+cia+---+c,a" € F(a). Suppose cotciat+: + -+c,a* = dotdiat+:+:+dsa*. Let y(a) = cotera+:+-+epa® 


and y'(%) =do+ dix +---+d,x°. Then (y —7')(a) = 0. Hence, f(x) divides (y — 7’)(x). Thus, f(a) divides 
(77 —77) (x). Consequently, (77 —y'7)(b) = 0 and so o(co) +. a(c1)b+-+-+0(cx)b* = a(do)+a(di)b+:+:+a(ds)b*. 
Thus, 7 is well defined. Clearly 7 is an isomorphism. The number of distinct roots of f (x) in the algebraic closure 
of F is equal to the number of distinct roots of f°(x) in L. For any extension € : F(a) — L,€(a) is a root of 
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f° (a). Therefore, the number of such extensions is equal to the number of distinct roots of f(x). 
 ) 

We close this section by showing that the algebraic closure of a field is unique up to isomorphism. Our proof 
uses Zorn’s lemma while Steinitz’s original proof used the equivalent concept of the axiom of choice. 


Theorem 16.3.7 Let F/K be an algebraic field extension. Let L be an algebraically closed field and o be an 
isomorphism of K into L. Then there exists an isomorphism 7 of F' into L such that n|k =o. 


Proof. Let S = {(£, A) | E isa subfield of F, K C Eand \: E — Lis an isomorphism such that A|x =o}. 
Since (K,o) € S, S # ¢. Let (E,)), (E’,»’) € S. Define a relation < on S by (F,A) < (£’,»’) if EC EB’ 
and \’|m = X. Then (S,<) is a poset. Let {(Fi, Xi) }ien be a chain in S. Let E = Uien FE. Then E is a field 
and K C E. Define \: E — L as follows: Let a € EF. Then a € E,, for some n. Define A(a) = An(a). Since 
{(Fi, Xi) }iea is a chain, A is an isomorphism of E into L. Hence, (EZ, A) € S and (£,.) is an upper bound of 
{(Fi, Xi) }ien. Hence, by Zorn’s lemma, S has a maximal element, say, (J, 7). Suppose T # F. Let a € F\T. 
By Lemma 16.3.6, there exists an isomorphism 8 : T(a) > L such that 6|r = 7. From this, it follows that 
(T(a), 8) € S, a contradiction of the maximality of (T, 7). Thus, F =T. & 


Theorem 16.3.8 Let K be a field. Let F and F" be two algebraic closures of K. Then there exists an isomor- 
phism » of F onto F" such that \(a)=a forallac K. 


Proof. Let o : K — F” be such that o(a) =a for all a € K. Then o is an isomorphism of K into F’. By 
Theorem 16.3.7, there exists an isomorphism \: FF” such that |x = o. Now \(F) ~ F. Thus, A(F) is 
algebraically closed and K C A(F’). Now K C A(F) G#”". Since F’/K is algebraic, F’/\(F) is algebraic. Thus, 
F’ =X(F). Hence, F ~ F’. 


Exercises 


1. If F is a field with a finite number of elements, prove that F' is not algebraically closed. 
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Chapter 17 
Multiplicity of Roots 


17.1 Multiplicity of Roots 


In some cases, an irreducible polynomial p(x) of degree n over a field K does not have n distinct roots ina 
splitting field of p(x) over K. In this chapter, we examine this situation. 
If f(x) is a polynomial over K and c is a root of f(x) in some field F' containing K, then the multiplicity 


of € is the largest positive integer ™ such that (a —c)™ divides f(x) over F’. 


Definition 17.1.1 Let K be a field and p(x) be an irreducible polynomial in K [x] of degreen. Then p(x) is called 
separable if it has n distinct roots in a splitting field S of p(x) over K; otherwise p(x) is called inseparable 
over K. Anarbitrary polynomial in K [x] is called separable if each of its irreducible factors in K [a] is separable; 
otherwise it is called inseparable. 


Definition 17.1.2 Let F/K be a field extension and c be an element of F which is algebraic over K. Then c 
is called separable (or separable algebraic) over K if its minimal polynomial over K is separable; otherwise 
c is called inseparable over K. If F/K is an algebraic extension, then F/K is called separable (or separable 
algebraic) if every element of F is separable over K; otherwise F/K is called inseparable. 


Let F/K be a field extension and L be an intermediate field of F/K. Let c € F and suppose c is separable 
over K. Then c must be separable over L. This follows since if f(x) and p(«) are the minimal polynomials of c 


over K and L, respectively, then p()|f (x). Hence, ¢ cannot be a multiple root of P(X) since it is not one of f (2). 


Example 17.1.3 Consider the field K(t), where K is a field of prime characteristic p and t is transcendental 
over K. It follows that the polynomial «” — t? is irreducible over K(t?) by Eisenstein’s criterion since t” is 
irreducible in K[t?]. Now x? —t” factors into 


(a —t)(a —t)---(a@—t) =(a—t)P 


over K(t). Thus, K(t) is a splitting field for x” —t? over K (t?) and we see that x? —t” has only one root in K (t), 
namely, t. (Since t ¢ K(t?), we can also use Theorem 16.2.14 to deduce that «? — t? is irreducible over K(t?).) 
Thus, «? — t?, t, and K(t) are inseparable over K(t?). Note that t has multiplicity p over K(t”). 


Let K be a field and 
f(x) =kot+t kaxt--:+kyx” 
be a polynomial in K [x]. Then by the formal derivative, f’(x), of f(2) we mean the polynomial 
f'(a)=kit--- tik’ + +---+nknx”? € Ka). 
Let K be a field and f(x), g(a) € K[z]. The following properties of formal derivatives are easily verified: 
(f(x) + 9a)! = f(z) +9'(@), 
(f(x)g(a)) = f(a)g'(x) + f'(x)g(@), 
(kf(a))’ = kf'(x) foralk ek 
and if f(a) =a, then f’(x) = 1. 
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Theorem 17.1.4 Let K be a field and f(x) € K[x], f(a) 40. Leta be a root of f (x) in some extension field F 
of K. Then a is a multiple root of f(x) if and only if f'(a) = 0. 


Proof. Suppose a is a multiple root of f(a). Then (a — a)? divides f (a). Hence, 
f(x) = (« —a)°9(a) 
for some g(x) Fa]. Now f’(z) = (x a){(x_ a)g'(x) + 2g(x)}. Therefore, f’(a) = 0. Conversely, suppose 
f(a) = 0. The& deg f(x) > 2. By the division algorithm, 
f(x) = (w — a)’q(x) + h(a) 
for some q(x), h(x) € F[ax], where either h(x) = 0 or degh(x) < 1. Suppose h(a) # 0. Since f(a) = 0, h(a) = 0. 
Thus, deg h(x) = 1 and a isa root of h(x). Hence, h(x) = b(a — a) for some 0 4b € K. This implies that 
f(x) = (w —a)*q(a) + W(x — a) 
and so 
f'(@) = (a — a){(@ — a)q'(x) + 2q(x)} +6 
Therefore, 
0=f'(a)=6, 


a contradiction. Hence, h(x) = 0 and so f(x)= (x  a)?q(x). Consequently, a is a multiple root of f(x). 


Theorem 17.1.5 For any field K, an irreducible polynomial p(x) in K|x] is separable if and only if p(x) and 
its formal derivative p'(x) are relatively prime. 


Proof. Let d(x) denote the gcd of p(x) and p’(x). Suppose p(x) is separable. Let c be a root of p(x) in some 
field containing K. Then p(x) = (# —c) f(x) for some f(x) € K(c)|a]. Since p(x) is separable, f(c) 4 0. Now 
p (a) = f(x) + (a —c)f'(x) and so p'(c) = f(c) +0 £0. Hence, c is not a root of d(x). But every root of d(x) 
must be a root of p(x) since d(x)|p(a). Thus, since we have just seen that d(x) and p(a) have no common roots, 
d(x) has no roots. Therefore, d(x) = 1. 

Conversely, suppose that d(x) = 1. Let c be any root of p(x). Let m denote the multiplicity of c. Then 


P(x) = (a — c)™ f(x) 
over K(c) and c is not a root of f(x). Now 


p(x) = m(x—c)™" f(x) +(«—o)™f'(a) 
= (c—c)™""[mf(x) + (z—¢)f'(a)}.- 


Thus, (2 — c)"™~* is a common divisor of p(x) and p(a). Hence, 
(w —)""~*|d(a). 
Since d(#) =1, m= 1. Consequently, p(x) has no repeated roots. Ml 


Theorem 17.1.6 For any field K, an irreducible polynomial p(x) in K[a] is separable if and only if p'(x) £0. 


Proof. Let d(x) denote the ged of p(x) and p’(x). Suppose p(x) is separable. If p’(x) = 0, then d(x) = 
p(z) € 1, a contradiction of Theorem 17.1.5. Conversely, suppose p’(x) 4 0. Since p(x) is irreducible, the only 
common divisors of p(a) and p’(x) are land p(x). Sincel  degp'(a) < deg p(x), 1 is the only common divisor 


of p’(z) and p(). Hence, d(#) = 1. Thus, p(#) is separable Hy Theorem 17.1.5. = 


Corollary 17.1.7 Let K be a field of characteristic 0. Then every nonconstant polynomial in K [a] is separable. 


Proof. Let f(z) be any nonconstant polynomial in K[a] and p(x) = ko tkia + ker? +--+» +knx” be any 
irreducible factor of f(x), where n > 1. Then there exists 7 > 0 such that k; # 0. Hence, ik; # 0 since Kk has 
characteristic 0. Thus, p’(x) £0 and so p(x) is separable by Theorem 17.1.6. Hence, f(x) is separable. 


Example 17.1.8 Consider the irreducible polynomial p(x) = x” —t? over K (t”) of Example 17.1.3. Then p'(x) = 
px”—' =0. Thus, x? — t” is inseparable over K(t?). 
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Theorem 17.1.9 Let K be a field of characteristic p > 0. Then an irreducible polynomial p(x) = ko + kia + 
koa? +--»+knx” over K is inseparable if and only if p(x) = q(x?) for some q(x”) € K[x?]. 


Proof. Clearly p’(x) = 0 if and only if ik; = 0 for all i= 1,2,...,n. Thus, p’(x) = 0 if and only if pji for 
those i such that k; 4 0. Hence, p'(x) = 0 if and only if p(x) = q(x”) for some q(x”) € K[x?]. The conclusion 
now follows from Theorem 17.1.6. 
it 

Let K be a field of characteristic p > 0. Let K? ={a? | a kK}. The reader is asked to verify in Exercise 7 
(page 256) that K? is a subfield of K. € 


Definition 17.1.10 Let K bea field. Then K is called perfect if every algebraic extension of K is separable. 


Example 17.1.11 By Corollary 17.1.7, every field of characteristic 0 is perfect. 


The following theorem gives a necessary and sufficient condition for a field to be perfect. 


Theorem 17.1.12 Let K be a field of characteristic p> 0. Then K is perfect if and only if K = K”. 


Proof. Suppose K is perfect. Let a € K and F be a splitting field of x? —a € K|a]. Then F'/K is a separable 
extension. Let b € F be a root of x? — a. Then 


xv? —a=(x%—6)?. 


PERE SF Peep BARREL RAY Me BA Ca iT MHehCh Mase Hiatne! Podtthis HaBRRE aise WONG 
a=b? € K”. Thus, K = Kk”. 

Conversely, suppose kK = K?. Let F/K be an algebraic field extension. Let a € F and f(x) € K[z] be 
the minimal polynomial of a. Suppose f(x) is not separable. Then by Theorem 17.1.9, f(x) = g(a”) for some 
g(x) € K[az]. Hence, 

f(z) = ao + aye? +--+» + a,2”*, 


ai € K,1 <i<k. Since K = K?, a; = b? for some b; € K,1 <i<k. Therefore, 
f(a) = (bo + bia +--+ + bea*)?, 


a contradiction, since f(x) is irreducible over K. Hence, f(x) is separable. Thus, F'/K is a separable extension. 
Consequently, K is perfect. Ml 


Example 17.1.13 Let K be a finite field of characteristic p. Defineo : K K” by o(a) = a?. Then o is 
a homomorphism. Suppose that o(a) = o(b). Then a? = b? and so (a — b)?-= 0. Since K is a field, K has 
no nonzero nilpotent elements. Thus, a = b and so o is one-one. Hence, |K| = |o(K)| < |K?| < |K| and so 
|| = |K?|. Since K” is a subfield of K and K is finite, K = K”. Hence, K is perfect. We have thus shown that 
every finite field is perfect. 


If p(x) = ko + kia + koxw? ++-++ kya” is irreducible and inseparable over K in Theorem 17.1.9, then 
p(«) =ko t+ kpu? +--+ + kpm(x?)™” = q(x”). It may be the case that p(x) = q(x?) = s(x”) in K[x”’]. However, 
there exists a largest positive integer e such that p(w) =t(x?) for some t(a?”) € K [x?’]. If n = deg p(x), then 
p*|n. 


Definition 17.1.14 Let K be a field of characteristic p > 0 and p(x) be an irreducible polynomial in K [a]. 
Let e be the largest nonnegative integer such that p(x) = q(2”’ ) for some q(x” ) E K [a?"}. Then e is called the 
exponent of inseparability of p(x) and p* is called the degree of inseparability of p(x). If n denotes the 
degree of p(x), then no = a is called the degree of separability or reduced degree of p(x) over K. 


By Theorem 17.1.9, p(a) in Definition 17.1.14 is separable if and only if e = 0. 


Theorem 17.1.15 Let K be a field of characteristic p> 0 and 
p() = kg (a?")”° +--+ + kia?” + ko 
be an irreducible polynomial in K[x], where e is the exponent of inseparability of p(x). Then the polynomial 


s(y) =Kknyy”? +:--+kiy+ ko € Kly] 


is trreducible and separable over K. 
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Proof. If s(y) = f(y)g(y) € Ky], then p(x) = f(a?" )g(x?’), contrary to the fact that p(x) is irreducible in 
K [a]. Thus, s(y) is irreducible in K [y]. If s(y) = q(y”) for some q(y”) € K[y”], then p(x) = q(z”''), contrary to 
the maximality of e. Hence, s(y) is separable. I 


Example 17.1.16 Consider the polynomial p(x) = «7? + ta? +t over the field K(t), where K is a field of 
characteristic p > 0 andt is transcendental over K. By Eisenstein’s criterion, p(x) is irreducible over K (t). Now 
p(x) = (x?)? +ta? +t K(t)[2] and so p(z) is inseparable over K (t). The inseparability exponent e of p(x) equals 


1. Thus, x2 +ta +t i€separable over K(t). 


Definition 17.1.17 Let F/K be a field extension. F is called a simple extension if F = K(a) for some a€ F. 
Such an element a is called a primitive element. 


Theorem 17.1.18 Let K be an infinite field and K(a,b)/K be a field extension with a algebraic over K and b 
separable algebraic over K. Then there exists an element c € K (a,b) such that K(a,b) = K(c), t.e., K(a,b)/K 
is a simple extension. 


Proof. Let f(x) and g(x) be the minimal polynomials of a and b over K with degrees n and m and roots 
@= 1,42, ..., Qn, and b = bj, ba, ..., bm, respectively, in some extension field of K. Since b is separable, all b;’s 
are distinct. Also, since K is infinite, there exists s € K such that a+ sb #a;+ 8b;, ie., 


a; — a 


sF 
b—bi 
foralll <i<n,1<j<m.Letc=a+sb. Then c—sb; 4a; foralll <i<n,1< jg <m. Also, K(c) C K(a,)). 
Let h(a) = f(c— sx) € K(c)[a]. Now 
h(b) = f(c— sb) = f(a) = 0. 
Thus, g(x) and h(x) have the common root b of multiplicity 1 in the field K (a,b). Now 


h(bj) = f(e— bj) #0 


for all 1 < j <m. Thus, g(a) and h(x) have only root b in common. Let d(x) € K(c)[z] be the greatest common 
divisor of g(x) and h(x). Then 6 is a root of d(x). Every root of d(x) is also a root of g(a) and h(x). Since 
g(x) and h(a) have no roots other than 6 in common in any field and 0 is of multiplicity 1, d() is of degree 1. 
Hence, d(x) = x — b. But then b € K(c). Thus, a=c — sb € K(c). Therefore, K(a,b) C K(c) C K(a,6) and so 
K(c) = K(a,b). @ 


Corollary 17.1.19 LetK be an infinite field. Let a1,a2,...,an be elements in some field containing K. Suppose 
that a1 is algebraic and az2,...,4n are separable algebraic over K. Then there exists an element c € K(ai,..., 


Gn) such that K(c) = K(ay,...,an), t.e., K(a1,...,an)/K is a simple extension. 


Proof. The result follows by induction on n and Theorem 17.1.18. Hf 


Corollary 17.1.20 Let F/K be a field extension and the characteristic of K be 0. Let a1,a2,...,an € F be 
algebraic over K. Then K(a1,...,@n)/K is a simple extension. 


Proof. The proof follows by Corollaries 17.1.7 and 17.1.19. @ 


Example 17.1.21 Consider Q(/2,i). Now 14 —— = i, Thus, Q(V2, i) = Q(V/2 + i) by the proof of 
Theorem 17.1.18, with s = 1 there. 


Theorem 17.1.22 (Artin) Let K be an infinite field) Let F/K be a finite field extension. Then F/K is a 
simple extension if and only if there are only a finite number of intermediate fields of F/K. 


Proof. Suppose F/K is a simple extension. Let F' = K(a) for some a € F. Let L be an intermediate field 
of F/K and f(a) be the minimal polynomial of a over L. Let L’ be the field generated by K and the coefficients 
of f(x). Then L’ C L and f(z) is also the minimal polynomial of a over L’. Hence, 


[Ff :L] =deg f(a) =[F : L']. 


Thus, |Z: L’]= 1 and so L = L’. Let g(x) be the minimal polynomial of a over K. Then f(a) divides g(x). Now 
g(x) has only a finite number of distinct monic factors. Hence, the number of intermediate fields is finite. 
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Conversely, suppose there are only a finite number of intermediate fields of F'/K. Let a, b € F. We first show 
that K(a,b)/K is a simple extension. Let c € K and F, = K(a+ cb). Then for all c € K, F- is an intermediate 
field of K (a, b)/K. Since the number of intermediate fields is finite and K is infinite, there exists c,d€ K, c#d 
such that F. = Fa. Then 


b= (c—d) ‘(a+cb—a—db) € Fr. 


Hence, a =a+cb—cbe Fy. Thus, K (a,b) = Fo = K(a+ cb), ie., K(a,b)/K is a simple extension. Now for all 
a F, K(a) is an intermediate field of F'/K. Since [F : K] is finite, [kK (a) : K] is finite. Let 


A= {[K(a):K]|a€ Fh. 


Then A is a finite subset of Z. Let a € F' be such that the maximum of A = [K (a): K]. Suppose F' 4 K(a). Let 
b € F be such that b ¢ K(a). Then K(a) C K(a,b). There exists c € F such that K(a,b) = K(c). Therefore, 
K(a) C K(c). Hence, [K(c) : K] > [K(a) : K], a contradiction to the maximality of [K(a) : K]. Consequently, 
F=K(a),ie., F/K isasimple extension. Mf 

Let F/K be a field extension. In the next chapter, we show that every finite extension of a finite field is a 
simple extension (Corollary 18.1.8, page 258). Hence, from this and Theorem 17.1.22, it follows that F/K isa 
simple extension if and only if there are only a finite number of intermediate fields of F/K. 


We now focus our attention on the study of separable algebraic and purely inseparable extensions.' 


Theorem 17.1.23 Let K be a field of characteristic p >0 and f(x) = x? —k bea polynomial over K, where e 
is a positive integer. Then f(x) is irreducible over K if and only ifk / K?. 
eC 


Proof. Suppose f(z) is irreducible over K. If k = k’? € K? for some k’ € K, then f(x) = (a? — k')?, 
contrary to the fact that f(x) is irreducible over kK. Hence, k ¢ K”. Conversely, suppose k ¢ K?. Let p(x) be 
a nonconstant monic irreducible factor of f(x) in K|z] and c be a root of p(x). Then c is a root of f(a) and so 
c =kand f(a) =(«—c)” over K(c). Since K(c)[a] is a unique factorization domain, it follows that p(x) is 
some power of (x—c), say, p(x) = (4—c)™ . Thus, mn = p° for some n so that m= p" and n = p* for nonnegative 
integers r and s. Therefore, p(x) = 2?" —c?” in K[a]. If s > 0, then k =c” = (c”)” € K” C K®, whichis 
contrary to the assumption k ¢ K”. Thus, s = 0 and sor =e. aie p(x) = f(x), ie, f(x) is ieedaciile: | 


Definition 17.1.24 Let F/K be a field extension of characteristic p >0. Let c € F be a root of the irreducible 
polynomial p(x) in K[a]. If the degree of separability no of p(x) equals 1, thenc is said to be purely inseparable 
over K. If every element of F is purely inseparable over K, then F'/K is called a purely inseparable extension. 


e 
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is purely inseparable, and K(c?")/K is separable. 


Theorem 17.1.25 Let F/K be a field extension of characteristic p > 0 and c be an element of F. Then c is 
purely inseparable over K if and only if c? € K for some nonnegative integer m. 


Proof. Let c be purely inseparable over Kk. Then the degree of separability no of the minimal polynomial 
p(x) of c equals 1. Thus, p(x) = x? +k in K[a], where e is the exponent of inseparability of p(x) over K. 
Therefore, ch +k =Oorc! =—ke K. Hence, we can take m = e. Conversely, suppose cP € K. Let ebe 
the smallest nonnegative integer such that ee K. Then c is a root of the polynomial x?” — k over K, where 
k =c®’. If 2° — k is not irreducible over K, then e > 0 and k =k’? for some k’ € K by Theorem 17.1.23. In 
this case, 2? —k= (xP " — k’)?. Thus, (cP — k’)? = 0 and since a field has no nonzero nilpotent elements, 


ce kl =Oore® =k OK. However, this contradicts the minimality of e. Thus, x” k is irreducible over 


K. Clearly the degree of sep&rability of 2?° — k is 1. Therefore, ¢ is purely inseparable over K. @ 


Corollary 17.1.26 Let F/K be a field extension of characteristic p> 0 and ce F. 

(i) If c is algebraic over K, then c is purely inseparable over K if and only if the minimal polynomial of c 
over K is x”° — cP, where e is the smallest nonnegative integer such that c? € K. 

(ti) If c is purely inseparable over K, then [K(c): K] =p* for some nonnegative integer e. 

(tii) If c is purely inseparable and separable algebraic over K, thenc € K. 


'The remainder of this section may be skipped without any discontinuity. The only place this material is needed is in 
Example 24.2.8. 
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Proof. The proof of (i) follows from Theorem 17.1.25. Statement (ii) is an immediate consequence of 
statement (i). For the proof of statement (iii), we see that since c is purely inseparable over K the minimal 
polynomial of c over K has the form x? “—k. Since c is separable algebraic over K, the exponent of inseparability 
of x” —kis 0, i.e.,e = 0. Thus, x —k is the minimal polynomial of c over K, whencec=k € K. @ 


Corollary 17.1.27 Let F/K be a field extension of characteristic p> 0. 
(i) If F = K(M) for some subset M of F such that every element of M is purely inseparable over K, then 


F/ AAs § BME LN UH ae F/K. Then F/K is purely inseparable if and only if F/L and L/K are 
purely inseparable. 
(iit) The set of all elements of F which are purely inseparable over K is an intermediate field of F/K. 


Proof. (i) Let c be an element of F’. Then there exists a finite subset {mi,me2,...,ms} of M such that 


where here we are using the fact that F = K[M] since F/K is necessarily an algebraic extension. Let e = 
max{e1,...,es}, where e; is a nonnegative integer such that m? “e€K,i=1,...,s. Then 
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Hence, ¢ is purely inseparable over K. 

(ii) Suppose that F'/K is purely inseparable. Let c € F. Then there exists a nonnegative integer e such that 
cP’ € K andso c” € L. Thus, F/L is purely inseparable. L/K is purely inseparable since every element of L 
is an element of F. Conversely, suppose F/L and L/K are purely inseparable. Let c € F. Then there exists a 
nonnegative integer m such that c?” € L. Since L/K is purely inseparable, there exists a nonnegative integer n 
such that (" yp" € K. Therefore, cP" © K so that c is purely inseparable over K. 

(iii) Let J denote the set of all elements of F' which are purely inseparable over kK. Then K C J and so 
J#¢. Let c,de€ J. Then cP’ © K and dt € K for some nonnegative integers e and f. Let n = max{e, f}. Then 
(c—d)P” =c?" —d" € K. Hence,c—de€ J. lf d £0, then (cd~1)?” =c?’ (d?")~1 € K. Thus, cd7! € J. Hence, 
J is an intermediate field of F'/K. 
| 


Theorem 17.1.25 and Corollary 17.1.27(i) make it quite easy to construct examples of purely inseparable field 
extensions. 


Example 17.1.28 Let J be any field of characteristic p > 0; e.g., J =Zy. Let F = J(x, y, z), where x, y, z 
are algebraically independent over J. Set K = J(a2?, yP, 2), Then F/K is purely inseparable since x,y,z are 
purely inseparable over K. It can be shown that [F : K] = p® since x, y, z are algebraically independent over J. 
Since x?, yP, oP € K, we have Fe CK. 


For any field F' of prime characteristic p, F/F? is a purely inseparable field extension for any nonnegative 
integer e. 
The following example is essentially the same as that in Example 17.1.28. 


Example 17.1.29 Let J be any field of characteristic p > 0. Let K = J(x, y, z), where x, y, z are algebraically 
independent over J. Let F = J(a,b,c), where a is a root of the polynomial t? — x over K, b is a root of the 
polynomial a y over K(a), and c is a root of the polynomial ” — z over K(a,b). Then F/K is purely 


inseparable, [F : K] = p®, and F’’  K. One often writes a= a? b= y?, andc=2z?. 


e 
Example 17.1.30 Let J be any field of characteristic p > 0. Let K = J(t), wheret is transcendental over J. Let 
F= K(t? , eP*, tP ...). Then F'/K is purely inseparable by Corollary 17.1.27. Since [Kit , Pe sagt? "): 
K(t?, Po ep” ey] = p for all positive integers n, [F : K] = oo. There does not exist a positive 


integer e such that F? C K. 


Example 17.1.31 Let J be any field of characteristic p >0. Let K = J(a1, x2, ©3, ...), where x1, 2, U3,... 
are algebraically independent over J. Let Fo = K(a, ae, ae, ...). Then Fo/K is purely inseparable and 


[Fo: Kl] = co. Let Fy = K(2?, ae, ae, ...). Then F\/K is purely inseparable, [Fy : Kk] = co, and FP CK. 
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We now turn our attention to separable extensions. 


Theorem 17.1.32 Let F/K be a field extension of characteristic p > 0. If F/K is separable algebraic, then 
F=K(F?). If[F:K]<coandF=K(F?), then F/K is separable algebraic. 


Proof. Suppose F’/K is separable algebraic. Now every element of F' is purely inseparable over F'” and thus 
purely une panel over K (F?). Every element c of F - separable algebraic over K and thus separable algebraic 


ver (Eo) EUW aSEREVSA RSE E fF ssn ( L by Govan alga 26 (ihlieser snk KE Jxgethat 


a is algebraic over K. If a is not separable over K, then the minimal polynomial of a over K has the form 
(x?)” t.--+tkyx? + ko. 


Therefore, 0 = a"?+--- +kia? +ko-1 with not all the k; = 0. Hence, 1,a?,...,a”” are linearly dependent over 


K. By Theorem 16.1.14, 1, a,a”, ...,a”, ..., a”?! are linearly independent over K, whence 1,a,a’, ...,a” are 
linearly independent over K. 

We now show that this is impossible by showing that whenever n elements 61,...,5n of F' are linearly 
independent over K, then the elements b{,..., 5% are linearly independent over K. We can assume that b1,...,0n 


is a basis of F'/K since any linearly independent set over K can be extended to a basis of F'/K, in particular, the 
linearly independent set {1,a,...,a"}. By Exercise 7 (page 256), the agi a: F — F? defined by a(c) = c? 


for c € Fi : a pone which aa K onto K”. Thus, since b1,...,bn is a basis . F/K, b?,...,0) isa 
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be a basis for F over kK. 

The field extension F'/K of Example 17.1.30 shows that the finiteness condition [F : K] < oo cannot be 
dropped in the above theorem. We have F = K(F?), F/K is not separable algebraic, in fact, F/K is purely 
inseparable. 


Corollary 17.1.33 Let F/K be a field extension of characteristic p> 0. 

(i) Let a be an element of F. Then K(a) = K (a?) if and only if K(a)/K is separable algebraic. 

(ti) Let ay, a2,...,@n be elements of F. Then K(a1,...,@n)/K is separable algebraic if and only if ai is 
separable algebraic over K and a; is separable algebraic over K(a1,..., @i-1), t= 2,3,...,n 


Proof. (i) If K(a) = K(a”), then a cannot be transcendental over K and so a must be algebraic over K. 
By Theorem 17.1.32, K (a) = ne) if and only if K(a)/K is separable algebraic. We thus have the desired 
ot pice (Ka) ) = Ka) is separable algebraic. Then ai,...,an are separable algebraic over Kk. By 
the discussion following Definition 17.1.2, a; is clearly separable algebraic over K(a1,...,a@i—1), 1 = 2,3,...,n 
Conversely, suppose a1 is separable algebraic over K and a, is separable algebraic over K(ai,...,@i-1), 4 = 
2,3,...,n. Then K(a1) = K(a?), ..., K(a1,...,ai-1)(ai) = K(a1, ..., ai—1)(a?), i= 2,3,..., n. Thus, K(a1, 
+, Qn) = K(al,..., a2) = K([K(a1, ..., ai—1)]”). The conclusion now holds from Theorem 17.1.32. 


Corollary 17.1.34 Let F/K be a field extension of characteristic p> 0. 

(i) If F = K(M) for some subset M of F such that every element of M is separable algebraic over K, then 
F/K is separable algebraic. 

(ti) Let L be an intermediate field of F/K. Then F/K is separable algebraic if and only if F/L and L/K are 
separable algebraic. 

(iit) The set of all elements of F which are separable algebraic over K is an intermediate field of F/K. 


Proof. i Let a € F. There exists a finite subset {71,...,7™s} of M such that a € K(m1,...,™ms). Since each 
m, is separable algebraic over K, we have by Corollary 17.1.33(ii) that K(m1,...,ms)/K is separable algebraic. 


Hence, a and thus F/K is separable algebraic. 

(ii) Suppose F'/K is separable algebraic. Then F/L is separable algebraic by the discussion following Defi- 
nition 17.1.2. L/K is separable algebraic since every element of L is an element of F. Suppose F/L and L/K 
are separable algebraic. Let a € F. Let co,c1,...,¢n € L be the coefficients of the minimal polynomial p(x) 
of a over L. Since a is separable algebraic over L, a is separable algebraic over K(co,¢1, .--, Cn). (p(x) is also 
the minimal polynomial of a over K(co,c1,...,C€n).) Since co,¢1,..-,Cn € EL and L/K is separable algebraic, 
K(co,C1,-.--+;Cn)/K is separable algebraic by Corollary 17.1.33(ii). Thus, a and so F is separable algebraic over 
K. 
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(iii) Let S denote the set of elements of F' which are separable algebraic over K. Then S D K. Let a,b€ S. 
Then by Corollary 17.1.33(ii), K(a,b)/K is separable algebraic. Since a — b € K(a,b) and (for b 4 0) ab™' € 
K(a,b), a—b, and ab~* (b £0) are separable algebraic over K and thus are members of S. Hence, S is afield. 


Definition 17.1.35 Let F'/K be an algebraic field extension of characteristic p > 0. Then the intermediate field 
of F/K consisting of all elements of F which are separable algebraic over K is called the separable closure of 
K in F or the maximal separable intermediate field of F/K. We denote this field by Ks. 


Theorem 17.1.36 Let F/K be an algebraic field extension of characteristic p> 0. Then F/K. is purely insep- 
arable, where K, is the separable closure of F'/K. 


Proof. If F = K, the theorem is immediate. Suppose F' > K,. Let a € F,a ¢ Kg. Let 
p(x) = ko + kya? teeet (x?" ro 


be the minimal polynomial of F'/K,, where e is the exponent of inseparability and no is the reduced degree of 
p(x) over K,. Now by Theorem 17.1.15, ko + kiyt+---+y"° is the minimal polynomial of a?’ over Kg and this 
polynomial is separable over K;. Hence, a”. is separable over Ks. Thus, Ks (a?’) / Ks is separable algebraic and so 
K,(a”’)/K is separable algebraic. By the definition of Ks, we have a” € Ky. Therefore, a is purely inseparable 
over Kg. 
a 

We can think of field theory as being separated into two parts, namely, that in which the fields are of 
characteristic_0 and that in which the fields are of prime characteristic P- It can be shown that for any field 
extension F'/K, there exists a subset X of F’ which is algebraically independent over K and which also lias the 
property that F/K(X) is algebraic. The above theorem shows that the study of algebraic field extensions of 
characteristic p > 0 can be separated into two parts, the separable part and the purely inseparable part. Separable 
algebraic field extensions of characteristic p > 0 often act entirely similar to field extensions of characteristic 0. 
Purely inseparable field extensions have their own distinctive behavior. 


Definition 17.1.37 Let F/K be an algebraic field extension of characteristic p >0. Then the degree [Ks : K] 
is called the degree of separability of F'/K and is denoted by [F : K],. The degree [F : Kg] is called the degree 
of inseparability of F/K and is denoted by [F : K];. 


Theorem 17.1.38 Let K bea field of characteristic p >0 and p(x) an irreducible polynomial in K |x]. Let K (a) 
be an extension of K obtained by adjoining a root a of p(x) to K. Then 


[K(a): K]s = n°, 
[K(a): K]i= p*, 
where no is the reduced degree of p(x) over K and p® is the degree of inseparability of p(x) over K. 


Proof. Let b € K(a). Then b = 37") kia’, where n is the degree of p(x) over K and each k; € K. Therefore, 


n—-1 
Pay i eK? ). 


i=0 


Thus, b is purely inseparable over K(a”’ ). Hence, K(a)/K(a®’ ) is purely inseparable. By the definition of the 
degree of inseparability of p(«) over K, K(a”’)/K is separable algebraic. Now K, D K(a?’). Let b € K,. We 
have just seen that b is purely inseparable over K(a” ). But b is also separable algebraic over K(a?’). Therefore, 
b  K(a®’) so that K, = Kia?’ ). By Theorem 17.1.15, the minimal polynomial of a?” over K is of degree 


n a): s = [K(aP ): kK] = n° us, N°pe = |K(a) : K| = [K(a) : K(a? )|[K(a? ): K] = 
eens Be: A sulle de teak Oh Re EY? Bl = Ao + Kee dilear ) 


Example 17.1.39 Let K denote the field Z,(u,v), where u and v are algebraically independent over Z,. Let a 
be a root of the polynomial x?? + vx” +u over K. By use of Worked-Out Exercise 6 (page 236), one can deduce 
that x?? + vx? + .u is irreducible over K. Let F be the field K(a). We ask the reader to verify the following 
properties of the field extension F/K. K, = K(a?), |F: K]; = p, and [F': K], = 2. Also, the extension F/K has 
no elements which are purely inseparable over K ( except those elements which are already in K). Thus, if J is 
the intermediate field of F/K consisting of all the elements of F purely inseparable over K, then J = K. Hence, 
F/J is not separable algebraic. 
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Worked-Out Exercises 
& Exercise 1: Determine if the following polynomials are separable or inseparable over the given fields. 
(a) 2? —6x+9 over Q; 
(b) at +a? + [1] over Zo. 


2 2 
Solution: (a) ¢2 = 6¢ +P issGBarable over @ Now # — 3 is irreducible over Q. Since  — 3 is separable over Q, 


(b) a4 +a? 4 [1] = (x? +2 +[1])? over Z2. Now x? + x + [1] has no roots in Za. Hence, x? + x + [1] is 
irreducible over Zz. Now Dz(x?+2+[1]) = [2]x+[1] = [1] * [0]. Thus, 2?+2+4[1] and so #*+2? +[1] 
is separable over Zo. 

® Exercise 2: Prove that the following polynomials are irreducible over Z3(t), where ¢ is transcendental over Z3. Find 
the exponent of inseparability and the degree of separability of the polynomials over Z3(t). 

(a) p(x) = 27° + tr’? +t. 

(b) q(x) = x™* + tal® +t. 

(c) r(x) = 27° +tax1® +t. 

(d) s(z)= 2? +t. 


Solution: Since t|t, ¢|0, ¢ |/1, t? |/, the polynomials p(x), q(x), r(z), s(x) are irreducible over Z3(t). 
(a) p(x) = at 4 tx? +¢ and so the exponent of inseparability e = 2 and the degree of separability 
no = 4. 


(b) g(x) = x? + ta®? +t and so the exponent of inseparability e = 1 and the degree of separability 
no = 8. 


(c) Since 3 |/20, e = 0 and no = 20. 
(d) Here e = 2and no = 1. 


© Exercise 3: Let f(a) and g(a) be polynomials over the field K. 
(a) Does f(c) = g(c) foralle K imply that f(x) = g(a)? 
(b) Does f(c) = 0 for allc € K imply that f(x) =0? 


Solution: (a) Let f(x) = [3]x° — [4]x? € Zs[x] and g(x) = x? + [3]x € Zs[x]. Now f([0]) = [0] = g([0]), f({1]) = 
[4] = 9([1]), F(L2]) = [0] = 9((2]), FCL3)) = [3] = 9(13]), FAD) = [3] = 9 ([4]). Hence, f(c) = g(c) for all 
c € Zs. However, f(x) # g(z). 


(b) Let f(x) = a? + 2 € Zea]. Then f(c) = 0 for all c € Ze, but f(x) £0. 


Exercise 4: Let K = P(x,y,z) and F = K(z? gP og + y? ) where P is a perfect field of characteristic p > 0 
and x,y,z are algebraically independent indeterminates over P. Prove that KP OF= K(z?'), where 
KP’ ={k? |k € K}. 

Solution: Clearly F > K? AF 2D K(2? *). Now [F : K] = p°. Suppose that nr > K(2?’). Then 
F= (KP NF)(2?*) since 2? ¢ KP 'nFand [K? AF : K] must be p*. Thus, [F: K? nF] = p. Since 
= -1 —2 
[KP (F): KP ] =p, any basis of H/ (Ke OF) remains a basis of K? (F)/K? .NowZ={1,2" , 

ping Ze —)P } is a basis of F'/(K? OF). Also, 


2 1 1 Bat 
~ 

2P gP + yP = , ki (2? 
i=0 


where k; € Ke Fi,i=0,1,..., p—1. Since Z remains linearly independent over KF y? =koj € 
K?' QF anda? = ky € Ke OF Therefore, a? yP € F. Thus, [F : K] = p*, a contradiction. 


1 


Hence, K? NP =K(z? °). 
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Exercises 


1. 


14. 
15. 


Let f(x) € K [2], a polynomial ring over a field K and c € F, where F is an extension field of K. Prove 
that (2 — c)?|f(a) if and only (x — c)|f(x) and (x — c)|f’ (a). 


. Let f(x) € K [a], a polynomial ring over a field kK. Use Exercise 1 to prove that f(a) has no repeated roots 


in any extension field of K if and only if f(a) and f’(«) are relatively prime. 


. Let f(x) = 2" «x Ka], a polynomial ring over a field K. Suppose that n 2 and that either K has 


SS (ar prime P such that P does not divide ” — 1. Prove that f(@ has no repeated roots in 


. Let f(a) =a? —k € K[a], a polynomial ring over a field K of characteristic p > 0. Prove that either f(x) 


is irreducible over K or that f(x) is a power of a linear polynomial in K [z]. 


. Determine if the following polynomials are separable or inseparable over the given field. 


(i) 2? — 4a + 4 over Q. 
(ii) 2° + t2 +t over Z5(t), where t is transcendental over Zs. 


. Prove that the following polynomials are irreducible over Z5(u), where u is transcendental over Zs. Find 


the exponent of inseparability and the degree of separability of the polynomials over Z5(w). 
(i) p(x) = 7° + ug! 4 uy. 
ii) g(x) = a8 + ux!” + wu. 
(ii) g(x) 
iii) s(x) = a) + u. 
(iii) s(x) 


. Let F be a field of characteristic p > 0. Prove that for any nonnegative integer e, F?° is a subfield of F. 


Prove also that the mapping a: fF > F®* defined by a(a) = a?’ is an isomorphism. 


. Prove that a root of the polynomials in Examples 17.1.16 and 17.1.39 is neither purely inseparable nor 


separable algebraic over k(t) and K, respectively. 


. Let K(a)/K be a field extension of characteristic p > 0. Prove that (K(a))? = K?(a?). 
. Let F'/K be a finite field extension of characteristic p > 0. If [F' : K] is not divisible by p, prove that F'/K 


is separable. 


. Let F/K be an algebraic field extension and S' be an intermediate field of F/K such that F/S is purely 


inseparable and S/K is separable algebraic. Prove that S= Ks. 


. Let P be a perfect field of characteristic p > 0. Let P(a)/P be an algebraic field extension. Prove that 


P(a)/P is separable and that P(a) is perfect. 


: Let Jibeany | fade chapacteristig? 5 0. Prove that is the smallest subNeld of 4“ which is perfect and 


a u Cc 


Verify the properties of the field extension F'/K of Example 17.1.39. 

Answer the following statements, true or false. If the statement is true, prove it. If it is false, give a 
counterexample. 

(i) Let F be a field of characteristic p > 0. Since F ~ F? and F? C F, it follows that F? = F. 

(ii) Let F/K be a field extension of characteristic p > 0. Let c € F\K. Then it is impossible for c to be 
both separable and purely inseparable over K. 

(iii) Let F'/K be a field extension of characteristic p > 0. Let c € F. Then it is impossible for c to be both 
separable and inseparable over K. 


Chapter 18 
Finite Fields 


The theory of finite fields has come to the fore in the last 60 years due to newfound applications. The applications 
of finite fields are in coding theory, combinatorics, switching circuits, statistics via finite geometries, and certain 
areas of computer science. 


18.1 Finite Fields 


A finite field (or Galois field) is a field with a finite number of elements. If F is a finite field, then F has 
prime characteristic p and contains a subfield isomorphic to Z,. Since F' has only a finite number of elements, 
[F : Zp] < cw. 

We denote a finite field of n elements by GF(n). We will show in the next result that n must be a power of 
p. The result is due to E.H. Moore (1862-1932). The United States is indebted to Moore for its beginnings in 
abstract algebra and for its initial international recognition in research. 


Theorem 18.1.1 If F is a finite field of characteristic p and n= [F': Zp], then F' contains p” elements. 


Proof. Since [F': Zp] =n, F/Z, has a basis of n elements, say, 61, b2,...,b,. Every element a of F is a 
linear combination of 61, b2, ..., bn, ie., @ = aib1 + aab2 + ---+anbn, where aj € Zp, i = 1, 2, ..., n. Now 
Z,» has p elements. Hence, F has at most p” elements. Since {b1, b2,...,b,} is linearly independent over Zp, 
a,b, + agbg + ---+4nby is distinct for every choice of a1, a2,...,@n. Thus, F' has exactly p” elements. Hf 


Theorem 18.1.2 Every element of a finite field F' of characteristic p and of p” elements is a root of the 
polynomial x? — x € Z,|x]. Moreover, F is a splitting field of x” — x over Zp. 


Proof. First note that (F'\{0}, -) isa commutative group of order p" —1. Thus, for all a € F\{0},a?"~! =1, 
whence a? =a. Clearly 0? = 0. Since F contains all the roots of x? — a, F contains a splitting field S of 
x? — «x over Zp. However, F' is exactly the set of all the roots of x? —aandso F=S. 
| 

In the following result, we once again use a positive integer and the concept of an isomorphism to completely 
characterize an algebraic structure. 


Corollary 18.1.3 Any two finite fields of p” elements are isomorphic, where p is a prime and n is a positive 
integer. 


Proof. If F and F’ are finite fields with p” elements, then they are splitting fields of the polynomial 2? — x 
over Zp. Hence, F ~ F". 


a 

The next theorem can be used to show that there exists an irreducible polynomial of arbitrary degree n over 
Z,. (See Exercise 8, page 260.) Even though its proof is not constructive in nature, it is informative for certain 
applications. Exercises 5 and 6 can be used to actually count the irreducible polynomials of a given degree. 
There is an algorithm which can be used to test the irreducibility of a polynomial over a finite field—namely, 
Berlekamp’s algorithm. This algorithm is discussed in Isaacs. 


Theorem 18.1.4 For any prime p, there exists a field extension F/Z, of arbitrary finite degree n. 
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Proof. Let S be the splitting field of the polynomial f (a) = x?” —x over Zp. Let a € S be a root of f (a) of 
multiplicity m. Then 


f(@) = (w — a)"g(a), 


where a is not a root of g(x). Now 


1= f'(x) = (e—a)™""[mg(2) + (x — a)g'(2))- 


This implies that (tx — a)™~! divides —1, whence ™ — 1 = 0. Thus, every root of f(%) in S has multiplicity 1. 
Hence, f(x) has p” distinct roots in S. Let F denote the subset of S, which consists of all roots of f(x). Let a, 


b € F. Then (a — 6)?” =a?" —b?" =a—b. Therefore, a —b € F. For b £0, 
(ab~1)?" =a?" (b?")-* =ab-! 


and so ab-! € F. Thus, F is a subfield of S. Since F contains all the roots of f(a) and S is generated by the 
roots of f(x) over Zp, F = S. By Exercise 6 (page 260), [F': Zp] =n. Hl 


Theorem 18.1.5 Let F be a field and G be a finite subgroup of the multiplicative group F* = F\{0}. Then G 
is cyclic. 


Proof. Since G is a finite Abelian group, G is a direct product of cyclic subgroups C1, C2, ..., Cz, where 
IC;| =ni, n1 > 1, and nilnizi,1 i<k. From this it follows that g’* =1 forallg G. Thus, every element of 
G is a root of x"* —1 € Fla]. Sinfe x"* — 1 has at most n, distinct roots in F’, |G| € nx. Now Cy is a subgroup 
of G and |C;,| = nx. Hence, G = C;, and so G is cyclic. 

a 
The following corollary is an immediate consequence of Theorem 18.1.5. 


Corollary 18.1.6 The multiplicative group of a finite field is cyclic. 


Theorem 18.1.7 Let F be a finite field and F(a, b)/F a field extension with a, b algebraic over F. Then there 
exists c € F(a, b) such that F(a, b) = F(c), t.e., F(a,b) is a simple extension. 


Proof. Since F(a, b)/F is algebraic, [F'(a, b) : F'] < oo. Thus, F(a, b) is a finite field since F’ is a finite field. 
Since F'(a, b)\{0} is a cyclic group with some generator, say, c by Theorem 18.1.5, it follows that F(a, b) = F(c). 
a 


Corollary 18.1.8 Every finite extension of a finite field is simple. I 


Worked-Out Exercises 


} Exercise 1: Prove that x3 + 2+[1] is irreducible in Z2[z]. Write out the addition and multiplication tables for the field 
Z2[x]/ (a +2 + [1]). 


Find a splitting field S; for x? + # + [1] over Za. Find a basis for $1/Zz and [S1: Zz]. 


Solution: 2? +2+[1] is irreducible over Za if and only if Zz contains no root of 23 +2 +[1]. Since [0]* +[0]+[1] 4 [0] 
and [1]? +[1]+[1] * [0] in Z2, Zz contains no roots of x? + x +[1] over Zz. Hence, 2* +. 2+[1] is irreducible 
over Zo. By Theorem 16.1.11, 


Zaln)/ (28 +2 + [I}) = Za() 
where \ denotes the coset « + (2° + a + [1]). By Theorem 16.1.14, 


Zo(A) = {[0], [1],A,A”, [1] + A, [1] +7, A+ d?, [1] + A+ D7}. 


Now 


x? +a [1] = (a+ A)(2? + Ax + [1] +”) 


(a 
and \? and \ + \? are the roots of x? + Ax +[1] +”. Since \?, A+ A? € Zo(A), Zo(A) is a splitting field of 
x? +a+[l] over Za. Let $1 = Zo(A). Then {[1],A,A?} is a basis for $1/Ze and [51 : Ze] =3. Let a denote 
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[1] + A +A”. The addition table for Z2() is given below. 


For the multiplication table, we make a few entries, such as ({1] + A)({1] + A) = [1] + A? and ((1] +A + 
A?) ({IJ +A?) = [I] +A+A2 ++. We now reduce [1] +\+A?+A* to the form a+bA+cA?, where a,b,c € Za. 
We divide x4 +23 +.4+[1] by 22 +2+[1] to obtain 2*+23+a+4+[1] = (a#+[1])(a? +2+[1])+ 2? +2. Thus, 
MEAP AS [= OF OF EAS A? A= [4 A? + A. Benes, (11) AS AH AE. 


} Exercise 2: Prove that x? + x? + [1] is irreducible in Zo[x]. Write out the addition and multiplication tables for the 


Solution: 


field 

al/(a*? +2? + [1])). 
Find a splitting field Sz for 3 +a +[1] over Zo. Find a basis for $2/Z2 and [S2: Zz]. Compare your results 
with those in Worked-Out Exercise 1. 


Since [0]? + [0]? + [1] A [0] and [1]? + [1]? + [1] 4 [0] in Ze, Ze contains no roots of x? + x? + [1] over Ze. 
Hence, ©* + ? + [1] is irreducible over Z2- By Theorem 16.1.11, 


Zo[a]/(x* +x? + [1]) = Zo(u), 


where y: denotes the coset x + (a* + a + [1]). By Theorem 16.1.14, 


Zo(u) = {[0},[1),u.0°, +a +e ete? [ta tp}. 


Now #3+a?+[1] = eo +p) (x?+([L]+u)atpytp?) and p? and [1]+pu+p? are the roots of x7+(({1]t+pu)atputp?. 
Since yw, [1] + ut pu? € Zo(u), Zo(u) is a splitting field of x? +x? + [1] over Zo. Let Sz = Z2(pu). Then 
{[1], 4,47} is a basis for S2/Ze and [S2: Zz] = 3. The addition table for Z2() is determined in a manner 
similar to that in Exercise 1. In fact, one may obtain the addition table by substituting w for » in the 
addition table of Z2(A). We now consider multiplication. We note that ([1]+)({1]+) = [1]+?. However, 
((Jt+u+ym?)((1]+mu?) = [1]4+ut+p? +y* = [1]. Hence, we note the first algebraic difference between Z2() 


nd Z?(p). 


> Exercise 3: Show that there exists an isomorphism f of Z2(A) onto Z2(~) considered as vector spaces over Zz such that 


Solution: 


f is the identity on Zz and f(A) =p, f(A) = ?, where \ and p are as defined in Worked-Out Exercises 
land 2, respectively. 


{[1],,A?} is a basis for Z2(A) over Zz and {[1],u,u?} is a basis for Zo(~) over Zz. Hence, there exists a 
unique linear transformation f of Z2(XA) onto Z2() such that f ([1]) = [1], f(A) = uw, and f(A”) = p?. This 
linear transformation is given by 


f(a[l] + BA + cd”) = afl] + bu + cp’, 


where a,b,c € Zz. Since {[1], 4,7} is linearly independent, f is one-one. 


© Exercise 4: Show that Z2(A) and Z2(y) are isomorphic as fields, where and y are as defined in Worked-Out Exercises 


Solution. 


land 2, ies 
8 
Since |Z#(A)| = 2 = |Z? (u)| , Z? ‘Cy and Z?(1) are splitting fields of 2 —2 over Z? and thus are isomorphic. 


Exercise 5: Factor the polynomial x® — x over 


Solution: 


ge —r=a2(e+[l)(2o+a°+a*+e3+2?+2+4([1]). Now x? +24 [1] is the only irreducible quadratic 
polynomial over Z2. But z?+2+[1] does not divide 2°+2° ta +a? +2-+[1]. We have that 2?+2+[1] and 
x*+a?+[1] are irreducible polynomials over Zz and x tx*?+a+[1] = (2?+2+4+[1])(23+2?+[1]). 
Hence, «8 — x = x(x +4 [1])(a? +2 4 [1])(a? + x? + [1]). 


Exercise 6: Find the roots of x? + 2? +[1] in Z2(A), where 2 is as defined in Worked-Out Exercise 1. 


Solution: 


[0] is a root of z, [1] is a root of x + [1], and 4, A?, A+ 2? are roots of x? + « +[1]. Hence, [1] +A, [1] +2, 
and [1] + A+ »? are roots of 23 + 2? + [1]. 
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Exercise 7: 
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Find the roots of «? +. a+ [1] in Zo(), where pz is as defined in Worked-Out Exercise 2. 


Solution: [0] is a root of z, [1] is a root of a+ [1], and p,p?, [1] + w+? are roots of x* + 2? + [1]. Hence, 
(1] + yw, [1] + w?, and pw 4+ p? are roots of x? + x + [I]. 


© Exercise 8: 


Solution: 


Exercise 9: 


Show that there exists an isomorphism g of Z2(A) onto Zo({1] + w) such that g(A) = [1] + uw, where \ and 
pare as defined in Worked-Out Exercises 1 and 2, respectively. 


The result here follows immediately by Corollary 16.2.9. 


Show that there does not exist an isomorphism h of Z2(A) onto Z2(u) such that h(A) = ww, where A and yu 
are as defined in Worked-Out Exercises 1 and 2, respectively. 


Solution: Suppose there exists an isomorphism h of Z(A) onto Ze(j) such that h(A) = pw. Then [0] = A([0]) = 
AAS +24 [1]) =u3 +4 [1]. Also, [0] = v3 + uw? + [1]. Hence, wu? + w+ [1] = w? + yw? + [1]. Thus, uw? = p. 
Therefore, jz = [1], a contradiction. 

Exercises 
1. Let F be a finite field. A generator for F'* = F'\{0} is called a primitive element for F’. Find a primitive 
element for the following fields. 
(i) Zz. 
(ii) Zin. 

2, Gistrih a haleewth's Gthnants! — > 

3. Construct a field with 27 elements. 

4. Suppose that F' is a finite field of characteristic p. If c is a primitive element of F, prove that c? is a 

primitive element of F. 
5. Let F' be a finite field of characteristic p. If n = [F : Zp], prove that there exists c € F' such that c is 
algebraic of degree n over Zp and F = Z,(c). 
6. If F is a finite field of p” elements, p a prime and n a positive integer, prove that [F': Z| =n. 
7. Describe the splitting field of 2° — x over Z3. 
8. Prove that there exists an irreducible polynomial of arbitrary degree n over Zp. 
9. If F is a subfield of GF'(p”), prove that F ~ GF(p™), where mln. 
ee ee ee 
11. Let F be a field containing Zp and f(x) be a polynomial over Z,. If c € F is a root of f(x), prove that c? 
is also root of f (a). 

12. Let f(x) =x? — x — [1] € Z,[z]. Show that a splitting field of f(x) over Z, is Zp(c), where c is a root of 
f(z). 

13. Let F' be a field and G and H be subgroups of F’*. If G and H have order n, prove that G = H. 

14. If F is a field such that F™* is cyclic, prove that F' is finite. 
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isomorphism 

of groups, 100 

of rings, 158 


K-automorphism, 234 
k-cycle, 62 

K-homomorphism, 234 
K-isomorphism, 234 

kernel, 159 

kernel of a homomorphism, 98 
Kronecker, Leopold, 211 


Lagrange, Joseph Louis, 95 
least common multiple, 16, 194 
left cancellation law, 136 
left ideal, 149 
generated by, 150 
principal, 151 
linearly dependent, 223 
linearly independent, 223 
local ring, 219 


mapping, 24 
mathematical system, 32 
maximal ideal, 214 


moamiag ideprogaet, 42 
minimal polynimial, 231 
module 

cyclic, 221 

finitely generated, 221 

left, 221 

right, 221 

simple, 227 

unital left, 221 
monic polynomial, 178 
monomorphism 

of groups, 98 

of rings, 158 


multiplicity, 247 
nil ideal, 155 
nilpotent ideal, 155 
noncommutative 
group, 37 
ring, 130 
normal subgroup, 89 


odd permutation, 67 
one-one correspondence, 26 
one-one function, 25 
onto function, 25 
orbits of a group, 117 
order 

of a group, 45 

of an element, 46 
ordered n-tuples, 28 
ordered pair, 5 


partition 
of a set, 19 
perfect field, 249 
permutation, 59 
conjugate, 63 
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cyclic structure of, 69 

disjoint, 63 

even, 67 

odd, 67 

two-row notation of, 60 
polynomial, 177 

coefficients of, 178 


ConA of! 3 
cyclotomic, 209 

degree of, 178 

factor of, 180 

formal derivative of, 247 
inseparable, 247 

leading coefficient of, 178 
minimal, 231 

monic, 178 

primitive, 204 

root of, 179 

separable, 247 

split over a field, 239 


polymonnattine: 197 


polynomial ring in n indeterminates, 180 


power set, 5 

primary ideal, 215 

primary ideal belonging to, 216 
prime element, 194 

prime field, 229 

prime ideal, 213 

primitive element, 250 
primitive polynomial, 204 
principal ideal domain, 186 
principle of mathematical induction, 8 
principle of well-ordering, 7 


projection, 174 


quaternion group, 114 
quotient, 10, 179 
group, 90 
ring, 154 
set, 30 


radical, 215 

reduced degree, 249 

reducible element, 194 

regular ring, 141 

relation, 17 
binary, 17 
composition of, 20 
congruence, 94 
domain, 17 
equivalence, 17 
image, 17 
inverse, 20 
range, 17 
reflexive, 17 
symmetric, 17 
transitive, 17 


transitive closure of, 23 
relatively prime elements, 194 
remainder, 10, 179 
remainder theorem, 180 
right cancellation law, 136 
right ideal, 149 

generated by, 150 


ring, Pgcipal, 151 
automorphism of, 158 
Boolean, 140 
center of, 130 
characteristic of, 137 
commutative, 130 
complete direct sum of, 171 
correspondence theorem, 161 
direct sum, 140 
direct sum of, 171 
division, 134 
embedding of, 165 
epimorphism of, 158 
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fundamental theorem of homomorphisms, 161 


identity element, 131 
infinite, 136 

isomorphic, 159 
isomorphism of, 158 

left identity of, 139 
local, 219 
monomorphism of, 158 
natural homomorphism of, 160 
nilpotent element in, 138 
noncommutative, 130 

of Gaussian integers, 186 
of integers, 130 

of integers mod n, 130 
of real quaternions, 134 
polynomial, 177 
principal ideal, 186 
quotient, 154 

regular, 141 

regular element of, 141 
right identity of, 139 
simple, 152 

subdirect sum of, 174 
with identity, 131 

zero, 136 

zero divisor in, 134 


zero element of, 130 
root of a polynomial, 179 


scalar, 178, 222 
Schréder-Bernstein, 31 
semigroup, 43 
commutative, 43 
idempotent element in, 43 
noncommutative, 43 
semiprime ideal, 219 
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separable element, 247 dimension of, 225 
separable polynomial, 247 finite dimensional, 224 
set, sets, 3 left, 222 

Cartesian cross product, 5, 28 

complement, 6 Weber, Heinrich, 128 

difference of, 5 

disjoint, 4 zero divisor, 134 

eet 33 zero Sine ppsgnomial, 179 

equipollent, 26 

finite, 3 

image of, 29 

index, 4 

infinite, 3 

intersection of, 4 

null, 3 

partition of, 19 

power, 5 


proper subset of, 3 
relative complement of, 5 
subset of, 3 
Saag difference of, 7 
simple extension, 250 
simple ring, 152 
skew-field, 134 
span, 222 
splitting field, 239 
stabilizer, 117 
standard product, 42 
subfield, 145 
generated by, 230 
subgroup, 71 
characteristic, 112 
double coset of, 88 
elerolaeo 
invariant, 89 
left coset of a, 81 
normal, 89 
product of, 74 
right coset of a, 81 
submodule, 221 
generated by, 221 
subring, 145 
subspace, 222 
trivial, 223 
symmetric group, Sn, 62 


torsion group, 47 
torsion-free group, 47 


transcendental element, 230 
transcendental field extension, 234 
transposition, 62 


unique factorization domain, 200 
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